3 Review
CONCEPT CHECK

1. (a) The Power Rule: If nn is any real number, then T (™) = nz™"'. The derivative of a variable base raised to a constant
M

power is the power times the base raised to the power minus one.

(b) The Constant Multiple Rule: If ¢ is a constant and f is a differentiable function, then di [ef(@)]=c¢ g(— f(z).
The derivative of a constant times a function is the constant times the derivative of the function.

(¢) The Sum Rule: If f and g are both differentiable, then di f(z) + g(x)] = d—dm fl@) + d_dm_ g{2). The derivative of a sum
M i

of functions is the sum of the derivatives.

(d) The Difference Rule: If f and g are both differentiable, then gdl— (f(z) — g(z)] = % flz)— % g(x). The derivative of a

difference of functions is the difference of the derivatives.

(e) The Product Rule: If f and g are both differentiable, then % (@) g(z)] = f(x) % g(z) + g(x) % f(x). The

derivative of a product of two functions is the first function times the derivative of the second function plus the second

function times the derivative of the first function.

d d

. x) —= f(z) = f(z) + g(x)

(f) The Quotient Rule: I f and ¢ are both differentiable, then 4 lif(l)} = o) dz v 2(%) dz ot )
g9(z) [g(2)]

dx
The derivative of a quotient of functions is the denominator times the derivative of the numerator minus the numerator
times the derivative of the denominator, all divided by the square of the denominator.
(g) The Chain Rule: If f and g are both differentiable and I = f o g is the composite function defined by F{z) = f(g(z)),

then F is differentiable and F is given by the product I/ (x) = f’(g(x)) ¢’ (). The derivative of a composite function is

the derivative of the outer function evaluated at the inner function times the derivative of the inner function.
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2 ()y=2" = y =naz"* byy=e" = gy =¢"
©)y=a* = 3y =a"lna dy=lnz = y =1/
@y=log,z = vy =1/(zlna) (HYy=sinz = y =cosz
(g) y=cosz = y = —sinz (hyy=tanz = ¢ =sec’z
()y=cscx = ¢ = —cscxcotx Ny=secx = Yy =secxtanz

Y J

(Kyy=cotz = 3y =—csc’z DHy=sinrz = ¥y =11 2>
(my=cos 'z = ¢ =-1A1-22 (my=tan~tz = y =1/(1+z7)
(0) y =sinhz = ¢ =coshz (p) y =coshz = 3 =sinhz
(@) y=tanhz = ' =sech’x (y=sinh™z = ¢ =1/y1+22
)y=cosh ™z = ¢y =1/V/22 -1 Oy=tanh 'z = 3 =1/(1-2%)

e —1

3. (a) e is the number such that gin}) =1

(bye= lin}) (14 x)H/=
(¢) The differentiation formula fory = a® [y’ = a®Ina] is simplest when a = e because Ine = 1.

(d) The differentiation formula for y = log, z [y’ = 1/(zIna)] is simplest when a = e because Ine = 1.

4. (a) Implicit differentiation consists of differentiating both sides of an equation involving « and y with respect to «, and then

solving the resulting equation for y’.

(b) Logarithmic differentiation consists of taking natural logarithms of both sides of an equation y = f(x}, simplifying,

differentiating implicitly with respect to , and then solving the resulting equation for y’.
5. (a) The linearization L of f atz = a is L(z) = f(a) + f'(a)(z — a).
(b) Ify = f(z), then the differential dy is given by dy = f'(z) dz.

(c) See Figure 5 in Section 3.10.

TRUE-FALSE QuIZ

1. True. This is the Sum Rule.
2. False.  See the warning before the Product Rule.
3. True. This is the Chain Rule.

4. True by the Chain Rule.

5. False. d% f<\/5 ) - %};—;—) by the Chain Rule.

6. False. ¢? is a constant, so " = 0.
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1. False. i 107 = 10" In 10
dx
8. False. In 10 is a constant, so its derivative is 0.
d 2 2 d 2 2
9. True. T (tan” z) = 2 tanz sec” z, and . (sec” z) = 2 secx (secx tanz) = 2 tanx sec” z.
z T
d 2 d d 2
Or: é (sec’ z) = e (14 tan®2) = s (tan” z).
10. False.  f(z) = [a® + 2| =2® +aforz > Oora < ~1land |z° + | = —(2® + z) for ~1 < 2 <0,
Sof'i(z)=2zx+1forz>00rz < ~land f'(z) = -2z + 1V for—1 <z <0.But2z+1=2x+1
forz > ~%and |20+ 1] = -2z ~ L forz < —3.
M. True.  glz)=2" = ¢'(2)=52" = ¢'(2) =5(2)* = 80, and by the definition of the derivative,
. 9(x) —9(2) _
lim =———— = ¢'(2) = 80.
;l-mz x—2 g
12. False. A tangent line to the parabola y = z* has slope dy/dx = 2z, s0 at (—2, 4) the slope of the tangent is 2(—2) = —4
and an equation of the tangent line is y — 4 = —4(x + 2). [The given equation, y — 4 = 2x(x + 2), is not even
linear!)
EXERCISES
1y=(z' -3 45)° =
2 d 2 = 4
y = 3(z* - 32% 4 5)? T (2* — 32% + 5) = 3(2* — 32% + 5)*(42° — 62) = 6x(z? — 32® 4 5)? (227 - 3)
, . d . 2
2. y =cos(tanz) = y = —sin(tanz) e (tan ) = — sin(tan z)(sec” )
3.y:\/;+ 1 T O LA Pl g 1 4
' Vat ' ? s 2vr 3T
4y — 3z —2
' V2r 41
o V223 1(3) - (32 -2)3(22+ 1)7V2(2) (224 DY?  3(2241)-(32-2) _ 3a+5
' (V2z+1)° (2e+DY2 e+ 132 T (204 1)%2
5y =2zva?2+1 =
. 20* 207 +2(x* +1)  2(22% 4+ 1)
y =20 22+ 1) 2) + VAT 1(2) = === +2Va2 + [ = =
T . 2N T SE (2 x __1\2
6y e . y,:(l-i—.%»)e ‘e(Zm):c(m 2m+1):e>(m 1)q
14 «? (14 z2)2 (14 «2)? (14 22)?
1. y=eM = gy = esin20 —% (sin 20) = €¥"?%(c0s 20)(2) = 2 cos 20 5?7
¢
8y=et(t? -2t +2) = Yy = (2A-2)F (P -2F2D(—e ) =2t -2 -1+ 2 —2) =eTH(—t? + 4t — 4)



252 L1 CHAPTER3 DIFFERENTIATION RULES

;=) —#(=28)  1—£24 20 P41
RO (1—t2)2 TTa-r)ye -

9. y=
YT e
10. y = e™"cosnz =

max

Yy = e"¥(cosnz) + cosnx (™) = "*(—sinnz - n) + cosnz (€™ - m) = e"*(mcosnz — nsinnzx)

" y= VicosvVa =
y =V (cos \/Z)l + cos Vi (\/a_f)l =Vz [~sin ﬂ(%w‘lﬂ)} +COS\/;<11:*1/2>

K

= %171/2 (—\/5 Sin\./l_’+COS\/;> = COS\/'_;\/\/;;SHI\/;

5 4 arcsin 2z

1
T—(2z)2 ~ V1—da?

12, y = (arcsin 2x)* = gy’ = 2(arcsin2z) - (arcsin 2z)" = 2 arcsin 2z -

t71/3,- _ U’ B $2(61/z)/ _ el/z (.I‘2>l B ;172(61/1:)(—1/1‘2) —CI/I(Z’L‘) - _Cl/w(1+ 2Z'>

13y = =
Y (22)2 74 zt

f(x) 1

[f()) we have y = sin(z — sin z)

. . 1 ,
14. Using the Reciprocal Rule, g(z) = 7@ = g'(z)=-

p cos(z —sinz)(1 — cosz)
y == 2 "
sin®(z — sinx)
15.%(:1:1/4+a;2y):%($+3y) = o4y Y12y ey 20 =143y =
L—y* —2ay
o 03 2 _ a4 . o
y(4my +x ~3)—17_U 7211} = ¥y —m
16. y = In(cschz) = y' = ! (—csc B cot bx)(h) = —5cot b
Y= y—CSCS.r ) - ’
sec 26
17, y = ————
Y 1+ tan 26

e (1 + tan 20)(sec 26 tan 20 - 2) — (sec20)(sec® 20 -2)  2sec20[(1 + tan 20) tan 20 — sec® 20]
V= (1 + tan 20)2 h (1 + tan20)?

_ 2sec 20 (tan 20 + tan”® 20 —sec® 20) _ 2sec 20 (tan20 — 1)
N (1 + tan 26)? - (1 + tan 26)?

[1 + tan? z = sec? 1]

(zy) = z*(-siny-y') + (cosy)(2r) +cos2y -2y =x -y +y-1 =

&=

18. EICLT (x? cosy + sin 2y) =

2 — 2z cosy
Yy (—zsiny + 2cos2y —z) =y — 2xcosy = y = y
v my Y )=y Zucosy Y 2cos2y — x?siny —

19. y = e (csinz — cosz) =
Y = e (ccosz + sinz) + ce(csinz — cosx) = e¢“(c?sinz — ¢ccosx + ccosx + sinx)

= (¢*sinz + sinz) = e sinz (¢ + 1)

20. y =In(z*e*) =Inz®>  Ine® =2lnzx+a = y =2/z+1



21,

22.

23.

24,

25,

26.

27.

28.

29.

30.

3.

32.

33

34,

35.
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y =232 = y':311“‘-1113-%@11137):311“‘”~ln3($-%+1nm~1):3”‘1“"-1113(1+1n$)

y=sec(l+z%) = ¢ =2zsec(l+z*) tan(l -+ 27)
y=(1-a2"H~"
y' =11 -2 (R = (1= 1 /a) P = (- D) T = (e - 1)

=

y=(e+Va) " =y = *%(rchﬁ)_w(lJr ﬁi>

sin(zy) =22 —y = cos(zy)(wy +y-1) =22~y = zcos(zy)y +y = 2~ ycos(zy) =

20 — T
y'[zcos(zy) + 1] = 2& — yeos(zy) = ¥ = —Tic—og%g/?(-%%)

' o 1/ cosVz
y:m - y:i(&n\/.:c') /(COS\/;)(2\1/§>:4\/'$81T\/;

1 d 2
y=logs(1+22) = ¢y =—v—"—(1+2z2)=—r—
y = logs (1 + 2) U e e G R s gy
Y 1
y = (cosz)* = Iny=In(cosz)® =zlncosz = ===z -(—sinz) +Incosz -1 =
y cos T
y' = (cosz) (Incose — ztanx)
g = in o L N 1 1 . e . . ; oY
y =lInsing — 5sinax = 3y = cosx — 5 - 2sinx - cosx = cotx — sinx cos

sinw

(‘,L,Q + 1)4
2z -+ 1)3(3x — 1)°

y= =
(

(22 +1)*
2z -+ 1)3(3z — 1)

Iny =1In =In(z® +1)* — Inf(2x + 1)*(3z — 1)°] = 41n(2® + 1) ~ In(2z + 1) + In(3z — 1)°]

=4In{z? 1) — 32z +1) - 5Bz - 1) =

//
4 4. 2z

~3. 2-5. 3 =y =
y 2211 2 +1 3z -1 Y

(r4+12Bz—-185\a2+1 2241 3z—1

(2® 4 563 + 9)(x® + 1)°
(2¢ + 1)4(3x — 1)®

The answer could be simplified to 3" = — , but this is unnecessary.
p

4
Yy = Ittﬂn;l(/il’) = y, = - leix)l -4 4+ La.n_1(4;[;) -1l = —H—;E@ + tan'1(4q;)
y =€ fcos(e®) = y =e%(—sinz)+ [-sin(e”)-e?] = ~sinz e — e sin(e”)

y = In|sec bz -+ tanbz| =

1
y’ = m(sec 5z tanbx - b + SGC2 YA 5)

_ 5sec bz (tan 3z -+ sec 5

= hse y
sec b + tan Sz sec HxT

y=10%""" = 3/ =10%""0 . 1510 sec? 70 - 7 = 7 (In 10)10**" " sec? 7

y=cot(3z? +5) = ¢ = —csc* (327 +5)(62) = —6zcsc®> (3w +5)

253

(@@ + 1) ( 8z 6 15 )
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3.y =+/tn(t*) =
;1 ay—1/2 @ s 1 [ 4 1 1 4 In(t) 4+ 4
= —|tIn(¢ — [th(t’)] = —F———- |1 - In(t*) +t - = - 4’| = ———="[In({") + 4] = —=——=
Y 2[ ) dt[ ol 2/t In(t4) *) i 2 /tin(t?) () +4] 2 /tIn(4)
Or: Since y is only defined for ¢ > 0, we can write y = Vi -41Int = 2V/iInt. Then
1 1 Int+1 . . .
=2 — (1 ‘lnt 4+t —) = . This agrees with our first answer since
Y 2VtInt t Vitlnt s
In('Y+4  4lnt+4  4(lnt+1)  Int+1
2/tIn(t?) 2+t -4lnt 2-2vtlnt  Vtlnt
37.y=sin(tan\/1—|—m3) = y’:cos(tan\/l+$3)(secz\/1+m3)[3x2/(2\/1+$3)]
1 1 1
38. y:arctan(a.rcsin \/%) = y = 5 - .
1—|—(a.rcsin\/.1_‘> Vi-z 2V
39. y = tan?(sinf) = [tan(sin#)]* = ' = 2[tan(sinB)]-sec*(sinf) - cosh
40. 2 =y —1 = ze¥y +e' =y = e¥=y —xe¥y = y =eY/(1 - zeY)
Ve +1(2—z)° Y 1 -5 7
Moy="""T "2 = Iny=2I 1)+5mn(2—2)—-71 3) = == -
) (z +3)7 ny =;n(z+1)+5n(2—z) n(z + 3) y 2(:1?—1—1)_'—2—‘% T+3
. Vr+1(2—1x)° 15 7 or o — (2 —2)*(32> — 552 — 52)
Y= @r37 [2Gz+1) 2-2 743 SO W/ PO
oo @ADL A@E A — N A+ NP = )
YT T e (@ + A7)? (@ + AT)?
43. y = zsinh(z®) = o' = zcosh(z?)- 2z +sinh(z?) - 1 = 22° cosh(x?) + sinh(z?)
44. y = (sinmz)/z = y = (macosmz — sinma)/z>
45. y = In(cosh3z) = y' = (1/cosh3z)(sinh3z)(3) = 3tanh 3z
7 — 2 2 2z + 1)z +4)
46. y =1 =In|z®* —4| - In22+5 y = - ~
y=hio g =hle® —4 =24 5] = v = - oo (x+ 2)(x — 2)(2z + 5)
47. y = cosh™*(sinhz) = ¢ = Ll cosha— _coshr
' V/(sinhz)? —1 Vsinh® 2 — 1
; 1 1
48. yzxtanh_l\/z = y':tanh_l\/a_c—km——z :tanhgl\/;—ki-
()R 20—
49, y:cos(evta"3$> =

! B
y/ - _Sin(ex/tan&u) . (e\/tan3m> — _Sin(e\/tan.}m> e\/tan:}:v A -é—(tan 3m)71/2 . SCC2(3.I‘) .3

—3sin (ex/tan 3z ) e\/tan 3z 8602(31’)
' 2+/tan 3z
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50. y = sin’ (COS \,/sm—mb—) = [sin (COS \/sm)} ’ =
y =2 [sin (cos m)} [sin (cos \/—srm_”’ = 2sin (cos \/M) cos (cos m) (cos \/M),
= 2sin(cos m) cos (cos \/M) (* sin m) (\/M),
= -2 sin(cos m> cos (cos \/s_l_nTm_) sin v/sin7w - 4 (sinra) "'/ (sinmwz)’
—sin (cos \/SlTﬂ’;) cos (cos Vsin m:) sin vsin Tx

= - S COSTE - T
sinmx

—7r 8in (cos Vsin 7r:v> cos (cos sin rm) sinvsinwx cos e
vsinmz

S f(1) = VI + 1T = f(t) =34+ d=24t+1)""?* =

FI) = 2(=1) (4t + 1732 4= —4/(4t + 1)*? 50 f7(2) = —4/9%? = — &

52. g(0) = 0sinf = ¢'(0) =0Ocos@+sinh-1 = ¢"(#)=0(—sinb)+cosh 1+ cosh = 2cost ~ Osind,
50 g"(7/6) = 2cos(m/6) — (7/6)sin(w/6) = 2 (v/3/2) ~ (x/6)(1/2) = /3 — n/12.

5

5. 25+ =1 = 62° 464 =0 = y =-2°° =
o et~ (syty)  saty'fy —a(=afy)] 52t [ +a%)/yt]  sat
y (y5)2 y1o e - Y11

5, flz) =(2-2)7" = fla)=02-2? = f(o)=22-2)"% = [@)=2-32-2)" =

n!

D) =2.3-4(2—2)"" al, () =2.3.4-.... B L D L
fx) =2-3-4(2 —z)7”. In general, {1 (z) =2-3-4 n(2-—-xz) = G oe

55, We first show itis true forn = 1: f(z) = ze® = f'(z) = ze® +¢” = (z + 1)e”. We now assume it is true
forn = k: f%(a) = (x + k)e®. With this assumption, we must show it is true for n = k + 1:
(ke d . d ) . , .
FERD () = E’; [f“‘)(:v)} =@+ k)e] = (ke + e = [(z+ k) + e’ = [o + (k + D]e”.

Therefore, £ (z) = (2 + n)e” by mathematical induction.

3 3 o3 3

2 1 1

56. lim t3 = lim t_c%s_z = lim cos® 2t - — 13 = lim cos 2t 5 = ==

t—0 tan3 2t t—0 sipn® 2t t—0 8sm' 2%  t—0 (1 sin2t\’ 8.13 8
(2t)3 0 21

57, y =4sin’2z = 3y =4 2sinzcosx. At l.,l,y’:8~.l‘—‘/—§:2\/§,soane uation of the tangent line
6 2" "2 q

isy—l:2\/§(a;~%),ory:2\/§:v+l—7r\/§/3.

22— 1 @4 )Rr) - (@ - 1)(2) 4z
21 YT (@4 1)° @

58. y =

At(0,—1), 4" = 0, so an equation of the tangent line is y + 1 = 0(z — 0), ory = —1.
q g

255
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2cosx
5. y =+/1+4sinz = 3y =2i(1+4sinz V2 fcosn = —mmmm—.
/ v 3 ) V1+4sinz

= 2, 50 an equation of the tangent lineisy — 1 = 2(z — 0), ory = 2z + 1.

2
At(0,1),y = —
(0,1),y A

60. 22 + Ay + 942 =13 = 2w +4zy +y- V4200 =0 = z+20y4+2y+yy =0 =

-z — 2
2y gy = —w-2 = YQuty)=-z-2 > y =2
2 +y
1)y = =2 2 ion of the tangent line is y — 1 = —3(z — 2),ory = 3z + L
At (2, 1),y 11 ——g,soanequatlono etangent lineisy — 1 = —2(z — 2),0ory = —za + .

5
1

The slope of the normal line is 2, so an equation of the normal line is y — 1 = 5(z — 2), ory = So — 3.

8. y=(2+2)e™™ = y=02+z)(-e*)+te 1= [-24a)+1]=e"(-x 1)
At(0,2),y" = 1(—1) = —1, so an equation of the tangent lineis y — 2 = —1(z — 0),0ory = —x + 2.

The slope of the normal line is 1, so an equation of the normal lineisy — 2 = 1(z ~ 0),ory = = + 2.
62, f(z) = xze¥"® = f'(z) = z[¢" ™% (cosz)] + (1) = 5P ¥ (2 cosz + 1). As a check on our work, we notice from the

graphs that f'(z) > 0 when f is increasing. Also, we see in the larger viewing rectangle a certain similarity in the graphs of f

and f': the sizes of the oscillations of f and f' are linked.

5

N

63. (a) fla)=azvd—a =

. 1 2vh—a - 2(5—-x)
) =z|=(5—a) V(=) +V6—1 = —— +\/o—x +
@) {2( )" 25 2V —z 2\/5-.’5 26—z
_—x+10—-22 10-3z
o 2vBoa  2Fu
(b) At(1,2): f'(1) =Z. (© 10
So an equation of the tangent lineisy —2 = Z(z — ) ory = To + 1. W @4
—10 10
At(4,4): f(4) =2 =-1.
So an equation of the tangent lineisy —4 = —1{z —4) ory = —z + 8. f(x)
-10
(d) _ The graphs look reasonable, since f* is positive where f has tangents with
! positive slope, and f’ is negative where f has tangents with negative slope.
f




64.

65.

66.

67.

68.

69.

70.

7.
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() f(z) =4z —tanz = f(z) =4-sec®z = f'(z)=-2secx(secz tanz) = —2 sec’ x tanz.
(b) 5 We can see that our answers are reasonable, since the graph of f7 is 0 where f
[ /\\/—f\\q has a horizontal tangent, and the graph of f' is positive where f has tangents
-z L \‘j, il ) z with positive slope and negative where [ has tangents with negative slope. The
— f”\\‘ | same correspondence holds between the graphs of f and f”.
e
-5

y=sinx +cosx = y =cosz—sinz=0 < cosz=sinzandd<z<2r o z= T or 54‘1, so the points

are (£,V2) and (22, —V2).
2?42 =1 = 2x4+4yy’ =0 = 3y = -2/(2y) =1 < x = —2y. Since the points lie on the ellipse,

wehave (—2y)° + 202 =1 = 6 =1 = y:iﬁ.Thepointsare(—%,ﬁ)and(%,~—}g).

f@)=(z—a)z—b)lz—c) = fllz)=(@-bx~-c)+(r—a)z—c)+(z—~a)(z—0b).
(@) (@-dr-d)+@@-av-a+@-a)(z—b 1 1 1
@ o oo - B -9 S Erir St

Or: flay=(z—a)lz-b)(z—-c) = In|f(z)l=Ihjz—-a+njz-b+Injz—-¢ =

J@) 1 1L,
fla)  z—a z-b z-c
(a) cos 2 = cos’ 2 —sin®z = —2sin2z = —2cosxsing — 2sinzcosz < sin2z = 2sinzcosz

(b) sin(z + a) =sinz cosa +cosz sina = cos(a +a) = cosz cosa — sinx sina.

@ h(z) = f(2)g(z) = HK(z)=f(2)g'(x) +g(z)f'(z) =
h'(2) = f(2)9'(2) + 9(2) f1(2) = (3)(4) + (5)(~2) =12~ 10 =2

®) F2) = flg@) = F'(@)=f(o@)g@) = F(2)=f(92)g @)= E)E) =1 4=
@ P(e) = f@@)g(x) = P'(x) = f(z)g (@)
P2 =12 @) +92) 1@ = O3

Q@) = L8 o ey = L)L)~ J@)g(2)

() Dk -
o IS - @) D) - W)@ -6 3
CO=T T mE T T s

© C@) = flglx)) = ') = flgl@)d @) =
C'(2) = f(9(2)g'(2) = F (4)9'(2) = (£3)(2) = (3)(2) =6

fl) =a?g(x) = f(2) =27¢(2) + g(2)(22) = zlzg (2) + 29(2))]

72, f(x

3 f
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. f(2) = glo(@) = Fl@)=g(9(2))g @)
B f@) = gle) = flx)=g/(e)e"

76. f(z) =@ = f(z) =eIWg (2)

7. f(z) =In|g(z)| = f(z)= Lg’(m) — J'(x)

78. f(z) =g(lnz) = f'(z)=g (Inz)- % _ g'(nx)

79. hz) = L)

9() T 2T e@) o)) Ao/ F @)

81. Using the Chain Rule repeatedly, h{z) = f(g(sindz)) =

0, 1) = 1) gy = L)oo — ) ) <m% J(@) g ()

R (z) = f'(g(sindz)) - d—iz (g9(sindz)) = f'(g(sindz)) - ¢'(sindx) - Ed; (sindz) = f'(g(sin4x))g (sin 4z )(cos 4z){4).

82. (a) (b) The average rate of change is larger on [2, 3].

(c) The instantaneous rate of change (the slope of the tangent) is larger at z = 2.

(d) f(z) =z —2sinz = [f'(z)=1-—2cosa,

$0 f'(2) =1—2cos2 = 1.8323 and f'(5) = 1 — 2cos 5 ~ 0.4327.

8
0[ — 8
ky J So f'(2) > f'(5), as predicted in part (c).
1 .1_2ln(1'+4) .

83. y = [In(z +4)> = ¢ =2(ln(z+4)]"- pearyr i S

ndy' =0 & In(z+4)=0 &
v+4=¢" = zx+4=1 & z=-3,s0thetangent is horizontal at the point (—3,0).

i

84. (a) The line 2 — 4y = 1 has slope 5. A tangent to y = ¢” hasslope  wheny’ =e” =1 = z=In}=—In4d

Since y = e”, the y-coordinate is ; and the point of tangency is (~ In4, ). Thus, an equation of the tangent line
isy—+=1(x+Ind) or y= 1z + i(In4+1).

(b) The slope of the tangent at the point (a, e?) is di e’ = ¢”. Thus, an equation of the tangent line is
z

r=a
y — e = e*(x — a). We substitute z = 0, y = 0 into this equation, since we want the line to pass through the origin:
0—e*=e*(0~a) & —e*=e%(—a) < a= 1 Soanequation of the tangent line at the point (a,e®) = (1,¢)

isy—e=e(z~1) or y=ex.
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90.
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y=flz)=ax? +br+c = f(z)=2ar+ b Weknow that f'(—1) = 6 and f'(5) = —2, s0 ~2a + b = 6 and

10a + b = ~2. Subtracting the first equation from the second gives 12a = —8 = a = —Z. Substituting — for a in the

first equation gives b = I?“ Now f(1)=4 = 4d=a+b+csoc=4+ 2~ 1 =0andhence, f(z) = —22” + L.

(@) lim C(t) = lim [K(e™™ —e™™) =K Jim (€7t — &™) = K(0 — 0) = 0 because —at — —o0 and —bt — —00

f—1 00 t—o0 deed

ast — oo.

b)) CH) =K(e™® —e™?) = C'(t) = K(e™*(—a) — e " (~b)) = K(—ae " + be™ ")

©C'H=0 & be =g & gzeﬁ*““’)‘ & 1n§=(b—a)t & t:h;(i/Z)

s(t) = Ae “cos(wt +6) =
v(t) = §'(t) = A{e™ [~wsin(wt + )] + cos{wt + 8)(—ce™ ")} = —Ae™ [wsin(wt + §) 4 ccos(wt + §)] =
a(t) = ' (1) = —A{e " [w? cos(wt + 8) — cwsin(wt 4 )] 4 [wsin(wt + &) + ccos(wt + 8)](—ce™ )}

= —Ae™[w? cos(wt + §) — cwsin(wt 4+ §) — cwsin(wt + §) — ¢ cos(wt + )]

= —Ae " (w? ~ *) cos(wt + 8) — 2cwsin(wt + §)] = Ae™[(¢? — w?) cos(wt + &) + 2ew sin{wt + )]

@z=VE+rE = vt)=a" =[1/2VP+17)]| 25 = PtV + 2 =
AV PR - (P VR ) b2c?

b2 + c2¢2 - (b2 + c2 ¢2)%/2

alt) = o' (t) =

(b) v(t) > 0 fort > 0, so the particle always moves in the positive direction.
@y=1t~12t4+3 = ot)=y =32 -12 = at) =0'(t) =6t
(b) v(t) = 3(t* — 4) > O when t > 2, so it moves upward when ¢ > 2 and downward when 0 < 1 < 2.

(¢) Distance upward = y(3) — y(2) = —6 — (~13) =T,
Distance downward = y(0) — (2) = 3 — (—13) = 16. Total distance = 7+ 16 = 23.

(d) 20 (€) The particle is speeding up when v and a have the same sign, that s,
Y a when ¢ > 2. The particle is slowing down when v and « have opposite
v signs; that is, when 0 < ¢ < 2.
0 + 7 3
~15

@V =3txr’h = dV/dh= ixr® [r constant]
(b) V=1nr’h = dV/dr = Zzrh [h constant]
The linear density p is the rate of change of mass m with respect to length a.

m,:a;(1+\/f;>:r+a;3/2 = p:dm/d:v:1+g\/a—:,sothelineardensitywhen:E:4isl+%\ﬂi:élkg/m,
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(a) C'(z) = 920 + 2z — 0.022> 4+ 0.00007z° = C'(z) =2 — 0.04z + 0.00021z>

(b) C’(100) = 2 — 4 ++ 2.1 = $0.10/unit. This value represents the rate at which costs are increasing as the hundredth unit is

produced, and is the approximate cost of producing the 101st unit.
() The cost of producing the 101st item is C(101) — C'(100) = 990.10107 — 990 = $0.10107, slightly larger than C''(100).
(@) y(t) = y(0)e* = 200e** = 4(0.5) = 200e"** =360 = *°* =18 = 05k=mIl8 =
k=2In1.8 =In(1.8)> =1In3.24 = y(t) = 200e™ 32Dt = 200(3.24)*
(b) y(4) = 200(3.24)* a= 22,040 bacteria
(¢) () = 200(3.24)" - In 3.24, so /' (4) = 200(3.24)* - In 3.24 ~ 25,910 bacteria per hour

(d) 200(3.24)" = 10,000 = (3.24)* =50 = ¢In3.24=1In50 = ¢=In50/In3.24 ~ 3.33 hours

(a) If y(¢) is the mass remaining after ¢ years, then y(t) = y(0)e** = 100e*. y(5.24) = 100e°*** = 1 .100 =
o324k % = 59k =_-1n2 = k= _5_.12_4 In2 = yt)= 100e=(m2)t/5.24 _ 100 . 9—t/5.24 Thus,
¥(20) =100 - 27207524 ~ 7.1 mg,

. 1 t 1 In 100

b . 27L/o.24 — 2-’»/5‘24 —_ -1 = |ln — L= 5.24 ~ 34. ¥

(b) 100 1 = 100 = 591 n2 T = t=35 ) 34.8 years

(@) C'(t) = —kC(t) = C(t) = C(0)e ™ by Theorem 9.4.2. But C(0) = Co, so C(t) = Coe .

(b) C(30) = $Cp since the concentration is reduced by half. Thus, Co = Coe™"* = 1Ini = -30k =
k= —% In % = 316 In 2. Since 10% of the original concentration remains if 90% is eliminated, we want the value of ¢
such that C(t) = 15Co. Therefore, £ Co = Coe ™' 2/30 = In0.1=—(In2)/30 = t=-3%In0.1~100h

(a) lfy =« —20,u(0) =80 = y(0) =80 — 20 = 60, and the initial-value problem is dy/dt = ky with y(0) = 60.
So the solution is y(t) = 60e*". Now y(0.5) = 60e*(*®) =60~ 20 = "% =22 =2 = L=2In3=In},
so y(t) = 609" = 60(3)". Thus, y(1) = 60(3)" = &2 = 263 °Cand u(1) = 463 °C.

4\ 4\ 1 4 1 In §
b) u(t) =4 y(t) =20. y{t) =60 =) =20 -] == tln-=In- = t=—3 1351l

Oui =10 = =2 y0=0(5) =20 = (5) =3 = el Rt
or 81.3 min.

If z = edge length, then V = z* = dV/dt = 32°da/dt =10 = dz/dt =10/(3z%) and S = 62> =

dS/dt = (12z) dz/dt = 122[10/(32%)] = 40/z. When z = 30, dS/dt = 33 = 4 cm®/min.

Given dV/dt = 2, find dh/dt when h = 5. V = %777“2/1 and, from similar —

T 3 7 (30 3 .
tri — =2 = V=) = Zp
uangles,h 0 = T 3(10> 100 , SO
10
dt 100 dt dt — 9wh? T o (5)2 T 9r

when h = 5.



99.

100.

101.

102,

103.

Given dh/dt = 5 and da:/dt = 15, find dz/dt. 2° =27 + h? =
dz dz dh dz 1
g — = Dy — ), —— = —_ = = 5 W t=
2z o T — + 2h priia i Z(lSﬂc +5h). When t = 3,
h=4543(5) =60andz = 15(3) =45 = =z = /4524607 =75,
dz 1 e\ 12
50— = 7—5[15(45) + 5(60)] = 13 ft/s.
. . . Y 4
We are given dz/dt = 30 ft/s. By similar triangles, = = —— =
g /d /s. By gles, - = 5
4 dy 4 dz 120
Uy = .Z’SO_'_:—————:———RJJ7.7ﬁS‘
VG dat 241 dt 241 /
We are given df/dt = —0.25 rad/h. tané = 400/ =
z=400cot 0 = E[—CE = —400csc? @ gg When 6 = %,
dt dt
3—; = —400(2)%(—-0.25) = 400 fi/h.
@) flz) =252 = f(2) 2z —x(25 — 2%) 712,

ToVB o

So the linear approximation to f(x) near 3

is fl@) = f(3) + f'(3)(x ~ 3) =4 — 3(z - 3).

(c) For the required accuracy, we want /25 — 22 — 0.1 < 4 — %(JL —3) and

4— 3(x — 3) < V25 — 22 + 0.1. From the graph, it appears that these both

hold for 2.24 < & < 3.66.

(a) f(2)
L{z)

V1.03 = §/1+3(0.01) =~ 1+ (0.01) = 1.0L

i

(b) The linear approximation is /1 + 3z = 1 + z, so for the required accuracy

wewant ¥1 43z ~ 0.1 < 142 < &1+ 3z + 0.1. From the graph,
it appears that this is true when —0.23 < o < 0.40.
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/\\
'
=
.

400

(by 55

= M T3z =(1+32)"% = f'(2)= (14 32)"%>3, s0 the lincarization of f ata = 0 is

FO) 4+ f0)z—0) =12 4172 = 1 4 & Thus, YT+ 3z = 1+2 =

104, y =2* - 227 +1 = dy= (32" —4z)de. Whenz = 2and do = 0.2, dy = [3(2)* — 4(2)](0.2) = 0.8.
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105 A =22+ in(ia)’ = (1+ 2)2® = dA=(2+ Z)ade. Whenz = 60

%
and dz = 0.1, dA = (2 —+ %})60(0.1) =12+ 37”, so the maximum error is
approximately 12 + 2T ~ 16.7 cm”. .
‘,17 -1 X
106. lim = _ |4 = 17(1)'% = 17 :
z—1 o —1 dz el
Y ;
107. lim M = i vz = 132*3/4 = —l—— = L
h—0 h. dx =16 4 =16 4( Y 16)3 32
cosf@ — 0.5 d T V3
108. li - = |— cos — gip~=_-22
()JSrn/s 0—m/3 [d@ COS@L_W/S S 2
109, lim V14 tanz — /1 +sing lim (VI+tanz — T +sinz)(vVI+tanz + 1+ sinz)
. : = li1
r—0 3 z—0 3 (\/1 +tanz + 1+ sinz)
(1+tanz) — (14sine) sinz (1/cosz — 1) cosx

Il

im im
=0 :L‘3(\/1 + tanz + \/1+sin:c) x—0 z3(\/1+tanz+ \/1+sinz) cos T

. sinz (1 — cos x) 1+ cosz

= lin )
023(\/T+tanz + /1 +sinz)cosz 1+ cosz

@—

lim sinz - sin”
i
z—0 .1‘3(\/1 +tanz + /1 +sinm) cosz (1+ cosz)

3
S 1
= | lim lim

(an,,o T ) #=0 (/14 tana + /1 + sinz ) cosx (1 + cosx)

s 1 1

it VI) (41 4

110. Differentiating the first given equation implicitly with respect to = and using the Chain Rule, we obtain f(g(z)) =z =

. , 1 . . . . . .
Floz)d(x)=1 = ¢(z)= @) Using the second given equation to expand the denominator of this expression

5~ But the first given equation states that f(g(z)) = z, s0 ¢'(z) =

3 1
1+ [f(g(=))]

gives g’ ()

1. % [f(2x)] =2 = f(22)-2=2" = f'(2r) =12 Lett =22 Then f'(t) = 3(1t)® = 112,50 f'(x) = L1a®.

12. Let (b, c) be on the curve, that is, b*/® + /% = a®/®. Now 2°/% + /% = o>/% = Zp=1/% 4 Zy=1/3 % =0, so
T

dl/ _ y1/3

de  zl/3

y—c=—(c/b)Y3(x —b)ory = —(c¢/b)/ 32 + (¢ + b*/3c*/3). Setting y = 0, we find that the z-intercept is

1/3 . : . L.
= - (2) , 50 at (b, ¢) the slope of the tangent line is —(¢/b)*/3 and an equation of the tangent line is

BB L b = pH3(P3 4 p?/3) = b1/3?/3 and setting = = 0 we find that the y-intercept is

e+ b33 = (B33 4 p?3) = ¢H3a%/3, So the length of the tangent line between these two points is

\/(bl/3a2/3)2 + (c73a%73)2 = VBEBgATE | 2730473 = \[(1)2/3 + EEYall?

= Va2/3a*/3 = /a? = a = constant
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1. Let a be the z-coordinate of Q. Since the derivative of y = 1 — z® isy’ = —2x, the slope at @ is —2a. But since the triangle

is equilateral, AO/OC = \/5/1, so the slope at Q is —v/3. Therefore, we must have that —2a¢ = —v/3 = a = ‘/75

2
Thus, the point @ has coordinates <§, 1— <12—§) ) = <‘—/2—§, %) and by symmetry, P has coordinates (—%, %)

2y=2>-3r+4 = ¢y =3*-3andy=3(z*-2) = y =6z-3. y=30-x)  ag

The slopes of the tangents of the two curves are equal when 32> — 3 = 6z — 3;

that is, when z = 0 or 2. At z = 0, both tangents have slope —3, but the curves do

~4 7 5
not intersect. At 22 = 2, both tangents have slope 9 and the curves intersect at L / Common J
/ / tangent line

(2, 6). So there is a common tangent line at (2,6), y = 9z — 12.
y=x1'~3x+4 —20

3. y We must show that r (in the figure) is halfway between p and g, that is,
y=ax>+bx+c

r = (p+ ¢)/2. For the parabola y = ax? + bz + ¢, the slope of the tangent line is

given by 3 = 2ax + b. An equation of the tangent line at z = p is

5 L y — (ap® + bp + ¢) = (2ap + b)(x — p). Solving for y gives us
\’L/ y = (2ap + by — 2ap® — bp + (ap® + bp + ¢)
/T
’ or y = (2ap+ bz + ¢ — ap? 1)

Similarly, an equation of the tangent line at z = ¢ is
y=(2q+br+c—ai® ()
We can eliminate y and solve for x by subtracting equation (1) from equation (2).
[(2ag + b) — (2ap + b))z — aq® +ap* =0
(2aqg — 2ap)z = ag® — ap®
2a(q — p)z = alq® — p*)

_alg+plg—p) _pty
2a(q - p) 2

Thus, the z-coordinate of the point of intersection of the two tangent lines, namely r, is (p + ¢)/2.

4. We could differentiate and then simplify or we can simplify and then differentiate. The latter seems to be the simpler method.

sin? cos® x sinz  sinz cos’x  cosz sin® cos® x
1+cote  1+tanz 15 95T sing 1 sin® cosz sinz4cosx cosT +sinx
sinz cos T
.3 3 : c2 , 2
sin® z + cos” x (sinz + cosz)(sin” x — sinz cos T + cos” )

= ——————— [factorsumofcubes] =

sinx + cosx sinz + cosx

2

=sin®z —sinz cosz + cos’ z = 1 —sinz cosz = 1 — (2sinz cosz) = 1 — Lsin2z

d sin? = cos? z d .
Thus, T <l+cotz + 1+tanx> =1 (1 — 55111233) = —%cos2:c~2 = —¢cos 2z.
263
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5. Letyy = tan™' x. Then tany = z, so from the triangle we see that

sin(tan™' z) = siny = . Using this fact we have that

T
V1+z?
. , inhz i

sin(tan”!(sinhz)) = S _ simhz tanh .

V1 +sinh? z  coshw

Hence, sin~ ' (tanh ) = sin™!(sin(tan " (sinh 2))) = tan™'(sinh z).

6. We find the equation of the parabola by substituting the point (—100, 100), at which the car is situated, into the general
equation y = az”: 100 = a(—100)> = a = 55. Now we find the equation of a tangent to the parabola at the point

(20,40). We can show that y' = a(2z) = 5(2x) = g5, so an equation of the tangent is y — yo = z570(2 — o).

Since the point (o, yp) is on the parabola, we must have yo = 1553, S0 our equation of the tangent can be simplified to

y = 7531'3 + 5—10:co (z — x0). We want the statue to be located on the tangent line, so we substitute its coordinates (100, 50)

into this equation: 50 = ﬁwg + 2520(100 — z0) = x5 — 200z0 + 5000 = 0 =

To = 5200 £ /2002 — 4(5000 = xo = 100 4 50 v/2. But zo < 100, so the car’s headlights illuminate the statue
2

when it is located at the point (100 — 50 v/2, 150 — 100 v/2 ) = (29.3,8.6), that is, about 29.3 m east and 8.6 m north of

the origin.

u3

dxm

7. We use mathematical induction. Let S, be the statement that (sin® 2 + cos® ) = 4" ! cos(dx + nw/2).

Sy is true because
d .4 4 .3 3, : 2 2
T (sin® & + cos® ) = 4sin” z cosz — 4 cos” z sinz = 4sinz cosx (sm T — Ccos 1) T
dx

= —4sinxz cosx cos 2z = —2sin2x cos 2 = —sin 4z = sin{—4x)

Il

cos(% — (—4z)) = cos(E +4z) = 4" ' cos(dw +nE) whenn =1
. R .
Now assume Sy, is true, that is, o (sin® z + cos® z) = 4! cos(4x + k). Then
dk'+[ d &

(sin®z 4+ cos ) = — | —(sin" = +cos* z)| = a4 [4%7 cos(4z + kZ)]

dzF+1 dzr | dak dax

= —4%-1 sin(4.1: —+ k%) . dd (4x + k:%) = —4F sin(4:6 + k%)

dz
=4"sin(—4x — k3) =4* cos(Z — (—4z — k%)) =4 cos(dz + (k+1) I)
which shows that S, 1s true.

7T

Therefore, (sin® 2 + cos® z) = 4" 7" cos (4 + nF) for every positive integer n, by mathematical induction.

dx™
Another proof: First write

] . 2 -2 Y . )
sin® z + cos® @ = (sin® z + cos® z)® — 2sin*x cos’x = 1 — §sin* 2z =1 — (1 — cos4z) = £ + % cos 4w

Then we have %; (sin® z + cos? z) = % (2 + i cos 4.T,> = % -4" cos(4x + n%) = 4" ¢cos (4:v + n%)
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- . " 1
If we divide 1 — z into " by long division, we find that f(2) = 1$ = AR L P IR T

This can also be seen by multiplying the last expression by 1 — z and canceling terms on the right-hand side. So we let
(n)
) — g™ ().

(n)
But g is a polynomial of degree (n — 1), so its nth derivative is 0, and therefore F () = (1 ) . Now

glz)=1+z +a? 4 42"t so that flz) =

@ = 1w

11—z 1~

L () = (210 =) D) = (=) () = (1) D) =201
43 d*

e (1-2) ' =(-3)-20 —2)"*(~1) =3-2(1 —a)™%, e (L—z)™? =4-3-2(1 )" and so on.

(n)
. . . 1 !
So after n differentiations, we will have f()(z) = ( T x) = Gt ~7.;)”'+1 .

. We must find a value zo such that the normal lines to the parabola y = z” at z = 2 intersect at a point one unit from the

points (+zo, z§). The normals to y = z” at z = ¢ have slopes — and pass through (£, x3) respectively, so the

:f:2.’L"0
1

. 1 1 . .
normals have the equations y — x2 = 5 (z —x0)and y — a3 = o (x 4 o). The common y-intercept is 23 + =.
To Lo

[\]

We want to find the value of zg for which the distance from (0,23 + %) to (o, 73) equals 1. The square of the distance is
(20— 0)* + (28 — (2§ -+ 3 )] =z5+i=1 & = :{:\/_ For these values of zo, the y-intercept is 23 + 3 = 2, s0

the center of the circle is at (0, §).

Another solution: Let the center of the circle be (0, a). Then the equation of the circle is 2% + (y — a)® = 1.

Solving with the equation of the parabola, y = 2, we get 27 4 (z* — a)> =1 o z? 42" -2a2®+a* =1 &

2* 4 (1 — 2a)2? +a® — 1 = 0. The parabola and the circle will be tangent to each other when this quadratic equation in 2
2

has equal roots; that is, when the discriminant is 0. Thus, (1~ 2a)* - 4(a®* = 1) =0 <«

1-4da+40>-40°+4=0 & 4da=5s0a= % The center of the circle is (O./ %)

limM:lim [f(T)~f(a) \/—+\/—} :lim{ (@) — /() <\/;+\/g)}

Ve Ve | Vi Ve Vaival +m|TaTe
—im 2B @) (VE+va)=f'(a)- (Va+va) =2vasa)

L Tr —a r—oa

We can assume without loss of generality that # = 0 at time ¢ = 0, so that § = 127t rad. [The angular velocity of the wheel
is 360 rpm = 360 - (27 rad)/(60 s) = 127 rad/s.] Then the position of A as a function of time is

Y 40sinf  sinf 1
Yy dsme = Zsin127t,
12m 120 5~ gl

A = (40cos8,40sin0) = (40 cos 12nt,40sin 127t), so sina =

d
(a) Differentiating the expression for sin v, we get cos o - a - 127 - cos 127t = 4w cos§. When § = 3 we have

1 / / 1 _ Amcos T 2 An /3
sin e = = sin 0:—— SO COS (v = 1~ = 3 = = ~ 6.56 rad/s.
3 6 cos V11712 Vil /
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(b) By the Law of Cosines, |AP|” = |OA|* +|OP|* —2]0A||OPlcost =

120% = 402 + |OP]*> —2-40|OP|cos0 = |OP]® — (80cosf)|OP| 12,800 =0 =

|OP| = £(80cos @ £ /6400 cos?d + 51,200 ) = 40 cos § & 40 v/cos? § + 8 = 40(cos§ + v/8 +cos? F ) cm

[since |OP| > 0]. As a check, note that |OP| = 160 cm when @ = 0 and [OP| = 80 v/2 cm when 6 = Z.
(c) By part (b), the a-coordinate of P is given by o = 40(cos 6 + v/8 + cos?8 ), so

dr  dz df 2cosfsinf cosf
— = — — =40 —sinf - —————— ) - 125 = —480wsinO{ 1 + —————= ) cm/s.
dt do dt ( o 28 +00526> ( \/8+00520> em/

In particular, dx/dt = 0 cm/s when 6 = 0 and dz/dt = —4807 cm/s when 0 = Z.

12. The equation of 7' is y — 2 = 2z1(z —x1) = 2z 2 — 222 ory = 2y — 25 y
The equation of T is y = 2z22 — 3. Solving for the point of intersection, we ) P, 5)
get2x(z) —x2) =21 — 33 = = 4(x1 + 22). Therefore, the coordinates
of Pare (1(21 + a2), 2122). So if the point of contact of T is (a,a?), then Py(x, x3) (T “
Quis (3(a+z1),az1) and Q2 is (3(a + x2), awa). Therefore, ) 0 i & X
|PQ1|* = H(a — 22)° + 27(a — 22)° = (a — 22)*(} + 27) and : 2 |
|PPi* = S — 22)” + af (21 — 22)” = (21 —22)*(§ + 21). P

PQi* _ (a—=2)’ o [PQa (e —a)® [Py  [PQ2]  a—z2  m1—a
So = 5, and similarl - — . Finally, + = + =1
(PP (21— a2)? Y |PPa|* (%1 — 22)? Y [PPi]  |PP| 21 —22 21— a2
13. Consider the statement that d—'—(e” sinbz) = r"e® sin(bz + nd). Forn = 1,
Q:n
d ax . ax ax
= (e“" sinbz) = ae"” sin br + be™* cos bx, and

re*® sin(bx + 0) = re”*[sin bz cos # + cos bz sin 0] = re*® (ﬁ sinbz + 2 cos b.zr) = ae** sin bz + be®” cos bx
r

. b . b a .
sincetanf = — = sinf = = and cos ® = —. So the statement is true for n = 1.
a 7 T

Assume it is true for n = k. Then

ft-1
,_/(i.k+_1 (e** sinbx) = % [rke“ sin(bz + k0)] = r*ae® sin(bx + k6) + 7% cos(br + k@)

= 1" [asin(bz + k0) + bcos(bx + k)]
But
sinjbz + (k + 1)8] = sin[(bz + k0) + 0] = sin(ba: + k0) cos 6 + sin @ cos(ba + kb) = < sin(bx + k#) + £ cos(bx + k0).
Hence, asin(bxz + k6) + beos(bz + kO) = rsinjbz + (k + 1)8]. So

dk+l

d—"‘“_(e” sinbz) = r*e®*[asin(bz +kO) +bcos(br + k)| = r*e®®[rsin(bx + (k+1)0)] = r* T e [sin(bo + (k +1)8)].
x

Therefore, the statement is true for all n by mathematical induction.
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14. We recognize this limit as the definition of the derivative of the function f(z) = %" at - = 7, since it is of the form

flz) — f(m)

r—T

sin

lim . Therefore, the limit is equal fo f'(7) = (cos7)e =—1.e" =1

x—T

15, Tt seems from the figure that as P approaches the point (0, 2) from the right, zr — oo and yr — 2. As P approaches the
point (3,0) from the left, it appears that z7 — 37 and yr — o0o. So we guess that zr € (3,00) and yr € (2,00). Itis
more difficult to estimate the range of values for 2y and y5. We might perhaps guess that zx € (0, 3),
and yn € (—00,0) or (—2,0).

In order to actually solve the problem, we implicitly differentiate the equation of the ellipse to find the equation of the

2 2
. 2 2 4 . . .
tangent line: % + yI =1 = ET + Tyy' =0,50y = _§z' So at the point (o, yo) on the ellipse, an equation of the
( Y
L 4z . . Tok | Yo : g
tangent line is y — yo = ——ﬂ(w — zg) or dxox + Yyoy = 43 4 9yg. This can be written as Zod —+ oy _Io + P _ 1,
9 yo 9 4 9 4
because (o, yo) lies on the ellipse. So an equation of the tangent line is _1;_:1: + U_Zﬂ = 1.
. - . Lo ToxT 9 . Lo
Therefore, the z-intercept zp for the tangent line is given by g = 1 & 27 = —, and the y-intercept yr is given
¢ Zo
Yoyt 4
by T =1 & yp=—.
Y 4 T Yo

So as xp takes on all values in (0, 3), z¢ takes on all values in (3, 00), and as yo takes on ali values in (0, 2), yr takes on

. . . L 1 .
all values in {2,00). At the point (o, yo) on the ellipse, the slope of the normal line is ————— = Qy_o, and its
y'{wo,y0) 4o
. . 9 Yo . - . . . 9 Yo
equation is y — yo = Z—(a: — xp). So the z-intercept zy for the normal line is given by 0 — yo = y =(zy —x0) =
To o
4g 5 . L 9 % 5
TN = —-% +xg = —gg,and the y-intercept yn is given by yn — yo = ZER(O—:L‘O) = YN = ~—%9 + Yo = ﬂ—%o—.
¢ To

So as o takes on all values in (0, 3), zx takes on all values in (0, 3), and as yo takes on all values in (0,2), y~ takes on

all values in (—2,0).

L 2
1. lim sin(3 4+ z)* —sin9 _
z—0 €T

F/(8) where f(z) = sinz?. Now f'(z) = (cosz?)(2x), so f/(3) = 6cos9.

17. (a) If the two lines L1 and Ly have slopes m, and m2 and angles of
inclination ¢, and ¢,, then m; = tan ¢, and my = tan ¢,. The triangle

in the figure shows that ¢, + a4+ (180° — ¢,) = 1807 and so

@ = ¢, — ¢,. Therefore, using the identity for tan(z — y), we have

tan ¢, — tang mo — M
tan o« = tan{¢p, — ¢,) = tand, —tang, and so tan o = —— :

" 14 tan ¢, tan ¢, 1+ mymsg’
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(b) (i) The parabolas intersect when z° = (z — 2)° = z = 1.Ify = 2°, then 3y = 2z, so the slope of the tangent
toy =az%at (1,1)ismy = 2(1) = 2. Ify = (z - 2)%, then ¢/ = 2(z — 2), so the slope of the tangent to

R mz — 1M —2-2 4
— (z—2)2at (1, 1) ismy = 2(1 — 2) = —2. Therefore, tan o = - — 2 and
y=(x—2)%at (1, 1) ismg ( ) ercfore, tan a T+ ms 15 9(-2) 7 an

soa =tan ' (3) A 53° [or 127°].
(it) 22 —9* = 3and 2% — 42+ y* 4+ 3 = 0 intersect when 2> ~4m+(m2—3)+3:0 & 2x(z—2)=0 =

2 =0or2 but 0 s extrancous. If z = 2, theny = 1. If 2> —y* = 3then 22 —2yy’ =0 = ¢ = z/yand

2_/—»
4z +12+3=0 = 2v—4+2y =0 = y’:T*.At(2,1)theslopesarem1:izand

ms = 0,50 tana = 10;2?0 =-2 = a=117° At(2,-1) the slopes are n1 = —2 and oy = 0,

il ) B A [or 117°].

so tana = m

18. y? =dpr = 2yy =4p = 1y =2p/y = slope oftangentat P(x1, 1) ism; = 2p/y1. The slope of F'P is

ma = —21 5o by the formula from Problem 17(a),
r1 —p
yno2p
o Ti=p oy p(m—p) Y= 2p(@ —p)
1+ (2p>( Yt ) yi(zi—p) (1 —p)+ 2pn
Y L —p

_ dpx, — 2px1 +2P2 . 2p(p + 1) _ 22

Ty —pni+2pyn wnilpt ) wn

= slope of tangent at P = tan 3

Since 0 < a, B < %, this proves that o = 3.

19. Since LROQ = LOQP = 6, the triangle QO R is isosceles, so

|QR| = |RO| = z. By the Law of Cosines, 2% = 2% + r? — 2rx cos §. Hence,
.2

7
2rcosf  2cosf

. Note thatas y — 07, 8 — 07 (since

o
2rxcosf =r",s0x =

T T .
= —. Thus, as P is taken closer and closer
2cos0 2

sinf = y/r), and hence z —

to the x-axis, the point R approaches the midpoint of the radius AO.

lim
x—0 z—0

, . J@) =/ =)
20, 1im 28 gy L2 =0 lim Jl@) JO) w0 = w0 JUO)
w0 g(z) o0 g(z) =0  2—0 g(z) —g(0)  =—0 g(z) —g(0) glz) —g(0)  ¢'(0)
0

r —
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. lirr‘l) sin(a + 2z) — 2 s;n(a +1x) +sina
e x

sina cos 22 + cosa sin 2@ — 2sina cosz — 2cosa sinz +sina

= lim,

~ lim sina (cos 2z — 2cosx + 1) + cosa (sin 2z — 2sinx)
©—0 x?

~ lim sina(2cos®z — 1 —2cosa + 1) +cosa (2sinx cosx — 2sinx)
&0 x?

~ lim sina (2cosx)(cosz — 1) -{;cos a(2sinz)(cosT — 1)
z—0 €T

2(cosx — 1)sina cosz + cosa sinz|(cosz + 1)

= lim

20 z?(cosx + 1)
i Ry (22 bl ) yplest)
2. (a) f(2) =x(z —2)(z - 6) = 2% — 8% + 12z = 8
f(z) = 3a% — 162 4 12. The average of the first pair of zeros is 0N s
(0+2)/2 = 1. Atz = 1, the slope of the tangent line is f'(1) = —1, so an
equation of the tangent line has the formy = —1z -+ b. Since f(1) = 5, we
have 5= —14b = b = 6 and the tangent has equation y = —z + 6. T
Similarly, at z = O—;—G =3, y=—9+ 18 atx = 2—;9 =4, y = —4z. From the graph, we see that each tangent line

drawn at the average of two zeros intersects the graph of f at the third zero.
(0) ACASgives f'(x) = (z — b}z — ¢) + (z —a)(x — ¢) + (z — a)(x — b) or
F(z) = 32% — 2{a + b+ ¢)x + ab + ac + be. Using the Simplify command, we get

, — b)? b —b)? : , b
& atby_ _ (a—b) and f a0y __ (a—0) (a + b — 2¢), so an equation of the tangent line at x = a0
2 4 2 3 2
AV _R\2
Yy = — (@ 1 ) (:L’ _ 2 ; b> _ e 3 b) (a -+ b~ 2¢). To find the z-intercept, let y = 0 and use the Solve command.

The resultis z = ¢.

Using Derive, we can begin by authoring the expression (x — a)(z — b)(z — ¢). Now load the utility file
DifferentiationApplications. Next we author tangent (#1, x, (a + b)/2)—this is the command to find an
equation of the tangent line of the function in #1 whose independent variable is x at the z-value (a -+ b)/2. We then
simplify that expression and obtain the equation y = #4. The form in expression #4 makes it easy to see that the
a-intercept is the third zero, namely ¢. In a similar fashion we see that b is the 2-intercept for the tangent line at (a + ¢)/2

and a is the z-intercept for the tangent line at (b + ¢)/2.

#1l: (x - a)-(x -~ b)-(x - ¢)

#2: LOAD(C:\Program Files\TI Education\Derive 6\Math\DifferentiationApplications.mth

a + b
#3: TANGENT {(x -a)-(x - b)-(x - ¢), x, p ]

#4
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23.

24,

25.

26.

y y= e y=4x Let f(z) = e* and g(z) = kVz [k > 0]. From the graphs of f and g,
1 y=3k we see that f will intersect ¢ exactly once when f and g share a tangent
y=ade line. Thus, we must have f = gand f' = ¢’ atz = a.
1 =

fl@)=g@) = & =kVa ()

k = 2 = k

2va 4va

n 2 A
Sowemusthavek\/azélf/_ = (\/E) _k = a=4 From(x), e/ =k \/1/4 =
Va

k=264 = 24/e ~ 3.207.

0 S and fl@)=4g() = 2**=

Weseethatatz =0, f(z) =a” =142 =1,50ify = a” isto licabove y = 1 4z, y
the two curves must just touch at (0, 1), that is, we must have f'(0) = 1. [To see this
y=x+1
@x
analytically, note thata® > 14z = o 12>z = > 1forxz > 0,so 1
y=a*

F(0) = lim = > 1. Similarly, forz < 0,a" —1 >3 = ——= <1,50 of 1 %

z—0+ X T

g

£(0) = lim = <1

z— 0 I

Since 1 < f'(0) < 1, we must have f'(0) = 1.] But f'(z) =a”lna = f(0) =lna,sowehavelna=1 < a=e.

Another method: The inequality certainly holds for z < —1, so considerz > —1, 2 # 0. Thena® > 1+ 2 =

a>1+z)* forx >0 = a> lim (1+ x)V/® = e, by Equation 3.6.5. Also,a® > 14+ = a< (14 2z)"*
x—0

forz <0 = a< lun (14 z)* =¢. Sosincee < a < e, we must have a = e.
@0

T 2 sinx
y = — arctan .Letk =a+ va?— 1. Then
v Va2 -1 Va2 -1 a+va?—~1+cosx
o 1 2 1 .Cosz(k—kcosz')—ksinzz
(/e Vaz =1 1+ sin®z/(k+ cosx)? (k + cosz)?
_ 1 _ 2 kcosz + cos®z + sin®z . 1 N 2 kcosz + 1
T VP —1 Va1 (k+cosz)24sin’z  VaZ—1 VaZ—1 k%+2kcosz+1
kE* + 2kcosz +1 — 2kcosx — 2 _ E?—1

Var —1(k2 +2kcosz+1)  VaZ —1(k? + 2kcosz + 1)

Butk* = 2a* 4 2ava? = 1—-1=2a(a+ va? — 1) — 1 =2ak — 1,50 k* + 1 = 2ak, and k* — 1 = 2(ak — 1).

2(ak — 1) B ak —1
va? —1(2ak + 2kcosz)  Va? —1k(a+ cosz)

soy’ =1/(a+ cosx).

Soy' =

Butak—1=a’4+ava?~1—-1=kva®2—1,

Suppose that y = ma + ¢ is a tangent line to the ellipse. Then it intersects the ellipse at only one point, so the discriminant

2

. 3 2
of the equation T—Q + (mz+ )7
a

2 =1 & (b +d*mPa? 4+ 2mea’z + a*c® — a*b* = 0 must be 0; that is,
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0 = (2mea®)? — 4(b* + a*m?)(a*c® — a?b?) = da**m? — 4a?b* A + 4a’bt — 4o’ P m? + 42t m?
= 4a’b?(a’m® + b* - c?)
Therefore, a?m? 4 b* — ¢® = 0.
Now if a point (e, 8) lies on the line y = max + ¢, then ¢ = 8 — ma, so from above,

2083 b - B2
m+

0=a*m? +b* — (B—ma)’ = (a® — a®)m? + 2aBm + b> - 52 & m?+ 5 S
a? — a? a

(a) Suppose that the two tangent lines from the point (v, 8) to the ellipse
1 1 .
have slopes m and —. Then m and — are roots of the equation
m m

: 2 _ g2
24 .20'8 z+ b-b _ 0. This implies that (z — m) (z - %) =0 <

a? — o2 a2 — a2

1 1 . .
2%~ <m + —) z4+m (——) = (), s0 equating the constant terms in the two
m m

A . bt — B .

quadratic equations, we get b m L. 1, and hence b* — 5% = a® — & So (a, B) lies on the
a® —a? m

hyperbola z? — y* = a? — b”.

{b) If the two tangent lines from the point («, 5) to the ellipse have slopes m x4+ y? =g + b?

1 1 . .
and — —, then m and —— are roots of the quadratic equation, and so
m m

1 . .
z — — =0, nt terms as in part (a), we ge
(z—=m)| z+ — 0, and equating the constant terms as in part (a), we get

b — 32

pp —1, and hence b* — 3% = a® — a®. So the point (a, &) lies on the

circle 2% + ¢* = a? + b,
27.y=2a*—22 -2 = 4y =42® — 4z — 1. The cquation of the tangent line at z = a is
y —(a' = 22* —a) = (4a® —da — 1)(z — a) ory = (4a® — da — 1)z + (—3a” + 2a”) and similarly for z = b. So i at
z = e and z = b we have the same tangent line, then 4a3 — 4a — 1 = 4b® —4b — 1 and —3a" + 2¢° = —3b® + 2b%. The first
equation givesa®> —b* =a —b = (e —b){a®+ab+b*) = (a—b). Assuming a # b, we have 1 = a? + ab + b
The second equation gives 3(a’ — b*) = 2(a® — b%) = 3(a® — b%)(a® + b*) = 2(a® — b®) which is true if « = —b.
Substituting into 1 = ? + ab+ b gives 1 =a? —a? 44?2 = a=*lsothata = 1andb = —1 or vice versa. Thus,

the points (1, —~2) and (—1,0) have a common tangent fine.

As long as there are only two such points, we are done. So we show that these are in fact the only two such points.

Suppose that a® — b* # 0. Then 3(a® — b*)(a® + b°) = 2(a® — b*) gives 3(a® + b?) = 2 ora” 4+ b* = 2.

. 2 1 1 ; 1 2 o
Thus, ab = (@ +ab+b*) — (a* +b*) =1~ 3= g,sob: — . Hence, a® + a7 = §,so.()a4 +1=6a%> =
4 a2 2 2 0 2 2 1 2 1 1 2 - .
0=9a"-6a’+1=(3a"~1)"S03a*~1=0 = a°= 3 = b* = 92 — 3@ , contradicting our assumption
: a :

that a® # b2
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28.

29.

U CHAPTER3 PROBLEMSPLUS

Suppose that the normal lines at the three points (a1, a?), (az,a3), and (as, a3) intersect at a common point. Now if one of

the a; is 0 (suppose a1 = 0) then by symmetry az = —as, s0 a; + a2 + a3 = 0. So we can assume that none of the a; is 0.

The slope of the tangent line at (a,-., a,2) is 2a, so the slope of the normal line is S and its equation is

i

y—ai =— 2 (z — a;). We solve for the z-coordinate of the intersection of the normal lines from (al,af) and (ag, a%):
a;
; 1 . 1 1 1 ;
2 2 2 2
2 = - —(xz — = a5 — —{(z—a = - —_ — =
y=a 2a; (z-a) =a 2az (x = az) T<2a,2 2(11) @

T <a1 — aQ) =(—a; —a2)(a1 + az2) < x=-2aa(a1+az) (1). Similarly, solving for the z-coordinate of the

2a1as
intersections of the normal lines from (a1, a?) and (as, a3) gives # = —2a1as(a1 +as) (2).
Equating (1) and (2) gives az(a) +az) = az(ar +a3z) < ai(as —as) = a3 — a3 = —(az + a3)(az — az) <
a =—(az+a3) & ai+ax+az=0.

Because of the periodic nature of the lattice points, it suffices to consider the points in the 5 x 2 grid shown. We can see that
the minimum value of 7 occurs when there is a line with slope % which touches the circle centered at (3, 1) and the circles

centered at (0, 0) and (5, 2).

(5.2) slope =

Jrev- RN — 4, — L 2 4 — D H .
TT=r" = =gt = 1= Y= To find @), we either use symmetry or

solve (z —3)* + (y—1)* =r*andy — 1 = —3(x - 3). Asabove, we getx =3 — \/Lo-g ry=1+ \/% r. Now the slope of

5 5 _,
1+—-3§T‘(—\/—2—57“> 1+1—%T' V29 + 107 2
: p) 3 = . /50 Y
3wt T 3-gmr 3V -dr 5

i is 2 50 -
the line PQ is £, s0 mpg =

5294 350r =629 -8 & B8 r=+29 & r= @ So the minimum value of r for which any line with slope %

intersects circles with radius r centered at the lattice points on the plane is 7 = % = (0.093.
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30. Assume the axes of the cone and the cylinder are parallel. Let  denote the initial
height of the water. When the cone has been dropping for ¢ seconds, the water level has

risen z centimeters, so the tip of the cone is x + 1# centimeters below the water line.

Igf‘/t;ir We want to find dz/dt when  + ¢ = h (when the cone is completely submerged).
Using similar triangles, —— = = = 7y = L(”L +1)
& M T T A
volume of water and cone at time¢ = original volume of water 4  volume of submerged part of cone
TR (H + z) = TRZH + srri(z +¢)
2
TR*H + nR*x = TR*H + %w%(vc +¢)?
3h2R%x = r(z + )
P . . d ; d 5 dt
Differentiating implicitly with respect to ¢ gives us 3% R* EHE =723z +t)? Tf +3(z +1)? ¥ =
dx r*(z+1)? dw r2h? 2

TR 2l 1) = ’n = g s — Rt Thus, the water level is rising at a rate of

xz4-t=nrh

2

R_‘ZTT cm/s at the instant the cone is completely submerged.
- . h 5 .
31 By similar triangles, g =1 = 7= ?—Z The volume of the cone is

£p\2
V= 3mr’h = %W(Oh) h = 25m v _ @}ﬁ dh

= =——=h3s0— = —. Now the rate of
16 768" %0 ar ~ 256 - owtherateo

change of the volume is also equal to the difference of what is being added

(2 cm®/min) and what is oozing out (A77{, where 7/ is the arca of the cone and k

. Lo dv
is a proportionality constant), Thus, —d‘T =2 —knrl.

. . . lh 25
Equating the two expressions for % and substituting h = 10, ((11_1 =-—03,r= 5_(1161) = ?O’ and \/Q%E = 1—2
5 2 2 5k 5 . .
= % V281, we get %(10)2(-0.3) =2- IETFEE)- . g V281 & 12)1\24 281 2+ 72)5?(?. Solving for k gives us

2 375 L . . . . L . .
k= M To maintain a certain height, the rate of oozing, k7rl, must equal the rate of the liquid being poured in;
2507 V281

>

. dV . R, .
that lS’d—‘f = 0. Thus, the rate at which we should pour the liquid into the container is
256 + 3757 ] 253 . 54281 256 4 3767

krrl= ———— -«
2507 v/281 8 8 128

~ 11.204 cm®/min
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