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4.4 Indeterminate Forms and L'Hospital's Rule

Note: The use of I'Hospital’'s Rule is indicated by an H above the equal sign: 4

. fle) . . 0
1. (a) lim —= is an indeterminate form of type —.
(a) lim (@) ype 5
(b) lim % = 0 because the numerator approaches 0 while the denominator becomes large.
(c) lim M = 0 because the numerator approaches a finite number while the denominator becomes large.
r—a p(aj) pp
(d) If lim p(z) = oo and f(x) — 0 through positive values, then lim —"D—((f% = co. [For example, take a = 0, p(z) = 1/22,
and f(z) = 22.] If f(z) — 0 through negative values, then ;I_Ig f_(é_; = —oo. [For example, take a = 0, p(z) = 1/22,

and f(x) = —z2.] If f(z) — O through both positive and negative values, then the limit might not exist. [For example,
p

take a = 0, p(z) = 1/2°, and f(z) = z.]
p(z)

(e) lim ——= is an indeterminate form of type >,
=2 g(a) =

2. (a) lim [ f(z)p(x)] is an indeterminate form of type 0 - co.

T—a

(by When z is near a, p(x) is large and h(z) is near 1, so h(x)p(z) is large. Thus, i{r}l [h(z)p(x)] = oc.
(c) When z is near a, p(x) and g(z) are both large, so p(x)q(z) is large. Thus, zlli»]}z [p(z)q(z)] = oo.

3. (a) When z is near a, f(xz) is near 0 and p(x) is large, so f(z) — p(z) is large negative. Thus, ilig [f(z) — p(z)] = —o0.
(b) iliI}z [p(z) — ¢(x)] is an indeterminate form of type co — oo.

(c) When « is near a, p(z) and g(x) are both large, so p(z) + g(z) is large. Thus, lim [p(z) + ¢(z)] = oo.
4. (a) lim [f(x))® is an indeterminate form of type 0°.

(b) If y = [f()]"™, then Iny = p(z)In f(z). When « is near a, p(z) — oo and In f(x) — —o0, s0 Iny — —oc.

Therefore, lim [f(z)]"*) = lim y = lim €™? = 0, provided f? is defined.

r—a T—a

(¢) lim [R(2)]"™ is an indeterminate form of type 1°°.

T—a

(d) lim [p(x)]’®) is an indeterminate form of type oc®.

(e) Ify = [p(2)]9™, then Iny = q(x) In p(x). When  is near a, ¢(x) — oo and Inp(z) — oo, s0 Iny — co. Therefore,

Iny

lim [p(z)]?™ = lim y = lim ¥ = oo.

z—a T—a x—a

() lim */p(z) = lim [p(z)]"/9*) is an indeterminate form of type oo,

T—a
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x—0

quotient (In z)/z. L'Hospital’s Rule does not apply.

1 1
S L] . Inz =z .
This limit has the form 2. lim nlnz u lim D2 iy =
X oo T T— 00 1 z—oo T Inx
T x T xT
This limit has the form 2. lim — £ lim — 2 lim — 2 lim £ = o0
" g 3 z—00 QT z—o00 O z—oco 6
T 1 1 1
This limit has the form 2. lim 1 22 B i A ==
e—1sinme =1 mwcosmax  w(—1) w
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. This limit has the form %. We can simply factor and simplify to evaluate the limit.
? 1)(z — 1
lim < 1:11111(20+ /(= l)zlim$+ :1+1:2
z—1l 2 — 1 z—1 x(m — 1) z—1 T 1
2
S . — . —2 .
. This limit has the form 3. lim g e 6 lim (z+3)(@—2) = lim(z+3)=2+3=5
a2 T — T2 T —2 z—2
9 8
o o2 —1u 9 9., 9 . 9
. This limit has the form §. ilinl o A;erﬁ Pt T E iL'rI‘11$ = 5(1) =3
o oz —1m . az® ! a
. This limit has the form zll_)m1 o ;Lml Bt 1 5
. This limit has the form ¢.  lim —ﬁ:—n——— 2 m —Smr lim tanz = —oo.
0 am(n/2)t 1 —sinT  o—(n/2)t —COST  z—(n/2)+
C 0 sindr w . 4dcosdx _ 4(1) 4
This limit has the form 3. lim " = ilir%) Bsoc2(52) ~ B2 5
. e — 1y el . 5
This limit has the form 2. lim = lim — = oo since e’ — 1and 3¢t* — 07 ast — 0.
0" s S0 3 t—0 32
3t 3t
This limit has the form 8. lim S B Jim ¢ _ 3
t—0 t t—0 1
2 2
This limit has the form . lim S0P2 1y PSecpe_ p(h)~_p
0" 250 tangr  @—0 gsec2qr  q(1)2 ¢
. irf/z Lgsz—lgﬁ = % = 0. L’Hospital’s Rule does not apply.
This limit has the form 22, lim 22 2 iy Y% _ 5y 2 g
oo \/; & —00 533‘1/2 z—00 £/
2
s . .o 142 . 2 1
This limit has the form 2. lim T 1 lim Rk lim — = —=.
0" Ll 1 — 22 z—oo —41 L— 00 — 2
2 ! +1
- 1 1
A better method is to divide the numerator and the denominator by z*: lim i s T S
z—oo 1 — 222 T— 00 1 2 0—-2 2
2z
lim [(Inz)/x] = ~oo since Inz — —oo as z — 0" and dividing by small values of = just increases the magnitude of the
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. . —1- . -1 e 1
21. This limit has the form %. lim ¢ rH lim € B im = =2
z—0 :E2 z—0 2z z—0 2 2
e —1—z—31i2% e* —1—z 4y e —1mn e’ 1
22. This limit has the form 2. i 2__ = | =1l = lim — = =
0 zllvl}) :113 zlﬁ% 3:122 .'tl—>0 6m z1—>0 6 6
o . tanhzx . sech?z  sech?0 1
23. This limit has the form 3. lim 5 im =" =2=1
z—0 tanx z—0 sec? T secZ 0 1
24. This limit has the form 2.
sin <cos:r)
. x—sinx . 1 —cosz . —(—sinz 1. i
lim —— >0 % By 27 OOT Moy ( ) =——=1 Sin T
e—0x —tanz 2—01 —sec2z 2—0 —2secz (secx tanz) 2 -0 sec? x
_ 17 3. 1(1\3 _ 1
= ~§l1_)rr})cos z=—-5(1)"=—3
sinx
;8
Another method is to write the limit as lim ———£—.
z—0 1— tanx
z

50 -3 5 .. 5'In5—3"In3

25. This limit has the form % lim = lim =In5—In3=1In %
t—0 t—0 1
26. This limit has the form 0. lim S22 =% B jjyy ST 1 gy, —SINT p ), —eosz 1
z—0 €T z—0 3322 xz—0 oz ZHO 6 6
27. This limit has the form ©. lim 52 % 8 WWVI=2® 1 _1_,
[C—] T 2—0 1 z—0 /] — 2 1
o In )2
28. This limit has the form 2. lim (Inz)” 8 M%Q—/x—) =2 lim m?m 59 lim 1—? =2(0)=0
T— 00 xT — 00 T—r 00 ZT— 00
2. This limit has the form O, lim —— 0% 1y, SIBZ 1, cosz 1
0" +20 x2 z—0 2% a:—»O 2 2
30. This limit has the form 2.
. cosmx —cosnx § . —msinmz +nsinnz w . —m?cosmz +n? cosnz |, o
lim ————— = lim = lim = —(n —-m
z—0 T2 z—0 2x z—0 2 2

3. ill?% %ﬁ = % = (% = 0. L’Hospital’s Rule does not apply.

2

32. This limit has the form %. hm gf I jim ! = lim 141627 = 1

—0 tan™ (423) z—0 1 2—0 4 4

-4
1+ (4z)?
- Inz -1 —1/z2 _

33. This limit has the form ¢ 5+ lim 1-z+ln 8 Yim + 1/z 3 Jim Lz = 1 = ——
e>1 14 cosme  2—1 —wsinmz  2—1 —mw2cosme  —m? (—1) w2

: 22 +2 . z2 +2 oxt 42 1+2/2?
34 llm —_— hm —_— — h
T —00 212 + 1 T—00 2x2 +1 z—o0 212 + 1 ar—»oo 2 + 1/1132

_ -1 a—1 _
35. This limit has the form & il hm f—'(_:?i—_;)a—_ ul il_) ] a;n( )a Z lim 5 = 3
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et —e " =2z, €e+e -2, -y .. e+e’” 1+1
lim - = lim = lim - = lim = =
=0 x —sinx -0 1—cosw z—0 sinz x—0 COST 1

36. This limit has the form

olo

1.2 . .
e . cosr—1+s2"y . —sink+xwu, —cosx+1lmn, sinxu, CcOST
37. This limit has the form 2. lim 27 = lim = lim = lim —= = lim
z—0 x4 z—0 4x3 z—0 12x2 z—0 24x z—0 24
38. This limit has the form 2.
1
. coszIn(z — a) i . In{z—a) n . T—a
lim —————~ = lim cosz lim —— =cosa lim —F—
z—at ln(em — e“) z—aT z—at ln(e“ — e”) z—at 1 -
— e
eCL’ — ea
. 1 e’ —e? y 1 . e 1 .
=cosa lim — - lim =cosa-— lim — =cosa-— -¢e% =cosa
z—at € rz—at X —a et z—at ea

39. This limit has the form oo - 0.

sin(m/x) Ho cos(m/x)(—n/2?)

lim zsin(r/z) = lim = lim cos(r/z) =n(1) ==

T—00 z—00 /CL‘ —00 —1/x2
T . 2 x . £E2 H . 2z H . T
40. This limit has the formoco - 0. lim z%¢* = lim p— lim — lim = lim 2e® =0
41. This limit has the form oo - 0. We’ll change it to the form %.
. . . sin6x p .  6cosbz _ 6(1)
il—{]% cot 2z sin 6z = P—% tan2z  oo0 2sec? 2 2(1)2 3
42. This limit has the form 0 - (—c0).
. . . Inz w . 1/z . sin x . sinz .
lim sinz Inz = lim = lim ——— = — lim ‘tanz | = —( lim — lim tanz
z—0+ z—0T CSCX  z—0t+ —CSCZ cotx z—0F x z—0t X z—0t
=-1-0=0
3 2
43, This limit has the form 00 - 0. Tim z%¢"* = lim o 2 lim =% — lim —% Y jim 35—
z—00 r—o0 ¥ r—oo Qre® z—o00 e z—o0 4xre®
44, lim/ (I~ tanz)seca = (1 - 1) v/2 = 0. L'Hospital’s Rule does not apply.
45. This limit has the form 0 - (—o0).
) . Inz w 1/x 1 2
oore Y an(rz/2) By cot(rz/2) s (=m/2)csc?(mx/2)  (—m/2)(1)2 ™
46. This limit has the form oo - 0.
1 *(1/z)(=1/?
Jim atan(1/) = tim S5 & iy L) — iy () =17 =1
47. This limit has the form co — co.
o 1N lim zlne—(x—1) n im z(l/z)+Inx -1 i — Inz
sml\z—1 Inz/ o=1 (z—1)nz  o—1(z—-1{1/z)+lnz 2-11-(1/z)+Inx
Elim———l/x ~x—2*1im i *—1 *l
a1 l/x2 41/ 22 e—1 143 1410 2
48. This limit has the form co — co. lim(cscz — cot x) = lim< ,1 — ﬂ) = lim L — 8% M i ST g
—0 e=0\sinxg  sinz s—0 sinz x=0 COS T

2

7

1

24
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We will multiply and divide by the conjugate of the expression to change the form of the expression.

o P A 2 2
lim (Vm2+x—m)zlim( vhror VI +x+m):limg_—im—)—m
1 vaitz+tz e—o0 \/x?t+ -+

= lim ! !

z 1
———— = lim = ==
a:—»oo1/$2+m+x T — 00 /1+1/$+1 \/T+] 2
As an alternate solution, write v/z2 + x — x as v/z2 + z — V&2, factor out v z2, rewrite as (/1 + 1/z — 1)/(1/z), and
apply ’Hospital’s Rule.

T —00 T —00

This limit has the form co — oo.

. 1 . cosz 1 . xzcosz—sinx y ,. x(—sinz)+cosz — cosx
lim | cotx — = | = lim —— ) =lim = lim
z—0 X z—0

sinx z—0 rsinx z—0 zrcosxT + sinx
rsinx H . rcosx + sinx 0+0
=—lim ———— = — lim . = — =
z—0 T cos X + sinx z—0 z(—sinz) + cosxz + cosx 0+1+1

The limit has the form co — co and we will change the form to a product by factoring out z.

lim (z —Inz) = lim w(l—l—r;—x) = oo since lim nz u lim —1—{2-——0.

T—00 r—oC r—00 X T— 00

Asx — 00,1/x — 0, and e/ — 1. So the limit has the form co — co and we will change the form to a product by factoring

out .
1z _q Va(_1 /g2

lim (ze’/® — z) = lim z(e'/® —1) = lim £ 8 jim e P(=1/a) = lim e/ =€’ =1
T — 00 T— 00 T — 00 /a’,‘ Z—00 —1/1:2 2— 00

=2 = Iny=22Ilnzso lim Iny= lim 22Inz = lim Inz n im A= lim (—=2%2)=0 =
v= v= PS50 o YT T amot 1/a2 T oot —2/x3 T oot \ 2 N

lim z°° = lim ™Y =¢® = 1.
z—0+ x—0t

.y = (tan2z)® = Iny=z-Intan2z,so

1 2 1 22)(2sec? 2 —22° cos 2
lim Iny = lim z-Intan2z = lim 1 tan 2z L (1/ tan 2z)(2sec” 2z) = lim ._x_cgg_m_
z—0+ -0+ z—ot 1/z z—0+ —1/x2 z—0+ sin 2z cos? 2z
2x —

= lim =1.0=0 =

- - lim
¢—0+ sin2x z—ot COS2x

lim (tan2z)® = lim e?V =e® =1,

r—0F z—0"

=-2 =

1 . . In(1—-2z) u . -2/(1-2x)
= — 1/ = — —_ = =
y=(1-2x) = Iny - In(1 — 2z), so ilﬁ(?(l) Iny il"r% p }1_12) 1

lim (1 — 2z)"/® = lim ™Y = 72,

r— r—

—<1+E)bz = In —bacln<1+2> )
y‘ T y" T )

o) (-2)
. . bln(l1+a/z) n | 1+a/z x? . ab
lim Iny = lim ————= = lim = lim =

bz
lim (1 + %) = lim €Y = %,

xTr—00 T—00
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57.y:<1+§+%> = lny:xln<1+§+—5-2—> =
x x

3.5 3 10 3.5 10
w(eien),, Cen)/(e2es) el

lim Iny = lim im 5 = lim ———=—+
1/x 1/x 14242
x
so lim (1 + 3 + %) = lim €Y = &3,
T—00 x xT T—00
In2
) _ ,(In2)/(1+Inz) 1 — 1
By=uw - ny 1+1Inz neo =
lim Iny = lim (In2)(Inz) u lim (in2)(1/z) _ lim In2 = In2, so lim x("2/(1+102) — Jipy gny = (o2 _ o
1/a . . lnzw . 1/z
9.y =2 = lny=(1/z) lnz = lim lny= lim —:c*:'hmT:O =
lim z'/% = lim v = e’ =1
. 1
60. y = (e +2)"/" = Iny= ;ln(ez + ),
solimlnyzlimm((f—Jr—m)gime—Flgim © Ly 6—-:1:\
2£— 00 00 x x—oc0 T + x—o0 % 41 z—o00 %
lim (¢ 4+ z)"/" = lim eV = e =e.
4
) . In(dz+1) u .. dr + 1
1y = (4z 4 1) Iny = cotz In(4 lim Iny = lim ————~ = lim —/—— =4
6.y = (=41 =~ Iny=cotz In( x+1),som}f(1)1+ M= T T tana o0t sec?z -
lim (4z +1)°'* = lim eV = e,
0+ w0
62. y = (2— x)ta“(”/m = Iny= tan(%x) In(2—2) =
1 ™
_ (1 sin” (%)
lim Iny = lim {tan(ﬂ) In(2 — 9:)} = lim n@-z) 2y 2= 2 lim ——2 2
x—1 T— 2 z—1 (71'{)3) rx—1 2<7T$> ™ mao—1 2 — T
cot | ~— —csc? | — ) - =
2 2 2
2
= 2 . L = 2 = lim(2 - x)ta“(”/z) = lim e™¥ = (2/7)
T 1 T z—1 x—1
. 1 - . 2
63. y = (cosz)/* = lny= 22 Incosz = zliI& lny = zl_i.%l+ ln(;(;sx = ml_i}& ;cn—x— - :c—i>I(I)l+ _56253___95 - _%
= lim (cosac)l/””2 = lim+ etV =e V2 =1/Ve
z—0 x—0
2¢ — 3\** 2z — 3
64. y <2m+5> = Iny=(2z+ )ln<2m+5>
) . In(2z —3) —In(2z +5) u 2/(2z — 3) — 2/(2x + 5) ) —8(2z +1)?
amoe T 500 1/(2z + 1) e —2/(2z + 1) oo (27 — 3)(2% + 5)
. —8(2 4 1/z)? (2 —3\*"
=1 = —8 1 =
e (2-3/2)(2 1 5/7) 7 S\ s ¢
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65. 10 From the graph, if z = 500, y ~ 7.36. The limit has the form 1°°,

Nowy:(l—}—%) = lny:xln(lﬁ—%) =

1 2
. . In(1+2/z)u . 1+2/x (‘?)
sw g y= I T T T
— 2 lim ——— —2(1)=2 =

lim <1 + ;) = lim ™Y =e? [~ 7.39

T—00 Tr—00

66. Z . From the graph, as z — 0, y ~ 0.55. The limit has the form 2.
_5"—4" . 5°In5-4"In4 In5-In4 Ing
1 = = =—4 [~0.55
/ im0 3% — 2%  503°In3—2°In2 In3—In2 In 3 [~ 0.55]
-1 1
0
!
67. From the graph, it appears that lim M = lim f/(ac) = 0.25.
a=0 g(z)  =—0¢'(z)
. fle) . e"—1 ., e 1
We calculate ilil}) @) ilino el 511_{% A1
!
68. From the graph, it appears that lim @ = lim f, (2) = 4. We calculate
s=0 g(z) 20 ¢'(x)
9 i .
lim f(x) _ gy 2ZSIDT W 2(z cosz + sinx)
z—0 g(x) «=—0secx —1 =2-0 secz tanz
H . 2(—zsinx + cosx + cos x) 4
= lim =—-=4
z—0 sec z(sec? x) + tanz(secx tanz) 1
. i i . * H . i
O T Mt e A %
s L1 . 1 . 1 .
70. This limit has the form 2. lim —— 2 lim [z = lim — = 0sincep > 0.
" rSoo P z—o00 prP—1 z—o00 pIP
/22
M. lim —— 2 lim T ! = lim __m_%—_l Repeated applications of 1"'Hospital’s Rule result in the
eooo /22 £ 1 w0 (224 1)71/2(22)  ame  w

original limit or the limit of the reciprocal of the function. Another method is to try dividing the numerator and denominator
z/x 1

1
- — lim —— = = =
Va?ja? +1/22  w—ee 1+ 1/22 1

72. (a) tlim v = lim 24 (1 - e'Ct/m) = \im (1 - e‘Ct/m) = Tcg(l —0) [because —ct/m — —ooast — o]

t—oo C C t—oo

by z: lim — — lim
r— 00

w—oo \/2 41

%, which is the speed the object approaches as time goes on, the so-called limiting velocity.
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) 1— —ct/m )
(b) lim v= lim %(1 e /™) = mg lim —-ec— [form is 2]
—ct/m
H (76 ) ) (_t/m) _ mgt .. —ct/m __ _
_mgcli%l+ 1 T om cli%l+e =gtl) =gt

The velocity of a falling object in a vacuum is directly proportional to the amount of time it falls.
. . . T\t L o r\"t r
73. First we will find lim (1 + E) , which is of the form 1%°. y = (1 + ﬁ) = Ilny= ntln(l + E)’ )

. 1 ( + 7 /n) ( 7 /7l ) . 7
lm 1n Yy = hm n ln(l ) t nhm /n =1 nllm ( / )( /n2) t nhm 1 Z/ 7

nt
lim y = e™. Thus,asn — oo, A = A0(1+ > — Age™

n—00

74. lim s(t) = lim (T- lncoshw£> =m lim Incosh Vac [leta = g/(mt)]
c—0t cm0t \ C mt c—0+t c
Va
sinh \/ac
. cosh\/—( )< Ve m+va . tanhvVac
=m lim = lim ———
c—0t 1 2 c—0t \/E
= mVa lim sechVac [\/a/<2\/5)] =12 fim sechZ\/QC*@(l)z—m*Q
T2 ot 1/(2+/¢) T2 e_o+ T2 T 2mt 2t
. ef 4e ¥ 1
. i, P(E)= Jim, (m B 75)
E I -E -1 B _ —FE E -E _ E —B
= lim (e e ’) (e c ): lim e+ Ee c te [form is g}
£—0+ (e —e B)E ESO0+ Eef — Fe—E 0

Eef 4+ ef . 1+E(-e_E) +e Pl —ef 4 (—e_E)

I
5

B0+ Eef +eF .1~ [E(—e F)+e F.1]
Ee® Ee e? —e
EH0+ Eef +ef + EeE — e E ELI]([)I+ ef e F [divide by E]
ef + — e B
E E
0 . el —e . W eP4e™® 141
=gy Wheels fim T formisg] = lim —me— = =2
Thus, lim P(E) = 0 0
P B0+ T 249 7

:vcr2-i2»1n1:—c~0:0
T

(%) = (3)

10,0 fim, v = tim|o( ;) o (7)] = ot

As the insulation of a metal cable becomes thinner, the velocity of an electrical impulse in the cable approaches zero.

o iy o=t [ ()] = [P(R)] oo

() 1 :
TR Tli]%lwt 1 [form is o0/oo] R2 Tli%l+ -2 R2 rlir(l)%“ ( 2 ) !
3 3

As the radius of the metal cable approaches zero, the velocity of an electrical impulse in the cable approaches zero.

321
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71. We see that both numerator and denominator approach 0, so we can use I’Hospital’s Rule:

V2air —x* —aaax u ..

i | 1(2a°z — 2*)7V2(2a® - 42%) — a(3) (aaz) "*/3a?

im = lim

z—a a — W z—a —%(aw3)*3/4(3aaz2)

(2a%a — a*)"1/?(2a® — 40%) — éa?’(aQa)_z/3
—i(aa3)—3/4(3aa2)

1
2

(@) 2 (=a") = 4a’(@®) " _ —a—}a

_%a3(a4)—3/4 —3 ( a)

_ 16

78. Let the radius of the circle be 7. We see that A(6) is the area of the whole figure (a sector of the circle with radius 1), minus
the area of AO P R. But the area of the sector of the circle is %rze (see Reference Page 1), and the area of the triangle is
ir|PQ| = ir(rsind) = 3r°sinf. So we have A(0) = £7°0 — 1r®sin6 = 17%(6 — sin ). Now by elementary
trigonometry, B(0) = 1 |QR| |PQ| = 2(r — |0Q|) |[PQ| = 4(r — rcos0)(rsin§) = 1r*(1 — cos ) sin 6.

So the limit we want is

A(G) o —21-7’2(0 — sin&) H im 1 —cosé
oot B(O)  o—o+ 1r2(1 —cosf)sin®  o—ot (1 — cosf)cosf + sinf (sin6)
— lim 1 —cosf H lim sin
" 6=0+ cosh —cos2 0 +sin®0  o—o+ —sinf — 2cos 6 (—sin ) 4 2sin 6 (cos §)
= lim sin 0 —tm — =1 _1
9ot —sinf +4sinf cos oo+ —1 +4cosf —1+4cosO 3

79. Since f(2) = 0, the given limit has the form 3.

f2+32)+f(2+52) u F(2+3z) -3+ f'(2+ 5z) -

lim lim O F(2) -3+ f1(2)-5=8f(2) =87 =56
x—0 x xz—0 1
. . 3 2
80. L — lim [ S22% L, B) _ pyy Si022F a2t bbron g, 2c082e 430" +b 00 322 0, and
z—0 :1;‘3 xz z—0 :1;‘3 x—0 3$2

(2cos 2z 4 3az® + b) — b+ 2, so the last limit exists only if b+ 2 = 0, that is, b = —2. Thus,

2 —4si — 2 - L .
lim 2cos2z + 3oz 2 2 im 4sin2z + baz 8 lim 8cos2z + ba = ba —8 , which is equal to 0 if and only
z—0 3372 z—0 6;12 z—0 6 6

ifa = 4. Hence, L = O ifand only if b = —2 and a = %.
81. Since ’llin%[f(m +h) — f(z — h)] = f(z) — f(z) = 0 (f is differentiable and hence continuous) and }llin% 2h = 0, we use
I’Hospital’s Rule:

o L@~ f@=h) n SR - SR _ fe) @) 2@

. . _ !
n0 2h b 2 - 2 y /@
fth) = fz—h) is the slope of the secant line between Y
2h y = flx)
(z— h, f(z —h))and (z + h, f(x + h)). As h — 0, this line gets closer 1 7wt~ fa—h

to the tangent line and its slope approaches f'(z).
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82. Since }llin% [flx+h) —2f(x) + f(z — h)] = f(z) —2f(x) + f(z) = 0 [f is differentiable and hence continuous]
and ’lin% h? = 0, we can apply I"'Hospital’s Rule:

lim f(m+h)—2j;1(2x)+f(mfh) g}%f (x+h)2Ahf (z —h) ~ ()

At the last step, we have applied the result of Exercise 81 to f'(z).

83. (a) We show that lin%J f=) = 0 for every integer n > 0. Lety = i? Then
r—0 ™ T
71/$2 n n—1 1
lim 1) =1li — = lim = = lim i e 2 lim = =0 =
x—0 12" -0 (x?) y—oo €Y y—oo ey y—oo €Y
lim /() = lim m"f—(a;) = lim 2™ lim J2) = 0. Thus, f'(0) = lim f(z) = 1(0) = lim /(=) =0.
z—0 " z—0 z2n z—0 z—0 20 z—0 x—0 z—0 T

(b) Using the Chain Rule and the Quotient Rule we see that f (n) (z) exists for z # 0. In fact, we prove by induction that for
each n > 0, there is a polynomial p,, and a non-negative integer k, with f(")(z) = p, (x)f(x)/z*" for z # 0. This is
true for n = 0; suppose it is true for the nth derivative. Then f'(z) = f(z)(2/z*), so

FrD (@) = [ [ (@) F(2) + pa(@) f ()] = k"~ pa(2) f(2)]2 2
— [xk" P (x) + pr(z) (2/:63) — knxk"_lpn(x)]f(w)z_%"
= [mk“+3p%(x) + 2pn(z) — kpaznt? pn(x)] f(m):c*(zk"w)

which has the desired form.
Now we show by induction that ™ (0) = 0 for all n. By part (a), f'(0) = 0. Suppose that ™) (0) = 0. Then

[ () pa(@) f(z) /2" pa() f(z)

I A € e A () I o o
7;% x—0 _xhino x 7513%) x ——ili% ghn+1

f("+1)(0)

— lim pu (@) lim 2L = p(0) -0 =0

z—0 z—0 ghntl

84. (a) For f to be continuous, we need lin%J f(z) = F(0) = 1. We note that for x # 0, In f(z) = In |z|* = zIn|z].

. L . Inljxl m . 1/ . e nf(e) 0
So ilinolnf(x) ‘}c%xlnlxl —;111}) 1z Ai_)() Yl 0. Therefore, iLnlof(x) 411113})6 =e =1

So f is continuous at 0.

(b) From the graphs, it appears that f is differentiable at 0.

2 1.1 1.01

N\

-1 1 -0.05 0.05 —-0.01 0.01
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/
(¢) To find f’, we use logarithmic differentiation: In f(z) = zln|z| = J;((I)) = x(%) +hnjz| =

f'(z) = f(x)(1 +In|z]) = |2z|°(1 + In|z|), z # 0. Now f'(z) — —oo as z — 0 [since |z|* — 1 and
(14 In]z|) — —o0), so the curve has a vertical tangent at (0, 1) and is therefore not differentiable there.

The fact cannot be seen in the graphs in part (b) because In |z| — —oo very slowly as z — 0.





