5.2 The Definite Integral

b—a 14-2

2.
n 6

1. fz)=3-32,2<2<14 Az =
Since we are using left endpoints, ] = ;1.

LG = i f(ac7,,1) ACE

= (Az) [f(wo) + f(x1) + f(x2) + f(xs) + f(2a) + f(25)]
= 2(f(2) + f(4) + f(6) + f(8) + f(10) + f(12)]
=224+14+0+ (1) +(-2)+(=3)]=2(-3)= -6

The Riemann sum represents the sum of the areas of the two rectangles above the xz-axis minus the sum of the areas of the

three rectangles below the x-axis; that is, the nef area of the rectangles with respect to the z-axis.
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f(z)=2% -2z, 0 <z <3. Am:b;a:ﬂ:

Since we are using right endpoints, z; = x,.

6

Il

(Az) [f(@1) + f(z2) + f(23) + f(za) 4+ f (x5) + f (26)]
sFG) W+ fE)+ @+ F(3) + fB3)]
=3(-3-1-340+5+3)=3(}) =%

The Riemann sum represents the sum of the areas of the two rectangles above the x-axis minus the sum of the areas of the

three rectangles below the x-axis; that is, the net area of the rectangles with respect to the x-axis.

flz)=e*—2,0<z<2 Am:b; ==

Since we are using midpoints, z; = Z; = 3 (zi—1 + ).

Mi = 3 f(@) Az = (Az) [f(@2) + £(@2) + f(Ts) + F(Ta)

=3[+ @)+ 1) + (D)

= 1€ = 2) + (¥ —2) + (4 —2) + (7~ 2)]

.

~ 2.322986

The Riemann sum represents the sum of the areas of the three rectangles above the z-axis minus the area of the rectangle

below the z-axis; that is, the net area of the rectangles with respect to the z-axis.

(a)f(x):sinx,OSzSir—. Ap=2"2_2 =
2 flx)=sinx

11 ™

Since we are using right endpoints, x; = x;.

Re = i f(a:l) A.’L‘
= (A2)[ f(z1) + f(z2) + f(23) + f(za) + f(25) + f(z6)]

1) () (3 () wa(2) o n(S)]

I

= sinE—}— inﬂlr—i—sm3 —{—sm7r-{~sm5 + sin — 3
! 1 TSy 4 4 2
:%<§+1+%§+0—‘/g~1) —“—‘/;~0555360

The Riemann sum represents the sum of the areas of the three rectangles above the xz-axis minus the sum of the areas of the
two rectangles below the z-axis.
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(b) Since we are using midpoints, z} = T; = 1 (i1 + 2:). y
Mg = i f(Z) Az
= (Az) [f(@1) + f(Z2) + f(@s) + f(Ta) + £(T5) + f(T6)]
@ (3) (%)= (F) o (3) 1 (5)]

LT . 3 . bm LI . 97 . 11w
smg—{—sm—+31n—+s1n—+sm—-+81n———

W~

INE

8 8 8 8 8
~ £(1.306563) = 1.026172

The Riemann sum represents the sum of the areas of the four rectangles above the z-axis minus the sum of the areas of the
two rectangles below the z-axis. Note that the Riemann sum has the same value as the sum of the areas of the first two
rectangles.

5 Az =(b—a)/n=(8-0)/4=8/4=2.
(a) Using the right endpoints to approximate f08 f(zx) dz, we have
3 Sl Ao =20f(2) + F(0) + (6) + S 2L+ 24 (-2 + 1] =4
(b) Using the left endpoints to approximate fos f(x)dx, we have
52 floier) Ao = 27(0) + £2) + 1) + F(6)] 202+ 142+ (-2)) =6
(c) Using the midpoint of each subinterval to approximate fos f(x) dx, we have
318 A0 = 20f(1) + 1(3)+ (5) + S| 23 + 24 1+ (-1)] = 10
6. (a) Using the right endpoints to approximate | 33 g(x) dz, we have

g(z:) Az = 1[g(—=2) + g(—1) + g(0) + g(1) + 9(2) + g(3)] 1 =05 — 1.5 — 1.5 — 0.5+ 2.5 = —0.5.

Il
-

o

(b) Using the left endpoints to approximate [ 33 g(z) dz, we have

g(@i1) Ax = 1lg(~3) + 9(~2) + g(~1) + g(0) + (1) + g(2)] ~2+1 - 0.5 — 15— 15— 0.5 = —L.

e

I
o

(c) Using the midpoint of each subinterval to approximate [ f 5 9() dz, we have

S 9(F:) Az = 1g(~2.5) + g(~1.5) + g(—~0.5) + 9(0.5) + g(1.5) + g(2.5)

=1

~15+0-1-175-1405=-1.75

7. Since f is increasing, Ls < f025 f(z)dz < Rs.

Lower estimate = Ls = ZS: fxom1) Az = B[f(0) + £(5) + f(10) + f(15) + f(20)]

7

= 5(—42 — 37 — 25 — 6 + 15) = 5(—95) = —475

Upper estimate = Rs = Zi: flas) Az = 5[f(5) + f(10) + f(15) + f(20) + f(25)]

i=1

=5(—37-25—-6+15+436) =5(—17) = -85
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8.

10.

1.

12.

13.

(a) Using the right endpoints to approximate |. 39 f(z) dx, we have

3
5o fmi) Az =2[f(5) + f(7) + f(9)] =2(—0.6 + 0.9+ 1.8) = 4.2.
i=1

Since f is increasing, using right endpoints gives an overestimate.

(b) Using the left endpoints to approximate f39 f(x) dz, we have
3
> flmicr) Az =2[f(3) + f(B) + f(T)] =2(—3.4—0.6 +0.9) = —6.2.
i=1
Since f is increasing, using left endpoints gives an underestimate.

(c) Using the midpoint of each interval to approximate fsg f(z) dz, we have

i:]f(fi) Az =2[f(4)+ f(6) + f(8)] =2(-2.1 + 0.3 + 1.4) = —0.8.

We cannot say anything about the midpoint estimate compared to the exact value of the integral.

. Az = (10 — 2)/4 = 2, so the endpoints are 2, 4, 6, 8, and 10, and the midpoints are 3, 5, 7, and 9. The Midpoint Rule

4
gives [°Vad ¥ lde~ Y f(@)Ar =2(VE T L+ VE + 1+ VP + 1+ V9 +1) ~ 124.1644.
i=1

K3

Az = (m/2 —0) /4 = %, s0 the endpoints are 0, X, 5, 32X, and %, and the midpoints are =, 3%, 3% and IZ. The Midpoint

Rule gives

4
7 costade & 37 () A = 7 [eos (5) + cost (35) + cos® () + cos' (28)] = £(3) =~ 05890,

i=1
Az = (1 —0)/5 = 0.2, so the endpoints are 0, 0.2, 0.4, 0.6, 0.8, and 1, and the midpoints are 0.1, 0.3, 0.5, 0.7, and 0.9.
The Midpoint Rule gives

5
[ sin(2?) dz ~ ; f(@:) Az = 0.2[sin(0.1)* + sin(0.3)* + sin(0.5) + sin(0.7)* + sin(0.9)*] ~ 0.3084.

Az = (5 —1)/4 = 1, so the endpoints are 1, 2, 3, 4, and 5, and the midpoints are 1.5, 2.5, 3.5, and 4.5. The Midpoint Rule

gives

4
[P a?e " de =~ z_jl F(@) Az = 1[(1.5)%e 7" + (2.5)%e 72 + (3.5)%e % + (4.5)%e*°] ~ 1.6099.

In Maple, we use the command with (student); to load the sum and box commands, then
m:=middlesum(sin(x"2),x=0..1,5) ; which gives us the sum in summation notation, then M: =evalf (m) ; which
gives M5 =~ 0.30843908, confirming the result of Exercise 11. The command middlebox (sin(x"2) ,x=0..1,5)
generates the graph. Repeating for n = 10 and n = 20 gives M1o = 0.30981629 and M2 ~ 0.31015563.
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See the solution to Exercise 5.1.7 for a possible algorithm to calculate the sums. With Az = (1 — 0)/100 = 0.01 and
subinterval endpoints 1, 1.01, 1.02, ..., 1.99, 2, we calculate that the left Riemann sum is
100 100
Ligo = Y sin(x}_;) Az ~ 0.30607, and the right Riemann sum is Ripo = _ sin(z?) Az ~ 0.31448.
i=1 i=1
Since f(z) = sin(z?) is an increasing function, we must have Ligo < fol sin(z?) dz < Rioo, 50
0.306 < Ligo < fol sin(z?) dz < Ri0o < 0.315. Therefore, the approximate value 0.3084 == 0.31 in Exercise 11 must be

accurate to two decimal places.

Well create the table of values to approximate [, sin 2 dz by using the

n R,
program in the solution to Exercise 5.1.7 with Y; = sinz, Xmin = 0,
5 | 1.933766
Xmax = w, and n = 5, 10, 50, and 100. 10 | 1.983524
The values of R,, appear to be approaching 2. S0 | 1.999342
100 | 1.999836

[2 e da with n = 5, 10, 50, and 100.

The value of the integral lies between 0.872 and 0.892. Note that

n L, R,
5 | 1077467 | 0.684794 f(x) = e~ is decreasing on (0, 2). We cannot make a similar statement
10 | 0.980007 | 0.783670 for ffl e~*" dz since f is increasing on (—1,0).

50 | 0.901705 | 0.862438
100 | 0.891896 | 0.872262

On[2,6], lim > a;In(l +2?) Az = [{ zIn(1 +2?) dz.
N0 =1

n . 27
On [, 27], lim > N / 57 e,

n—oo /] X4 x
On[L,8], lim > +/2z; 4+ (x})? Az = fls V2zx + x? dz.
OO =1
On[0,2], lim > [4—3(27)” + 6(z))°] Az = [ (4 — 32° + 62°) da.
n—oo , =9

NotethatAx:5w—(_l) = Eandacl-:—l—i—z'A$:—1+@.
n n n

/5 (1+3¢)de = lim :f(xi)Ax: lim 3 {1+3<‘1+%)}

1 n-=00 ;= n—oo /]

n n 184 18 2
= lim — |3 (=2 2= hm o~ |24 —
tim 25+ 52| = i 2o 3 55
— lim 6 —2n+§ n(n+1) — lim _12_._@.%_1_)
n—oo N n 2 n—oo n2 2

— lim {712+54”21} = lim {—12+54(1+%)} L 12454.1=42
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2. /1 («® + 22 — 5)dz = lim Zf(:cl)

n—‘oo

n

= lim Z

’n—‘OO =1

— lim §{Z<1+@+QZ——+2+——5

n—oo M i=1

— lim E[i(; 2y 2 —2)] = i

n—oo N

i=1

61

[Az =3/nand z; = 1+ 3i/n)

(3) 0+ 2) - ()

H

i:l

@
m:
l——l

(2 n(n+1)(2n+1)
n3 6

2 n n

Z. - 2T 8.

36 nnt+l) 6 .
n? 2 n
n—|—1_6>

n

= lim{9(1+l)<2+l>+18<1+}—>—6} =2.1-2+18-1-6=21
n—oo| 2 n n n

23. NotethatAJ::g_—O :gand:c,:0—{—2’Aac:-2—Z
n n n

2 n
/ (2-2%)dz = lim Y f(z:;) Az = lim Z

X 4=1

(

442
2= 7

n—0o0

= lim E(Qn——Zz ) = lim [4—

n—oo N

( 4 n+1 2n+1
4
3 n n

TL—‘OO

24, /05(l+29c }de = lim Zf(x,)

)

= lim

o3 2) )] -

J() = tmilEr - 5]

8 n(n+1)(2n+ 1)]
n3 6

[Az = 5/n and x; = 5i/n]

B 1258\ (5 . 5[&. . 250 & g
= lim Z(1+2 3 )<n>_hmn[¥1+n3<1z]

n— oo 1

= lim —(1 2530 ¢3> = lim
1

n—oo N i

lim [5 + 312.5 -

n—oo

o e1]

n2

=54 312.5=317.5

= lim
n—0o0

5+3

1\ 2
12.5(1 + —>
n

[SIFN
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2-1 1 , . :
25. Note that Az = — = Eandwi =1+iAz=1+4i(l/n)=1+1i/n.
2 n n iN* /1 12
/mgdw:hm > flzi) Az = lim Z(lJr—) <—>:hm—z< )
1 N0 =1 N0 =] n n n—ee N =
:lim%Z(n3+3n2i+3ni2+i3)—hmm[Zn Z Zsm +Zz}
n—o0 i=1 n—00 i=1 i=1 =1
= lim n—l n-n® 4 3n? Zi+3n2i2+2i3}
n—00 i=1 =1 i=
[ 3 nn+1l) 3 ar+DE2rn+1) 1 nP(n+1)?
R L R R 6 T T ]
r 2
~ lim 1+§ n+1 +l.n+1.2n+] +1._(7744-1)
n—oo | 2 n 2 n n 4 n?
[ 2
S TP R T U IS Y GRS B SRS VI Y =1+§+§-2+ =3.75
n—oo 2 n 2 n n 4 n 2
2. (a) Az = (4 —0)/8 =0.5and 2] = z; = 0.5. (b)
8
f04(w2 ~3z)dz ~ Y f(z}) Az
=1
= 0.5{[0.5* — 3(0.5)] + [1.0° — 3(1.0)] +
+ [3.5° — 3(3.5)] + [4.0> — 3(4.0)] }
=4(-2-2-2-2-240+1+4)=-15
N A 4i 4 4/ 9
= nh—,ncl,oZ; [(ﬁ) 3(?)} (E) (d) fy (2® —3z) dz = Ay — Az, where A,
is the area marked + and As is the area
- 4116 & o 12 80 marked —
_V}Ln;on[ 2;2 n z;1:|

- lm 64 n(n+1)(2n+1) 48 n(n+1)
- n3 6 n? 2

I
—
o>
|
S
SN
+
—
Ny
n
I
—
<o
|
o
Nk
~~
Q
+
[N
o
|
N
Q
S~—
I
—
<o
|
=]
Z
=
—
>
+
Q
Na¥
I
=
—~
S
o
I
Q
©
S—
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b P _
28./x2dac= lim b aZ[a—i-b

n—oo M, n n—oo n o =1
o [b—a)? & 2a(b—a)® & . (b n
= tim [0 gl 2ol o “)21]
n—oo i=1 i=1 i=1
~ lim (b—a)Y’n(n+1)2n+1) Za(b;a)zn(n+1)+az(b—a)n
n—oo | n3 6 n 2 n
Top_ \3
T ) .1-(1+1> (2+l)+a(b—a)2-1-<1+l>+a2(b—a)]
n—oo | 6 n n n
PRY: 3 _ o 32 2, 3
= (b 3a) +a(b—a)2+a2(b—a):b dab -I:;Sab %+ ab? — 20+ a® + a2b — a®
b3 a3 R R ) ) b3—a3
—g—g—ab +ab+ab® —a”b = 3
29. f(z) = 1+ ——.a=2,b=6, andAx—6;2 =é Using Equation 4, we get x} —mz—2+zAm-—2+4—Z
44
6 4 n 24 2 4
so/ —dz = lim R, = lim ) ——*—— . —.
s 142z n—oo n—oo /=] 44 n
1+(2+ )
080 =21 _ % de, = 11iar =1+ 2
n n n

10 " .
/ (z—4mw)de = lim R, = lim [<1+91) —4In ( %)] 2
1 ne0 =1 n n

M. Az = (r —0)/n = 7w/nand z] = ; = wi/n.
T R T L& 5mi\ . cas 1 57 2\ 2
/0 sinbrdr = lim 3 (sm5ml)(-ﬁ) = lim Z(sm ——n—);l- 7 lim —cot(2 > = 7r<5—7r> =3

Mm—0o0 ;1 n—o0 ;7 n—»oo n

32. Az = (10— 2)/n = 8/nand zj = z; = 2+ 8i/n.

10 .\ 6 .\ 6
6 . n 81 8 . 12 81
L voar nLHgoZ;< + n) (n) 8nl—>ngoni=l< + n)

CAS ¢ iy L 64(58,593n° + 164,052n° + 131,208n" — 27,776n> + 2048)
= m — -
n—oo N 21nb

CAS o ( 1,249,984> 9,999,872

~ 1,428,553.1
7 7

33. (a) Think of f o f(z) dz as the area of a trapezoid with bases 1 and 3 and height 2. The area of a trapezoid is A = %(b + B)h,
so 2 £( dx_§(1+3)2=

(b) fo z)dz = fo z)dx + f2 z)dr + f3 x) dz
trapezoid rectangle triangle

=2(1+432+ 3-1 + £.2:3 =4+43+43=10

(c) f 5 x) dz is the negative of the area of the triangle with base 2 and height 3. f 5 z)dr = —% 223 =-3.
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35.

36.

37.

38.

39.
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(d) f79 f(z) dz is the negative of the area of a trapezoid with bases 3 and 2 and height 2, so it equals

—2(B+bh =—-1(3+2)2 = —5. Thus,

fo dx—f f(z dx+f5 d:c+f7 flx)dze =10+ (=3) + (-5) = 2.

(@) fo glz)de =1-4-2=4 [area of a triangle]
(b) f2 g(x)dx = —l7r(2)2 = —27  [negative of the area of a semicircle]
(© [ g(x)dr=1%-1.1=1 [areaofa triangle]
INFIC; d:c_fo z)dz + [} g(x)da + [} g(z)de =4 — 27 + 3 =4.5 -2

[o ( T — 1) dz can be interpreted as the area of the triangle above the x-axis

minus the area of the triangle below the x-axis; that is,

(z) - 3@ =5-1=-

L[]

I _22 V4 — 22 dx can be interpreted as the area under the graph of
f(z) = /4 — z? between = —2 and « = 2. This is equal to half the area of

the circle with radius 2, so [*, V& — 22 dx = tr - 2% = 27

I 33 (1+ 9 — #?) dx can be interpreted as the area under the graph of

f(z) =1+ +/9 — 22 between = —3 and = = 0. This is equal to one-quarter

the area of the circle with radius 3, plus the area of the rectangle, so

S+ vo—a?)de=jm-3° +1-3=3+ §m.

I f 1 (3 — 2z) d can be interpreted as the area of the triangle above the x-axis

minus the area of the triangle below the x-axis; that is,

KOO -HE®=F-5=1

ffl |z| dx can be interpreted as the sum of the areas of the two shaded

triangles; that is, $(1)(1) + 3(2)(2) = 2 + 3 = 5.

VA
=1,5\ T3
T4
X3
T\ o)
| : ’/: f
-1 0__ X
_2_.
=371 (3.-3)
y

(2,2)

O 457
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40. [ 010 |x — 5| dx can be interpreted as the sum of the areas of the two shaded y

triangles; that is, 2(3) (5)(5) = 25.

o 5 10 «x
#1. [7sin® x cos* x dz = 0 since the limits of intergration are equal.

42. | 10 3uvu? +4 du= — fol 3u+vu? +4du [because we reversed the limits of integration]
=— fol 3x+/22 + 4 dx  [we can use any letter without changing the value of the inegral]
- (5 N 8) [given value)
=8-55

3. [/ (5—62%)de = [, 5dx—6 [ a®dz=5(1-0)~6(1)=5-2=3
M 72" —1)de=2[e"dr— [ 1dx =2(c® —€) — 1(3 — 1) = 2¢* — 2e — 2
45. ffe”*%ix:ffex -eQd:v:er13ewdx:ez(e3~e):e5—63

46. fw/2(2cosm—5x da:—fo/ 2cosxdr — [ /2596dm—2f7r COS:Ide—5f7T/2

, )

:2(1)~5M2—_0— :2—%1

a2, (@) de + [° fa)de — [T} f(2)de = [°, f(@)dz+ 77 f(x)dz  [by Property 5 and reversing limits]
= [° f(w)dz [Property 5]

8. [ f(x)de = [° fa)de— [7 f(z)dz =12 — 3.6 = 8.4

49. f09[2f(x) +3g(z)]dz =2 [ f(z)dz + 3 [} g = 2(37) + 3(16) = 122

3 forx<3
50. If f(z) = , then fo z) dx can be interpreted as the area of the shaded y
z forz >3’ 54

region, which consists of a 5-by-3 rectangle surmounted by an isosceles right triangle

whose legs have length 2. Thus, fo z)dr = 5(3) + £(2)(2) = 17.

51. Using Integral Comparison Property 8, m < f(z) < M = m(2-0) < fo r)ydr < M(2-0) =
2m < fo z)dr < 2M.

52. 2% <z on[0,1],50 VI + 22 < +/T+ z on [0, 1]. Hence, fol V1422 dr < fol V1+zdx [Property 7].

5, f -1 <z < Lthen0<z? <landl <1+22<2s01<+/1+22<+2and

11— (-1 < f_ll V14 22dx < +/2[1 — (=1)] [Property 8]; that is, 2 < f_ll VIFz2de <22

54, 1f = <z< T then cos — > cosx > cosI and — < cosz < —, so
6 4 4 2
NNz /4 NAWZ A2 /4 V3
YE(D D) <« r < — {— - = : — < < .
5 <4 6) _-/71-/6 cosxdr < > <4 6) [Property 8]; that is, 21 _/ﬂ/6 cosxdr < 21
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1<z <4thenl<Z<2s0l(4—1)< [ Tde<2(4—1);thatis, 3 < [} Vade <6,

1 1 1 R
Ifo <z < < 2 < - < <1,s0=(2-0) < <1(2-0);
0<z<2thenl<l+x A5and5_1+m2_ ,505( 0)_/0 1+m2dm* (2-0);

.2 S|
that is, - < dr < 2.
5 g 1422

If 2 <z <Z thenl<tanz < V3, s0 1(5-3)< f:/jtanacdm < \/§(§ —Z)of < fwﬂ//ftanmdm < {5\/5

L E]

Let f(z) = 2* — 32 4 3 for 0 < z < 2. Then f'(z) = 32° — 3 = 3(x + 1)(= — 1), so f is decreasing on (0, 1) and
increasing on (1,2).  f has the absolute minimum value f(1) = 1. Since f(0) = 3 and f(2) = 5, the absolute maximum
value of f is f(2) = 5. Thus, 1 < z® — 3z +3 < 5 for z in [0, 2]. It follows from Property 8 that

1-(2-0) < [2(2* — 32 +8) dz < 5- (2 0); thatis, 2 < [ (2 — 3z + 3) dz < 10.

The only critical number of f(x) = xe™ on [0,2] is z = 1. Since f(0) = 0, f(1) = e~ * ~ 0.368, and

f(2) = 2e72 a2 0.271, we know that the absolute minimum value of f on [0, 2] is 0, and the absolute maximum is e '. By
Property 8,0 < ze " < e 'for0<2 <2 = 02-0)< [Tz ®dz<e ' (2-0) = 0< [Tawe " da <2/e

Let f(z) = — 2sinz for 7 < z < 2m. Then f'{z) =1 —2coswand f'(z) =0 = cosz =3 = ax=3.
/ has the absolute maximum value f(3£) = 5F — 2sin 2 = 22 + /3 ~ 6.97 since f(7) = 7 and f(27) = 2 are both
smaller than 6.97. Thus, 7 < f(z) < 2 + 3 = 7(2r—m) < fj" f(@)dz < (3 + V3)(2m — 7); that is,

7 < fi"(w72sinx)d:ﬂ <243

Vet +1> Vot =22, s0 ff’ Vi + ldx > ff’ 2’ dr =3 (3% —1%) = &£

2

0<sinz<lfor0<z<Zsoxsinz<z = f0"/2msinacdm§fO"/Qxdm:%[(§)2~02J =z

Using right endpoints as in the proof of Property 2, we calculate

f; cf(z)dx = Jim i cf(z;) Az = nlggoci flz:) Az = ¢ lim i fz) Az = cfab f(z)dz.

As in the proof of Property 2, we write fab f(z)dx = lim Y f(z:) Az. Now f(z;) > 0and Az > 0, so f(z;) Az > 0 and

n—oo ;]

therefore > f(x;) Az > 0. But the limit of nonnegative quantities is nonnegative, so ff flz)dx > 0.

i=1
Since — | f(x)] < f(x) < |f(z)l, it follows from Property 7 that

— [P f(@) de < [P fz)da < [0 |f(2)|dz =

J2 (@) da| < [0 |f (@) da
Note that the definite integral is a real number, and so the following property applies: —a < b<a = |b| < a for all real

numbers b and nonnegative numbers a.
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[J  CHAPTERS5 INTEGRALS
‘fo% f(x)sin2z dx‘ < fozﬂ | f(z) sin 2z| dx [by Exercise 65] = 0% If(z)| |sin 2z| do < f027r |f(x)| dz by Property 7,

since [sin2z| <1 = |f(z)|[sin2z| < |f(z)].

n
To show that f is integrable on [0, 1] , we must show that lim > f(x}) Az exists. Let n denote a positive integer and divide
N0 =1

. 1 — . .
the interval [0, 1] into » equal subintervals {0, l} , {—, —72;} s ees {n - ! , 1} . If we choose z; to be a rational number in the ith
n n
3 . . n " 1 . n N 1 .
subinterval, then we obtain the Riemann sum > f(z}) - = 0,s0 lim > f(z7)-= = lim 0 = 0. Now suppose we
i=1 n—oo =] n nooo

n 1 n
choose ] to be an irrational number. Then we get > f(x}) - — = > 1-

1 1
— =mn-— = 1foreachn, so
i=1 n i=1 n n

7}1}; 21 flzy)- % = nlLHOIO 1 = 1. Since the value of nlin;o 21 f(z]) Az depends on the choice of the sample points z;, the

limit does not exist, and f is not integrable on [0, 1].

. . . . 1 . 1
Partition the interval [0, 1] into # equal subintervals and choose z7 = —;. Then with f(z) = —,
n x

=3 /1 5 1 =mn. Thus, lim ) f(z;) Az can be made arbitrarily large and hence, f is not
n N0 =1

S fa) Az > f(al)An

3

integrable on [0, 1].

n 4

lim Y — = lim )

n—oo,;—1 "N n—00 ;7 TL4

3

4
1 1 . . . o .

c— = lim ) <1> o At this point, we need to recognize the limit as being of the form
n

n—oo =1\

lim Zn: (x;) Az, where Az = (1 — 0)/n = 1/n, 2, = 0+ Az = i/n,and f(z) = 2*. Thus, the definite integral

n—o0 ;7]

is fol z*t d.
lim 1 i _ lim i 1 lim Zn: (x:) Az, where Az = (1 —0)/n=1/n
n—oo 1 ;— 1 + (z/n)2 o n—oo ;7 1 + (z/n)2 n n—oo ;7] * ? ’

1 o [t d
z; =0+ 1Az =1/n, and f(x):m.Thus, the definite integral is /0 1_:;2.
{ . _ 1—1 i
Choose x; =1+ —and ] = /z;_12; = 1+ 1+ — ). Then
n n n
2 g . 1z 1 . ” 1
dr = lim — . — = ] e
Jie P de ninolon; 1+ (1+4) n}—»ngonl; (n+17—1)(n+1)
n 1 1 n=l 1 noo
= 1li _— by the hint] = i -
timn 3 (g ) (e = i (5 55 o)

= i ERNINR S PO S i P T 1
=L n n+1l on—1 n+1 2n—1  2n



