7 [J TECHNIQUES OF INTEGRATION

7.1 Integration by Parts

1. Letu=Inz, dv=2%ds = du= %dz, v = %xs. Then by Equation 2,
[ nzde=(Inz)(32°) — [ (32°) (%) de = 32° Inz — § [2°dz = 32° Inz — (32°) + C

= %x3 Inx — %x‘q’ +C [or %x?’(lnx» %) +C’]

2. letu=6,dv=-cosf0dfd = du = df,v =sin6. Then by Equation 2,
JOcos0df =0sind — [sinfdf = Osinb + cosf + C.
Note: A mnemonic device which is helpful for selecting u when using integration by parts is the LIATE principle of precedence for u:

Logarithmic

Inverse trigonometric
Algebraic
Trigonometric

Exponential

If the integrand has several factors, then we try to choose among them a u which appears as high as possible on the list. For example, in f ze® dx
the integrand is zze>*, which is the product of an algebraic function () and an exponential function (¢®). Since Algebraic appears before Exponential,
we choose u = x. Sometimes the integration turns out to be similar regardless of the selection of u and dv, but it is advisable to refer to LIATE when in

doubt.

3. Letu =2,dv = cosbzrdx = du=dz,v= % sin 5. Then by Equation 2,

[zcosbrdr = txsinbz — [ Lsinbrdr = fzsindz + 5 cosbz + C.

4 Letu=z,dv=e"dr = du=dz,v=—e".Then fze "dz=—ze ™ + [e "do=—ze ®—e " +C.
5 Letu=r,dv=¢"/?dr = du=dr,v=2¢"/2 Then frer/z dr = 2re"/? — f2e"/2 dr = 2re™/? —4e"? + C.

6. Letu =t,dv =sin2tdt = du=4dt,v= —%cos2t. Then

[tsin2tdt = ~%tcos2t+%fc052tdt: »%tcos?t—i—%sith—l—C.

7. Letu =22, dv =sinmzdz = du=2zdrandv = —%cosmt. Then
I = [2°sinmzds = —%x2cos7rx+ 2 [zcosmzdr (x). NextletU =z,dV = cosmzdz = dU = dz,
V = Lsinwz, so fxcosmcd:c = Lgsinmr — lfsinﬂazd:ﬁ = Lizsinmx + 2 cosma + C
T ? T x kil B w2 1

Substituting for [z cos 7z dz in (x), we get

I=-La?cosma+ 2(2zsinmz + % cosma + C1) = —12® cosmz + Zxsinnz + Z cosmz + C, where C' = 201
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1 .
Letu = 22, dv = cosmazde = du = 2zdx, v = — sinma. Then
m

1= /I2 cosmx dr = %xz sinmz — 3/:csinm:ndac (*). NextletU =z, dV =sinmadr = dU =dz,
. m

1 . i 1 1 1.
V = ——cosmz,s0 | xsinmxdr = ——xcosmx + — cosmxd:c:——:ccosmx+——251nmx+01‘
m m m m m

Substituting for [ z sinmaz dz in (x), we get

2

1 5 . 2 1 | 1 . 2 2 .
[ = —z°sinmz— — | ——xcosmz + —sinmx + C, | = —z° sinmzx + —xcosmx — — sinmx + C,
m m\ m m2 m m2 m3

where C' = AECH.
m

dz, v = x. Then

2
20+ 1

/ln(2m+1)dm:xln(2x+1)~/%dm:xln@m'kl)f/@—wzz—i)l:—l-dx

Il

1
mln(2x+1)~/(14—2—$——;—1> dr =zIn(2z+1) —z+ $In(2z+ 1)+ C

I

122+ 1) In(2z+1) -z +C

dx T
Letu =sin lz,dv=der = du=-——,v = Then sin‘lxd:c:a:sin"]x~/—-—dx. Settin
Vv1-—2z2 f V1—=22 &
rdx _ >
t:l»xQ,wegetdt:—2xdm,so~‘/\/1—_7:~ V2 (~Ldy = L2 e =P 0= V1 -2+ C.

Hence, [sin™' zdz = zsin™ 'z + V1 - 22+ C.

4 4
Letuw = arctan4t, dv = dt = du = T (41 dt = T 168 dt, v = t. Then
arctan 4t dt = t arctan 4t — A dt = tarctan 4t — L[ 32t dt = tarctan4t — 1 In(1 + 16t°) 4 C
B 141612 8/ 14162 " 8 ‘

Letu=Inp, dv=p°dp = du:—;dp,v:épa.Thenfp‘%lnpdp:ép6lnp~%fp5dp:ép6lnp~3%p6+0.

Letu = ¢, dv = sec’2tdt = du=dt,v= % tan 2¢. Then

[tsec®2tdt = 3ttan2t — § [tan2tdt = 3t tan2t — £ In [sec2t| + C.

Letu =s,dv =2°ds = du=ds,v= L23. Then
In2

1 , 1 1 1 2° |
2 ds = —— §2° — ——— Sds = ——g2%5 — ——__ 9" 2 _(sln2— )
/s ds m3® 12/2 ds 3 ° i 2)22 +C |or 0 2)2(5112 1)+C_

First let w = (In 3:)2, dv=dr = du=2Incz- % dx,v = x. Then by Equation 2,
I=[(lnz)’dr =2z(lnz)® -2 [zlnz L ds =2(nz)’ — 2 [Inzdzr. NextletU = Inz,dV =dz =
dU = 1/zdx,V = ztoget [Inzdr =xlnz — [z-(1/z)dz =zlnz — [dr = zlnz — z + Cy. Thus,

I=z(lnz)? —2(zlnz -2+ C1) =z(Inz)? - 2zlnz + 22 4+ C, where C = —2C4.
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Letu =t dv =sinhmtdt = du=dtv= %cosh mt. Then
. 1 1 1 1 .
tsinhmtdt = —tcoshmt — [ — coshmtdt = —tcoshmt — — sinhmt + C [m # 0].
m m m m

First let u = sin36, dv = e*?df = du = 3cos30db, v = %629. Then

I = fe29 sin30df = e’ sin 36 — %feze cos30df. Next let U = cos36,dV =e?°df = dU = —3sin 36 d6,

1
2

V = 1e* toget [e® cos30df = 1e*’ cos 30 + 2 [ e’ sin 30 df. Substituting in the previous formula gives

1
2

I= %626 sin 30 — %626 cos 30 — %fe% sin 30 df = %629 sin 30 — %629 cos30 — 21 =

,_.
@

~

Il

¢®* sin 30 — 2%’ cos 30 + C1. Hence, I= ¢’ (25in30 — 3 cos 30) + C, where C = £ C1.

Firstletu = e™%, dv =c0s20df = du= —e °df,v = 4sin20. Then

I=[e%cos20df =1e ?sin20— [3sin20(—e’df) = e ?sin20 + 5 [ sin 20 d6.
NextletU = e %, dV =sin20df = dU = —e ?df,V = —4cos20, so

e sin20d0 = —Le P cos20 — [(—1)cos20(—e?df) = —21e " cos20 — 1 [ e cos 20 df.
SoT=2e%sin20 + % [(—%e_‘g COSZQ) - -;—I} = %6_9 sin 26 — %e‘e cos 20 — %I =

e ¥sin20—tePcos20+C1 = I= %(%e“g sin20 — 2% cos 20 + Ch) = 2e %sin20— e cos20+ C.

Letu = t,dv = sin3tdt = du =dt, v = —5 cos3L. Then

Jo tsin3tdt = [—3t coth];r + 3 [ cos3tdt = (3m—0) + é[sin?)t]g =Z.

Firstletw = 2 + 1, dv = ¢ “de = du = 2zdz,v = —c . By (6),
fol (2® + Ve *do = [—(2® + 1)6"”]5 + fol 2ze dr = 27t +1+2 [ ze" da.

Nextlet U = z,dV = e *dx = dU =dz, V = —e™ . By (6) again,

1

0:—671 —el41=-2"1+1. S0

fol e Tdr = [—wefz](l) + fol e de =—e !+ [—e™7]
[l@?+ e dr=-2"" +1+2(-2e} +1)= -2 +1-de™! +2=—6e"" +3.

Letu =t,dv=coshtdt = du=dt,v=sinht. Then
[ tcoshtdt= [t sinht](l) - fol sinh¢dt = (sinh 1 — sinh 0) — [cosh t](l) =sinh 1 — (cosh 1 — cosh0)
=sinh1 — cosh1+ 1.

We can use the definitions of sinh and cosh to write the answer in terms of e:

sinhl —coshl+1=1(e' —e ") —2(e'+e ) +1=—e"4+1=1-1/e

L

Vi

% Iny 9 S 1
/4——dy:[2\/§lny]4f/ 2 dy:(61n9~41n4)~[4\/g—/] =6ln9— 4lnd— (12— 8)

9
Vy 4 :

=6n9—4Ind4—4

dy=y "?dy = du= édy,v = 2y*/%. Then
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23. Letu = Inz, dv = z72dz = du= %dw, v = —z~ ' By (6),
lnx Inz]® 2, 1 1]? 1 1 11
—_—— + X dx:—51n2+ln1+ —_— :—51n2+0—-2-+1=—2-—§ln2
T x
1 1 1

24, Firstletw = 2%, dv = coszdz = du=3z%dz,v =sinz. Then I, = fw coszdr = z°

sinz — 3 [ #° sinx dz. Next
letuy = 2°,dv1 =sinzdes = dui = 2xdz,v1 = —cosz. Then I» = [z’sinzdz = —z° cosz + 2 [ zcosz dz.
Finally, let uz = x, dva = coszdx = duz = dz,v2 = sinz. Then

[zcoszdr = zsinz — [sinzdr = zsinz + cosx + C. Substituting in the expression for I, we get

I = —2® cosz + 2(zsinz + cosx + C) = —x? cos x + 2z sin = + 2 cos z + 2C. Substituting the last expression for I into
I gives I} = 2®sinx — 3(—z% cosx + 2z sinx + 2cosx + 2C) = 2®sinx + 3% cosx — 6xsinz — 6 cosz — 6C. Thus,

. . ™
Jo 2% coszdr = [z3 sinz + 322 cosz — 6z sinz — 6cosz — 60]0

=(0—-31>-04+6—-6C)—(04+0—-0—6—6C) =12 — 37>
25 Letu =y, dv = 4y =e Wy = du=dyv= —%G_Qy. Then

ey

1 1 1 1
/idyz[a%ye_zy]o-%-%/ e_zydyz(——lz-e_Z—#O)—i[e_zy] = leT?_leT2yl_1_ 3.2
0 0

e2v 0
26. Letu = arctan(1/z),dv =dz = du--———l——— idw——:ix—— v = z. Then
' N T T4 (1/z)2 22T x24T
V3 V3 V3
rdr T T 1 2 V3
/1 a.rctan( ) {azarctan( )]1 +/1 e i 36—1-Z+§[ln(w +1)]
7r\/— T 1 71'\/3 T 1. 4 71'\/3 T 1
=TV T Cnd-lm2)=1¥2 T s =TY2 T2
g g tand-2)=—=—g+sg=—g=—g+gh2
27. Letu = cos 'z, dv = d du = ——22 = z. Th
Letu =cos “x,dv =dr = u——ﬁ,v—x. en
1/2 1/2 de 3/4
I= cos zdr = accos‘latl/z—i- —L=l-£+/ 2 —Ldt], wheret =1 — 22 =
/ weos )y 4 [ EE =g g [

dt = —2wde. Thus, [ = Z + 3 [} 72 dt =2+ [Vi], ,=2+1- L =1(r+6-3V3).

21nwd v—— =2 Then

28. Letu = (lnx)2, dv=z3dr = du=

2 2 272
I :/ (ln—:;)—dw = [—M] +/ Inz —dz. NowletU =Inz,dV =2"3de = dU= 1 dx,V = —%x“2.
1 2z 1 1 T

2 2 2 2

Inz Inx 1 _3 1 1 1 1 1 1 1 3 1

e O = — _—~1n2 Sl =_Z A T 2 Zh2
dx [ m] +2/133 dx 8ln +0+2[ 2302}1 81n2—|—2( + ) 6 8n2

Thus 7 = (=3 (In2)* 4+ 0) + (& —3In2) = -t (In2)’ — L2+ 2.
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COosS T

Letu = In(sinz), dv = coszdz = du = dz, v = sinz. Then
sin

I'= [coszln(sinz)dz = sinzIn(sinz) — [coszdzr =sinzIn(sinz) —sinz + C.
Another method: Substitute ¢ = sinz, so dt = cosz dx. Then [ = f Intdt =tlnt — ¢t + C (see Example 2) and so
I =sinz (Insinz — 1) + C.

Letu =2, dv = \/—T_r_mdr = du=2rdr,v=+/4+r2 By (6),

1
dr = {TQW];—Q/ r\/4+r2dr:ﬁ*%[(4+r2)3/2]1
0

|, A :
V- 3 38 = VE (1 )+ = % S

|5
wi~

Inz z°
Letu = (Inz)?, dv = z*dz = du—27da:,v—? By (6),

2 z° 2 2 4 2 4
/ z*(nz)?de = | = (Inz)? —2/ —Inzdz = 2(ln2)2—0—2/ — Inzdz.
L 5 1 9 ° 1 9

5

LetU = Inz, dV;——da: = dU——d.Z’V—25

2 4 2% 12
Then/ — Inzdr = lnw / ———dz~ 32ln2—0— — :g—gln2—(%*lé—5).
.5 125,
So [Zz*(Inz)? dze = 2 (In2)* — 2(%1112— L)=8(n2)’-Lm2+ 2.
Letu = sin(t — s),dv = e®ds = du = —cos(t — s)ds,v = e®. Then
I;foe sin(t — s) ds = [e s1n(t—s] +foe cos(t — s)ds = e*sin0 — e sint + I;. For Iy, let U = cos(t — s),
dV =e’ds = dU =sin(t—s)ds,V =¢".So1 = [escos(t—s)]o~f0tessin(t~s)ds:etcosO—eocost~I.

Thus, I = —sint + e’ —cost —I = 2[ =¢€'—cost—sint = [=1(e' —cost—sint).

Lety = vz, so that dy = 1724z = dm——dm Thus, fCOS\/_dZZI;fCOng (2ydy) = 2 [y cosydy. Now

2\/_

use parts with u = y, dv = cosy dy, du = dy, v =siny to get [ycosydy = ysiny — [sinydy = ysiny + cosy + C1,

sofcosx/gdm:2ysiny+2cosy+0:2\/Esin\/5+2cosx/5+ C.

Let z = —t2, so that dz = —2¢ dt. Thus, S et dt = f(-tz)e_tz (%)(——215 dt) = % [ ze® dz. Now use parts with
u=czx,dv=e"dx,du=dz,v=e"toget

2 [z do = L (we” — [e"dx) = $ze” — 3" + C = —1(1 —xz)e’ +C = —3(1 +)et 4 C.

N

SR .
0% cos(6%) db = / 0% cos(60%) - L(20d0) = %/ x cos z dz. Now use

Let z = 62, so that dz = 20 df. Thus, /
VT2 /2

V2
parts with v = z, dv = cosx dx, du = dz, v = sinz to get
Kkl T
%/mecosxdx: %([zsinx]:m — /77/2 sina:dx) = % [xsina:+cosa:]:/2

:%(Wsinw+c057r)~%(%sin%+cos§) =1(r- 0—1)——(§~1+0) :—%—%‘4—
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36. Let x = cost, so that dx = —sintdt. Thus,
Jo e sin2tdt = [ e (2sint cost)dt = ffl e’ 2z (~—dx) =2 fil xe” dx. Now use parts with u = z,
dv = e% dz, du = dx, v = e” to get
2]_11 ze® dx =2 ([mez]l_l - fjl e’ da:) =2 (el +e ! - [em}l_l) =2e4e ! —[ef —e7t) =2(2e71) = 4/e.
37. Lety = 1+, so that dy = dzx. Thus, [z In(l 4+ 2)dz = [(y — 1) Iny dy. Now use parts with uw = Iny, dv = (y — 1) dy,

du:%dy,v:%yQ—ytoget

I

Jly—Vnydy= (35" —y)Iny - [ (Gy— 1) dy = 39(y - 2)Iny — 39° +y +C
=il+z)z-Dm1 +2)—3(1+2)’+14+2+C,
which can be written as 3 (z® — 1) In(1 + z) — 22° + Iz + £ + C.
38 Lety = Inz,sothatdy = L dz = dz =azdy = e’ dy. Thus,
[sin(lnz)dz = [sinye’dy = 3e’(siny — cosy) + C'  [by Example 4] = Lz[sin(Inz) — cos(Inz)] + C.

In Exercises 39 —42, let f(x) denote the integrand and F'(x) its antiderivative (with C' = 0).

39. Letu=2z+3,dv=¢€e"dzx = du=2dz,v=_c". Then
J@z+3)e" dz= (2 + 3)e® —2 [ dx = (2z + 3)e” — 2" + C
=Q2z+1)e"+C

We see from the graph that this is reasonable, since /" has a minimum where -35

f changes from negative to positive.

4. Letu =Inz, dv=2%%dz = du= %dac, V= §$5/2. Then

fx3/21nmdx: §m5/2lnm—§fm3/2dac= §m5/21n9c— (%)2$5/2+C
= §x5/2lnm— 2151’5/24—0

We see from the graph that this is reasonable, since F' has a minimum where

f changes from negative to positive.

4. Letu = 22°, dv =221+ 22dz = du:mdm,v:§(1+m2)3/2. 4

Then k //
[2*V1F a2dx = x2[%(1+m2)3/2] -2 [2(142°)% da -2 2

% 7
f

:%w2(1+m2)3/2—2-§~§(1+m2)5/2+c ;/

3
_ l$2(1+m2)3/2 o l(1+m2)5/2 +C —4
3

Another method: Use substitution with u = 1 + 22 to get 2 (1 +2%)*/2 - 1(1 + 2?)*? 4 C.
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42. Firstlet w = 22, dv = sin2zdz = du=2zdz,v = ~% cos 2.

Then I = [ z*sin 2z dz = —%m2 cos2z + [ x cos 2z dz.

Nextlet U = z,dV =cos2zdx = dU =dz, V = %sin2z, so

2

[zcos2zdr = tzsin2z — [ §sin2zde = fxsin2z + § cos2z + C.

Thus, I = —%xz cos 2z + %a: sin 2z + %cos 2z + C.

We see from the graph that this is reasonable, since F increases where [ is positive and F' decreases where f is negative.

Note also that f is an odd function and F is an even function.

sin 2z

. . 1 . 1
43. (a) Taken:2mExample6t0get/sm2xdx: —-2—cosxs1nx+§/1dm:%— 1 +C.
(b) [sin*zdz = —%coszsin®z + 2 [sin®zdz = —% coszsin®z + £z — L sin2z + C.
44. (@) Letu =cos" 'x,dv=coszdr = du=—(n—1)cos" 2z sinzdzr,v = sinz in (2):

[cos" zdz = cos™ ' x sinz + (n — 1) [ cos" " z sin® zdz
=cos" 'z sinz+ (n—1) [cos" ?z (1 — cos® z)dx

=cos" 'z sinz+ (n—1) [cos" *xdz — (n— 1) [cos" xdx

Rearranging terms gives n [ cos™ z dx = cos™ ' z sinz + (n — 1) [ cos™ >z dx or

1 -1 . n—1 -2
/ cos"zdx = —cos" xsinez+ —— [ cos" “xdr
n n

. . in 2
(b) Take n = 2 in part (a) to get [ cos’ zdx = % cosz sinz + % [1dz :§+ SH; Lo
(¢) [cos*zdz = cos’zsinz + 2 [cos’zdx = cos’z sinz + x4+ Zsin2z + C

n—1

45. (a) From Example 6, /sin" zdx = —% cosz sin" "t + /s.in"_2 z dx. Using (6),

e 2

/2 n cosz sin” "z ~/ n—1 [? . n_2
sin"zdr = | —-—— + sin T dx
0 n 0 0

_ w/2 _ /2
=(0-0)+ n_1 / sin” Zzdr = = ! / sin" "% z dx
0 0

n n

. . /2 . 3 2 /2 . 2 /2 _ 2

(b) Using n = 3 in part (a), we have fo sinzdzr = % [/ sinzdr = [—5 cosa:]o -3
Using n = 5 in part (a), we have fgﬂsinf’:cda: =2 /2 gin® z do = 2.2-2%,

(¢) The formula holds for n = 1 (that is, 2n + 1 = 3) by (b). Assume it holds for some & > 1. Then

/2 246G (2k)
. 2kt1
= .ByE I
/0 sin rdx 357 2kt 1) y Example 6,
/2 2k +2 [7/? 2%4+2  2.4-6----- (2Kk)
. 2k+3 _ . 2k+1 _ .
/o sinT T wde = opmg [ S e s e s e @k 1)

246 (2k)[2 (k + 1)]
3.5 7. Ck+D[2(k+1)+1]

so the formula holds for n = k + 1. By induction, the formula holds for all n > 1.
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Using Exercise 45(a), we see that the formula holds for n = 1, because fo"/ *sin? zdz = 1 07'/ lde =1 E2N

N N (2k —
2 4-6----- (2k)

/2
Now assume it holds for some k > 1. Then / sin®* zdz = ! D) g By Exercise 45(a),
0

/2 2k +1 [™/? 2k+1 1-3-5-..-- (2k —1)
. 2(k+1) _ s 2k _ . m
/0 st xdw_2k+2/0 s wde = S Ty e k) 2

135 (2k —1)(2k + 1)
246 (2k)(2k + 2)

LT
2
so the formula holds for n = k£ + 1. By induction, the formula holds for all n > 1.

Letu = (Inz)",dv =dx = du=n(lnz)""!(dz/z), v = x. By Equation 2,

f(nz)"dz = z(Inz)” — [nz(lnz)" '(dz/z) = z(Inz)” —n [(Inz)" "' dz.
Letu=2",dv=¢e"dr = du=nz""'dz,v=e". ByEquation2, [z"e"dr =z"e" —n [2" 'e”dz.

[tan" zdx = [tan" ?z tan’zdz = [tan" =z (sec’z — 1)dz = [tan™ ?z sec’ zdz — [tan" "’z dz
=1— [tan" ?zdz.

3

Letu = tan™ 2z, dv = sec’>zdx = du = (n — 2) tan"°z sec® z dz, v = tan z. Then, by Equation 2,

I=tan" 'z — (n—2) [tan" %z sec’ zdx
1 =tan" 'z — (n—2)I
(n—1)I=tan" 'z
tan” !z

I:
n—1

n—1

-1

tan

Returning to the original integral, [ tan” z dz = z_ [ tan™"? z dz.

32 secx tanz dz, v = tan z. Then, by Equation 2,

Letu =sec” ?z,dv =sec’>zdz = du= (n—2)sec"”
[ sec™ zdx =tanz sec” *z — (n —2) [sec” %z tan’ zdzx
=tanz sec” >z — (n—2) [sec” ?z (sec’ z — 1) dz
=tanz sec” >z — (n—2) [sec” zdz + (n — 2) [sec” *zdx

so (n—1) [sec” zdz = tanz sec” *z + (n — 2) [sec” ?zdz. If n — 1 # 0, then

-2
tanz sec” " ‘z n—2 9
/ sec” x dr = + sec” “ zdz.

n—1 n-—1
By repeated applications of the reduction formula in Exercise 47,
[(nz)®de =z (Inz)® -3 [(Inz)?dz = z(Inz)® — 3[z(Inz)? -2 [(Inz)' dz]
=z (Inz)’ — 3z(Inz)’ + 6[z(Inz)’ — 1 [(Inz)° dz]

=z (lnz)’ - 3z(lnz)® + 6zlnz — 6 [ 1dz = z (Inz)® — 3z(Inz)? + 6zlnz — 6z + C

T/2 __

1

2

ol
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52. By repeated applications of the reduction formula in Exercise 48,
[ate" dz=a'e” — 4 [2%e” du = a'e” — 4(a’e” — 3 [2”€” dx)
=ze” — 42’e” + 12(z%e” — 2 [2'e" dz) = a'e” — 4zPe” + 1227 — 24(a'e” — [ 2" dx)
=z'e” — 4z’e” + 120°e” — 24xe™+ 24e” + C [or € (z — 42® 4 122° — 24z + 24) + C]
53. Area = fos ze 0%y Letu =z, dv=e " dx =

du = dz, v = —2.5¢7%4® Then

area = [—2.5936‘0'4ng +25 f05 004 g

= —12.5e72 + 0 + 2.5[~2.5¢ 4]
= -12.5¢7% — 6.25(¢™> — 1) = 6.25 — 18.75¢™2 or 2 — B2

54. The curves y = zlnz and y = 51Inz intersect when zInz = 5lnz < zlnx —5lnz=0 < (z—5)lnz=0;
that is, when x = lorxz = 5. For 1 < z < 5, we have 5lnz > zlnz since Inz > 0. Thus,
area = ff (blnz —zlnz)dr = ff’ [(6—2)Inz]ds. Letu =Inz,dv= (5 —x)dz = du=dz/z,v=>5z— 3z’

Then

= 25— [z - 120 =5 [(25- %)~ (5-4)] = 5 - 14

55. The curves y = zsinz and y = (z — 2)? intersect at a ~ 1.04748 and

b~ 2.87307, so

area = f: [zsinz — (z — 2)%]dz

= [~zcosz +sinz — 3(z — 2)3]f1 [by Example 1]

~ 2.81358 — 0.63075 = 2.18283

56. The curves y = arctan 3z and y = —é—ac intersect at * = +a ~ +2.91379, - 2
$0
area = [ |arctan3z — 3z|dx =2 [} (arctan 3z — jz) dz Y 4
_a
= 2[zarctan3z — £ In(1 + 92°) — 7], [see Example 5] €L =2
y = arctan 3x
~ 2(1.39768) = 2.79536 - g

57. V = fol 2nx cos(mz/2) dz. Letu = x, dv = cos(mz/2)dz = du=dz,v = Zsin(rz/2).

V= 2%[%xsin(%x)}l —or- %/Olsin(%) da = 27((% —0) —4[——72;cos<1r2£)]1 =4+ %(0— 1) =4-— %

0 0
. Volume = (e’ —e T = 27 xre’ —xe~ xr = 2T xe' dxr — |, e " dx oth mtegrals by parts
58. Vol " 2mz(e” — e”) da = 27 [ (xe® *)dz = 27| [} we® dx — [, xe™®dz| [both integrals b ]

=2r[(ze” — €*) — (—ze ™ —e™7) }(1) =27[2/e — 0] = 4n /e

57
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59. Volume = f_ol 2r(1 —z)e ®dzx.Letu=1—z,dv=e"de = du= —dz,v=—e".

V=2r[(1- :c)(—e_g”)](l1 —2m f: e "dr =2r[(x—1)(e™") + e*m]gl = 27T[xe_“”]0 =2m(0+e) = 2me

-1

60. Volume = [ 27y - Inydy = 27 [5y° Iny — $1°]] [by parts with u = Iny and dv = y dy]

2 3
B 1 B 7r(21n7r~1)_(0—-1) 3 oo
=27 [3y°(2Iny 1)] 1 1 =7"lnm 5 +2
1 3
61. The average value of f(x) = z* Inz on the interval [1, 3] is fae = T o’ Inzdr =1l
Letu = Inz, dv = 2’de = du= (1/x)dz,v = %x?’.

Sol=[tz*na]’ — [*1a?de = (93— 0) — [12°]] =9In3— (3~ 3) =9ln3 - 2

Thus, fae = 3/ = 3(9In3 - 22) = ZIn3 — 2

62. The rocket will have height H = f v(t) dt after 60 seconds.

60 _ 60 60
H:/ lzagt—-yeln<m Tt>:|dt:~g[%t2]go—ve[/ ln(m—'r’t)dt—/ lnmdt]
0 0 0

—g(1800) + ve(Inm)(60) — ve foeo In(m — rt) dt

1
m —rt

60 60 60 g o0
/0 In(m — rt)dt = [tln(m*rt)}o +/0 o TtdtZGOIH(m'GOT)'f‘/O ( 1+ _Tt>dt

Letu =1In(m —rt),dv=dt = du=

(—r)dt,v = t. Then

m 60 m
= 60 In(m — 60r) + [—t — Zin(m - rt)] = 60In(m — 60r) — 60 — ™ In(m — 60r) +
0

So H = —1800g + 60v, Inm — 60v. In(m — 60r) + 60v, + %ve In(m — 60r) — %ve In m. Substituting g = 9.8,

m = 30,000, r = 160, and v. = 3000 gives us H ~ 14,844 m.
63. Since v(¢) > 0 for all ¢, the desired distance is s(t) = [, v(w) dw = [ w?e™" duw.
Firstletu = w?, dv=e ¥ dw = du=2wdw,v=—e . Then s(t) = [—w2 ’“’] +2 fo we ™ dw.
NextletU = w,dV =e Vdw = dU =dw,V = —e~". Then
s(t) = —t?e™t + 2([—1116_“’]; + fye™ dw) =—t?et + 2<—te_t +0+ [—e‘“’]é)
= et 4 2(—te Tt —eTt 4+ 1) = —t%e7t —2tet — 27 42 =2 — e H(t2 + 2t + 2) meters
64. Suppose f(0) = g(0) = O and let u = f(z),dv = ¢"(z)dz = du= f'(z)dz,v = g'(z).
Then [/ /() g () da = [£(2) g'(2)|, = [ '(2) g'(@) dz = f(a)g'(a) ~ [ f'(@) g'(2) do
Now let U = f'(z),dV = ¢'(z)dz = dU = f"(z)dzand V = g(z), so
fi F @) g @) de = [f@)g9(@)] =[5 " () 9(@) do = f'(a) g(a) = ;' (@) 9(a) da.

Combining the two results, we get [* f(x) g" (z) dx = f(a) ¢'(a) — f'(a) g(a) + [3 f" () 9(z) dz.

m
—Ilnm
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65. For I = f]4 zf"(z)dz, letu = z,dv = f’(z)dz = du=dz,v= f'(z). Then

[=[zf'@)]] [} f@)de=af(4)—1- (1)~ [f(4) - f(1)] =4-3-1-5—(7T-2)=12-5-5=2.

We used the fact that f” is continuous to guarantee that I exists.
66. (a) Take g(z) = z and ¢’(z) = 1 in Equation 1.
(b) By part (a), fab f(z)dz =bf(b) —a f(a) — f: z f'(z)dz. Now let y = f(z), so thatx = g(y) and dy = f'(z) dz.
Then fab z f'(z)dz = [ f((b)) g(y) dy. The result follows.
(c) Part (b) says that the area of region ABF'C'is

= bf (b) - af(a) - 1O g(y) dy
= (area of rectangle OBFE) — (area of rectangle OAC D) — (area of region DCFE)

y
graph of g
E
f®) / F
graph of f
fa) P—5
) A B
o a b x

(d) We have f(z) = Inx,so f~*(z) = €”, and since g = f~ !, we have g(y) = €. By part (b),

e Ine 1
/lnxdxzelnewllnl—/ eydyze—/eydy:e—[ey}(l):e—(e—l):
1 1 0

nl
67. Using the formula for volumes of rotation and the figure, we see that
Volume = fod wb® dy — [ ma® dy — f dy = 7b*d — wa’c — fcd 7lg(y)]? dy. Lety = f(z),
which gives dy = f'(z)dz and g(y) = =, so that V = mb%d — ma’c — 7 [ 22 f'(z) da.
Now integrate by parts with u = 2%, and dv = f'(2)dz = du = 2zdz,v = f(z), and
ffm2 f(z)dz = [«® f(:v)]z - f: 2z f(z) dz = b* f(b) — a® f(a) — ff 2z f(z) dz, but f(a) = cand f(b) =d =

V—7rbd~7rac~7r[bd—ac~f 2z f(z } f27rgcfa:)dm

68. (a) We note that for 0 < z < 7,0 < sinz < 1, s0 sin®"*? < sin®"*! ¢ < sin®™ . So by the second Comparison Property

of the Integral, Iony2 < Iony1 < Ion.

(b) Substituting directly into the result from Exercise 46, we get

1-3:5.---- 2(n+1)—1]=
Iony2  2-4-6---- Rn+1)] 2 2n+1)—1 2n+1
Iom  1:3:5----- @Cn—1)r  2(n+1) 2n+2
246 (2n) 2
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(c) We divide the result from part (a) by /2,,. The inequalities are preserved since /2y, is positive: Tonta < L1 < Ion

I e
. 2 1 . 2 1 n
Now from part (b), the left term is equal to n , 80 the expression becomes nt < Loy < 1. Now
2 n
im =~ L = lim 1 = 1, so by the Squeeze Theorem, lim LLIERY =1
n—oo 2n + 2 n—oo n—00 2n

(d) We substitute the results from Exercises 45 and 46 into the result from part (c):

Dy . 357 (2n+1) . 246 m 2.4.6.-.--(2n) [2
1=l :nliw1-3-5.~---(§n—1)7r =, 3-5-7-----(251—&-)1)}[1~3-5 ----- (2n—)l)(;)}
2 4.6 (2n) 2
Cpm 2224486 2 2 2 range terms]
w0l 3355 7 m—1 2n+1 =

Multiplying both sides by 3 gives us the Wallis product:

2n

. C . -1
1 and at the (2n + 1)th step, the area is increased from 2n to 2n + 1 by multiplying the height by 2n 4

2n

(e) The area of the kth rectangle is k. At the 2nth step, the area is increased from 2n — 1 to 2n by multiplying the width by

. These
. . . . 2n 1 2n .
two steps multiply the ratio of width to height by ] and En T 1)/ = o respectively. So, by part (d), the

o ... 2 2 4 4 6 6
limiting ratio is —

—_
w
w
ot
ot
-3
M



