7.2 Trigonometric Integrals

The symbols = and = indicate the use of the substitutions {u = sin x, du = cos x d2} and {u = cos z, du = — sin x dx}, respectively.

1. [sin®z cos’ zdz = [sin®z cos’z sinzdz = [(1 — cos® z) cos® z sinzdr = [(1 — u®)u’(—du)

= [ -D’du= [(u* —v’)du=1u’ — 3u’ + C = Lcos’z — Jcos’z 4 C

2

2. [sin®xz cos® zdz = [sin®z cos®z coszdr = [sin®z (1 —sin® z) coszdzr = [ub(1 — u?)du

= f(u® —u®)du=3u"— v+ C=1isin"z - isin®z+ C

3 f:’;rz/‘l sin® z cos® z dz = ff};/‘l sin® x cos® z cosz dx = ff};ﬂ sin® z (1 — sin® z) cos x dx = '[1\/5/2 u?(1 —u?) du

V2/2 V2/2
= [V — Ty du = [Ju - P = (M R0 - (3 -

4. f0”/2 cos® xdx = fow/z(cos2 z)?coszdx = 0”/2(1 —sin?z)? coszdz = fol(l —u?)?du

= fo@ -2 ut)du= [u—dut 4+ Ju] = (1) -0= &
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5. Lety = 7z, so dy = wdx and
[sin®(wz) cos®(rz) dz = < [sin®y cos® ydy = L [sin®y cos®y cosydy
=1 [sin®y (1 —sin’y)? cosydy = L fu2(1 —u?)?du= 2% [(u® —2u* + u®) du
= (éua——u +4 u)+C———s1n Y= sm y+—sm y+C

= o sin®(7z) — £ sin®(7z) + =& sin”(7z) + C

6. Let y = V/z, so that dy =

1
2vVz

sm\;_\/—) /sn; Y (2y dy) —2/sin3ydy=2/sin2ysinydy=2/(1~coszy) siny dy

=21 —du) =2 [(u® = 1)du=2(3u* —u) + C = Zcos’y —2cosy + C
=-§COS3(\/53-)_2COS\/£;+C

7. [7/%cos?0d6 = [7/* L(1+cos20)d [half-angle identity]
= 1[0+ 1sin20]]* = L[(£+0) - (0+0)] =12
8. f"msm 0)do = 0"/2%(1ﬁcos49)d9=%[0»—s1n40]"/2=%[(§—0)—(0—0)]:—

9. [o sin?(3t)dt = [, [sin®(3 } =[5 [3(1 —cos 6t)}2 dt =% [77(1 — 2cos 6t + cos® 6t) dt

" [1—2cos6t + 3(1+cos12t)] dt =1 [T (3 — 2cos6t + 3 cos12t) dt
0 2 4 J0 2

Il

Il

1
1
$[3t— §sin6t 4 5 sin12t]; = 1[(3 -0+0) - (0—-0+0)] = 3¢

10. [y cos®0db = [ (cos®0)*df = [ [3 1+00329)] 0 =& 7 (14 3cos20 + 3cos® 260 + cos® 260) df
=3[0+ 2sin20]] + 5 [ [2(1+cos40)] df + 5 [; [(1 — sin® 26) cos 26] dO
:éw+%[9+%sin40] +4 fo u?)(3du) [u = sin26, du = 2 cos 20 df]
=Z4+¥Z40=%

1. [(1+cos8)®dd = [(1+2cosf + cos® ) df = 6 + 2sin 6 + % [(1 + cos26) df

=0+2sinf+ 260+ 3sin20+ C = 260+ 2sinf + ;sin20 + C
12. Letu =z, dv =cos’zdzr = du=dz,v= [cos’zdr= [2(1+cos2z)dr = 1z + }sin2z,so

fmcoszxdwzx(%w+%sin2x)—f( x4+ §sin2z) dr = § 30° + jzsin2z — 32”4+ $ cos2z + C

= %xz + %xsinQa: + écost—kC’

13. fo"/z sin® z cos® v dx = f0"/2 1(4sin® z cos® z) dz = 0"/2 1(2sinz cosz)’dz = 0"/2 sin’ 2z dz
1 7"/21(1__ 4 _ 1 7r/21_ 4 d__l_ 1 4 /2 _ 1(m) _ m
_.4 5 cosdzx)dr = 5 [/ (1 — cos4dx) x—s[x 4sm 1’] 8(2)_16

575
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14. [ sin®t cos® tdt = § [ (4sin”t cos® t) cos® tdt = 1 [ (2sint cost)® 1(1 + cos2t)dt

=3 7 (sin2t)*(1 + cos2t) dt = g [, (sin® 2t + sin® 2t cos 2t) dt

= %fow sin® 2t dt + 3 Iy sin’ 2t cos 2t dt = 3 o 3(1—cosdt)dt + [ - £ sin® 2t]g

= 15[t — §sindt]] +£(0-0) = 15 [(m —0) - 0] =

5 4 1 —sin2a)? _2\2
15. /COS @ da:/ cos @ cosada:/(——sin—ﬂcosadaé/(l—udu
v/sin « Vu

1—2u® +u? -
:/ utlb/2+u du:/(u 1/2—2u3/2+u7/2)du:2u1/2~§u5/2+%u9/2+0

= 2Zu'/?(45 - 18u* + 5u*) + C = Z+/sina (45 — 18sin® a + 5sin® a) + C

16. Let u = sin 6. Then du = cos 6 df and
[ cos6 cos®(sin0) df = [ cos® udu = [(cos®u)? cosudu = [(1 — sin® u)® cosudu
:f(l—2sin2u+sin4u)cosudu:1
Now let z = sinu. Then dx = cos u du and
1:f(1~2w2+m4)dx:x~%m3+%1:5+C:sinu—%sin3u+%sin5u+0

= sin(sin0) — 2 sin®(sin ) + £ sin®(sin ) + C

.3 a2\ _
17./cosutansxdm:/wdxé/uﬂ_@:/{_hu}du
COosx u u

=—Inlu/+iu’+C=1cos’z —In|cosz|+ C

2

5 5 4 1—si 29
18. /cot59sin40d9:/C°S 0 sin49d0:/cso,s edﬁz/css 0 cos@d@:/(—SIL)— cos 0 df

sin® @ in@ in 6 sin 6

. 1 22 9,2 4
:/( u) du:/&—k_udu:/<—1—~2u+u3>du
u U u

=Inful —v® + iu* + C = Inlsinf| —sin® 0 + Lsin* 0 + C

19. /wclx:/COSQH_Q.SH“ECosxda::/wder/Qcosmd;ci/ldu+2sinw
sinx sin @ sinx %

=In|u|+ 2sinz 4+ C =In|sinz| + 2sinz + C

Or: Use the formula [ cotz dz = In |sinz| + C.
2. [cos’z sin2zrdr =2 [cos’z sinzdzr = -2 [vPdu=—3u'+C=—Lcos'z+C
21. Letu = tanz, du = sec® z dz. Then [sec®z tanz dr = [udu = tu® + O = L tan’z + C.

Or: Letv = seczx, dv = secx tan x dx. Thenfsecgm tanz dx = fvdv = %@2 +C = %se(:?x—#C.

22, foﬂ/Q sec*(t/2)dt = O"/4 sec’z (2dz) [z =1t/2,dv=Fdt] = 2f07r/4 sec® z (1 + tan®z) dz
1

= 2[01(1 +u)du [u=tanz, du = sec? zdr] = 2[u + %u?’]o =2(1+3)=1%
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23. [tan’zdr = [(sec’z — 1)dz = tanz — 2 + C

24. [(tan®z + tan® ) dz = [tan’z (1 +tan’z)dz = [tan’z sec®zdr = [u’du  [u=tanw, du = sec’ z dz]

:%u?’—ﬁ-C:%tanSm—}—C

25. [sec’tdt = [sec't-sec’tdt = [(tan®t + 1)?sec’tdt = [(u® +1)°du  [u = tant, du = sec’ t dt]

:f(u4+2u2—|—1)du:%u5+%u3+u—l—0:%tan5t+%tan3t+tant+0

26. f"“sec 6 tan* 0 df = ﬂ/4(tan 0+1) tan® 0 sec0df = [, (u> + Du'du  [u = tand, du = sec?  df)]

= Jo (u® +utydu=[3u” + 3] =5 + =32

27. foﬂ/3 tan® = sec’ x dx = fow/s tan® z (tan® 2 4 1) sec® z dx =f0\/§u5(u2+1)du [u = tan z, du = sec? = dz]
Yu = [2uf ¢ L1uf]YP =81 L 27 81 981 3 _ ur
_f0u+u u=[gut+5u’], =F+F=F+3=F+F =5

Alternate solution:

3

3
f(;r/ tan® 2 sec z dzx —-fW/ tan® 2 sec® = sec x tanxd:v*fo (sec’* z — 1) sec® x secx tanz dx

= fl (u? ~ 1) du  [u =secx,du=seca tanzdz] = [7(u' - 2u + 1)u® du

— R - 200 ) du= [(ho— b = (2§ ) - (-3 h) =

28. [tan®(2z) sec®(2z) dz = [ tan®(2z) sec*(2z) - sec(2z) tan(2z) dx
= [(u® - Du*(3du)  [u=sec(2z), du = 2sec(2z) tan(2z) dz]

=1 [(u® —u')du= FHu" - Hu® +C = & sec’(22) — & sec®(2z) + C

2. [tan®z seczdzr = [tan®z secx tanxzdz = [(sec’ z — 1) secz tanz dz

= [(u®* —1)du [u=secz,du=secz tanz dz] :% —u+C=gsec’z —secz +C

/3

30. foﬂ/s tan® z sec® zdz = ;

3
tan® z sec* x sec® x dx = fo"/ tan® z (1 4 tan” x)* sec® z da

:foﬁu5(1+u2)2du [u = tanz, du = sec® zdzx] = ‘/_ w51+ 2u® + u?) du

V3

= [P 2" ) du = [2u + duf ¢ Hul0)YP =20 8L 23 om

20
Alternate solution.

3
fow/ tan® z sec® zdx = fo tan* z sec®

z secx tanzdr = fo (sec? z — 1)? sec® z sec x tan x dx
= fl (u? — 1)%u® du [u = secz, du = secz tan x dx]
= f12(u4 —2u® 4 1)u’ du = ff(ug —2u" +u®) du

= [ et = (et R) - (1Y) =

31. [tan® zdz = [(sec®z — 1) tanzdz = [sec’ z tanzdz — 2 [sec® z tanz dz + [tanz d
= [sec®z secx tanxzdz — 2 [ tanz sec’ zdx + [ tanz dz

= tsec’z —tan® z + In[secz| + C' [or 1sec*z —sec’ z + In|secz| + C]
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36.
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39.

40.

41.
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ftan6 aydy = ftan4 ay (sec? ay — 1) dy = Ik tan? ay sec? ay dy — ftan4 ay dy

= & tan® ay — [tan® ay (sec® ay — 1) dy = & tan® ay — [ tan® ay sec® ay dy + [(sec® ay — 1) dy

glztan5ay——ggtansay+i-tanay—y+0

3
/tan 0d0:/tanSGSec40d¢9:/tan39-(ta,n29+ 1) - sec® 6 df

cos* 0
= [u*(w?+1)du  [u=tan, du = sec® 6 df]

=[(u’ +u’)du=3u®+1u*+C=Ltan® 0+ Ltan' 0+ C

[tan®z secxdzr = [(sec® z — 1) seczdr = [sec® zdx — [seczdz
(secx tanz + In |sec z + tanz|) — In|secz + tanz| + C [by Example 8 and (1)]

1
3
i(secz tanz — In|secx + tanz|) + C

Letu = x,dv = secz tanzdx = du = dx,v = secx. Then

[z secx tanzde = zsecx — [secxdr = xsecx —In|secx + tanz| + C.

/ sin d¢:/5m¢ ! d¢:/tan¢sec2¢d¢:/udu [u = tan ¢, du = sec’ ¢ d¢]

cos? ¢ cos¢ cos? o

:%u2+0: %tan2¢+0
Alternate solution: Let u = cos ¢ to get % sec? ¢+ C.

:/62 cot’ zdx = f"/z

vs(esc® —1)de = [~cotw —a] /0 = (0-5) ~ (—vVB-5) = V3~ %

/2 /2 )2 /2
/ cothda::/ cotx(csczx»l)dx-_—/ cot & csczmdz—/ ST iw

/4 /4 w/4 x/4 SINT

w/2
= [—%cot2x~ln|sinx|]w/4 =(0-1Inl) - [—% —ln%] =1 —Hn% =1(1-In2)

2

Jcot® a esc® ada = [cot® a csc® a-csca cotada = [(csc® a — 1) esc® a - csc o cot avdar

= [(u® — 1)u? - (—du) [u=csca, du = — cscacot ada]

=W —ut)du=3v’ -2+ C=1tcsPa—Ltesc®a+ O

Jesc z cot® zdz = [cot® z (cot®’ z + 1) esc’ wdr = [ul(u® + 1) - (—du) [u = cotx, du = — csc? z dx]
= [uS(u® + 1) (—du) [u = cotz, du = — csc? x dx]

=[(-u® —u®)du=—3uv" —tu"+C=—-tcot’z — Lcot"z + C

cscx (cscx — cotx —cscx cotz + cse? x
I = [ cscxdx = ( )dz: dx. Letu = cscx —cotr =
cscx — cotx cscx —cotx

du = (—cscz cot x + csc® z) dz. Then I = [ du/u = In|u| = In|cscz — cotz| + C.
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42. Letu = cscx, dv = csc? x dx. Then du = —cscz cotx de, v = —cotz =

Jesc® mdr = —cscx cotr — [escz cot® zdr = —cscx cotz — [escx (csc’z — 1) dx
= —cscx cotz + [cscxdr — [csc® zdx
Solving for [ csc® x dx and using Exercise 41, we get

Jesc® zdr = —3 cscx cotz + 1 fescadr = —%cscx cotz + 1 In|escz — cot z| + C. Thus,

n/3
f://: csc® xde = [—%cscx cotx + %ln|cscx — cot x|} ,
/6
_ 1 2 1 1 2 1 1
——a'ﬁ'ﬁJfaln75—%'+5'2'\/_—%1n12—\/§|
=—3+V3+4nJz - 3In(2-+3) ~1.7825
43. [sin8z cos5zdz 2 [ L[sin(8z — 5z) + sin(8z + 5z)]de = & [sin3zdz + 1 [sin13zde

= —écos3x— %cosl31:+0

44. [ cosma cosdmxdr x [ 3lcos(rz — drwz) + cos(wx + dnz)| dx = § [ cos(—3rz)dw + % [ cos(5rx) do

2 [cos3rzdx + § [cosbrazdr = 4= sin3nz + = sin5rz + C

45. [sin50 sin6df 2 [ 1[cos(50 — 0) — cos(50 + 6)]df = 1 [cos40dd — % [cos60df = L sindf — L sin60 + C

. . 1
46. wday:l cosztsmz 1 (cscx + secx) dx
sin 2z 2 sinz cos 2

=1 (ln |cscz — cot z| + In |sec z + tan x| ) +C [by Exercise 41 and (1)]

a2
47. /}—ﬂ—zdaﬁ:/(coszz—sinzx)dx:/cos2xdm:%sin2w+C’

sec? x

dx 1 cosx + 1 coszt + 1 cosz + 1
cosx — 1 cost—1 cosz+1 cos2x — 1 —sin‘

:f(—cotac cscx—csczx) dx = cscx +cotz + C

49. Letu =tan(t®) = du = 2tsec’(t*)dt. Then [tsec(t?) tan'(t*) dt = [u*(3 du) = f5u® + C = & tan®(t*) + C.

50. Letw = tan” z, dv = secz tanzder = du = Ttan® z sec? z dz, v = sec z. Then
ftangx secxdx = ftan7x -secz tanz dx = tan” z secx — f?tanstec2zseczdx
= tan’ z secx — 7ftan61:(tan2x + 1) seczdx

=tan"z secz — 7 [ tan® zseczdz — 7 [ tan® zsec z dz.

Thus, 8 f tan® zseczdr = tan” z secx — 7ftan6 x sec x dx and

/4 1 n 7 /4 2
/ tansxsecmdm:—[tan7x sec z] /47_/ tan® z secz dx = \/_— I
0 0

8 0 8 8

ool ~
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In Exercises 51-54, let f () denote the integrand and F'(z) its antiderivative (with C' = 0).

51. Let u = 22, so that du = 2z dx. Then T
Jzsin®(z?) dr = [sin®u (3 du) = 3 [ 3(1 — cos2u) du r
= 1(u—3sin2u) 4+ C = Ju— (5 -2sinu cosu) + C ﬂri\ v/\” fi
= 12% — 1sin(2?) cos(z®) + C y
-

We see from the graph that this is reasonable, since F' increases where f is positive and F' decreases where f is negative.

Note also that f is an odd function and F' is an even function.

52. [sin®z cos® zdx = [ cos® z (1 — cos® z)sinz dz

= [ut(l —u?)(—du) = [(u® —u)du

=iu" -1+ C=1cos"z—tcosz+C

We see from the graph that this is reasonable, since F' increases where f is
positive and F' decreases where f is negative. Note also that f is an odd

function and F’ is an even function.

53. [sin3z sinbx dx = [ }[cos(3z — 6z) — cos(3z + 6z) dz

= 3 [(cos 3z — cos9z) dz

— L L
= gsin3z — 75 sin9z + C

Notice that f(z) = 0 whenever F has a horizontal tangent.

54. [sec' Zdx = [ (tan2 Z+1) sec’ £ dz

:f(u2+1)2du [u:tan%,du:%SeCZ%dx]

=20 +2u4+C=2tan® L +2tan + C

Notice that 7 is increasing and f is positive on the intervals on which they

are defined. Also, /" has no horizontal tangent and f is never zero.

55. fue = 5= [ sin’z cos’ zdx = & [7 sin®z (1 — sin® z) cosx da

=& [Ju?(1—u?)du  [whereu = sinz]
=0
55, &) Letw = cosz. Thendu = —sinzds = [sins cosads = [ u(—du) = —4u? +C = ~hoos? s+ Cu.

(b) Let w = sinx. Then du = cosx dx = fsinw cosxdr = fudu = %uz +C = %sin2x+C2.
(c) [sinz coszdz = [ isin2zdr = —3 cos2z + Cs

(d) Let u = sinx, dv = cos z dz. Then du = cos z dx, v = sin z, SO fsinw coszdr = sin?x — fsina: cos x dx,

by Equation 7.1.2, so [ sinz cosz dz = % sin z + Ci.
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/4 ) ) /4 y
57. A:/ (cos® z —sin” z) dz = / cos 2z dx
—m/4 —7/4
/4 /4 a2
=2 / cos2xdx =2 [l sin Qx} = [sin 2x}g/4 yo
Jo 2 0
C_o0-1 y=cos’x
X
58, A= ffm/ (sin® x — cos® x)dm*fm“sm mdm—fh/ cos® z dx J
y=sin’x
:74/4(1 — cos? ) sinx da — f57r/4 1 —sin? ) cosx dx
V2/2 f/z 2
f\/“/z (1-v?) ff/z (1-u")du
_2f\/_/2 du+2f\/_/2 uz)du:él[u—%u}f/z
—4[(£-4-gF)-0]=2v2-3+2=32
59. L.25 It seems from the graph that |, 027r cos® z dx = 0, since the area below the

x-axis and above the graph looks about equal to the area above the axis and

0 27 below the graph. By Example 1, the integral is [sinz — % sin® 2] (2)77 =0.
\/ Note that due to symmetry, the integral of any odd power of sin x or cos x

125 between limits which differ by 2n7 (n any integer) is 0.
60. 1 It seems from the graph that [, 02 sin 27z cos dwx dx = 0, since each bulge

above the x-axis seems to have a corresponding depression below the

0 2 z-axis. To evaluate the integral, we use a trigonometric identity:

fol sin 27 cos 5rz dr = § f02 [sin(2rz — brz) + sin(27z + Snx)| dx

- =1 [?[sin(—3mz) + sin Trz] do

(I

|

[51; cos(—3mx) — == cos 77ra:}

[3%1(1—1)—%(“1)} =0

o=

61. Using disks, V = f/27rsm wdr =7 [, 5(1 cost)dx:ﬂ'[%x—i—sin?x}:/Q:w(%;0—%—1—0):"TQ

62. Using disks,
V = [T (sin’z)* do = 2 f”/Q [3(1- cos2w)}2dx

_n (7/2

o751 — 2 cos 2@ + cos® 2z) du

—zf /2 [l - 2cos2z + £(1 — cosdx)] dx

ISIER

o1 O7r/2 (% — 2cos2x — %cosllw) dx = %[3x—sm2x+ —sm4x] "/

Z[(BE-040)— (0—-0+0)] = 3#°
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63. Using washers,

= [ 7[(1 - sinz)® — (1 - cosz)?] da y=1n
= 7rf0"/4 [(1—2sina + sin®z) — (1 — 2cosz + cos® z)] da y=cosx U
= ﬁfo"/4(2cosm — 2sinx + sin®  — cos® ) dx
/4 ) _” y=sinx
=7 [,/ (2cosz — 2sinz — cos 2z) dx = [2s1n:r+2cosa;——sm2x] :
0 s X
~ (VB +VE-§) - (0+2-0) = x(2v2-9) :
64. Using washers,
V= fow/aﬂ'{[secx - (=D]? = [cosz — (—1)]*} da y
y =secx
= nfow/s[(seczw +2secz + 1) — (cos> 4 2cosz + 1)] dz
1..
= 7rf0"/3 [sec® z 4+ 2secz — $(1 + cos2x) — 2cos x| d
y=cosx
:w[tanx+2ln]sec:c+ta,nx[—%w—;}sin2m—25'1n:c}g/3 0 1 x
3
— n[(VE+2in(z+vE) - § -~ V- vE) ~0] =y
= 27rln(2 + \/5) — él-7r2 — %ﬂ'\/g
65. s = f(t) = fot sinwu cos? wudu. Lety = coswu = dy = —wsinwudu. Then

s 3 Py =~ 3] = (1 - cost )

66. (a) We want to calculate the square root of the average value of [E(t)]* = [155sin(1207t)]* = 1552 sin(1207t). First,
we calculate the average value itself, by integrating [E(t)]* over one cycle (between ¢t = 0 and t = a5 since there are
60 cycles per second) and dividing by (g5 — 0):

o= Ths Jo/*°[155 sin?(120t)] dt = 60 - 1552 [/°° 1[1 — cos(240rt)] dt

= 60 155% (1) [t — 5> sin(240mt)] /% = 60 - 1552 (£) [(& — 0) — (0 - 0)] = 13

(B,

The RMS value is just the square root of this quantity, which is —E‘f ~ 110 V.

(b) 220 = \/[E(®)], =

220 = [E(t)]2,, = thg Jy/*° A?sin?(120mt) dt = 60A [}/*° 1[1 — cos(2407t)) dt

ave

= 30A%[t — 5= sin(240m1)] /% = 304%[(& — 0) — (0 0)] = 142

Thus, 220° = $A%> = A =220V2~311V.

67. Just note that the integrand is odd [f(—z) = —f(z)].

Or: If m # n, calculate

s K 1 — m
/ sinmz cosnx dr = / 1[sin(m — n)z + sin(m + n)z|dr = < |- cos(m —n)z _ cos(m + n)x} -0
2 m-—n m+n o

—7 -

If m = n, then the first term in each set of brackets is zero.
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68. [* sinma sinnzdr = ["_3[cos(m — n)x — cos(m + n)z] dz.

. 1 [si - i T
If m # n, this is equal to — [sm(m )z _ sin(m + n)m} =0.
2 m—n m+n .

Ifm =n,weget [T 1[1— cos(m+n)z|de = [5z]" - {w

69. [ cosma cosnzdx = ["_3[cos(m — n)z + cos(m +n)z| dz.

If m s n, this is equal to % {sm(m —n)z + sin(m + n)x} =0.

m-—n m+n

sin(m +n)z|"

Ifm:n,wegetffw%[1+cos(m+n):c]d:z::[%w]:r-%—{ m ) } =n+0=m.

m

70. 1
T

- - n=1

. .
term is zero except the mth one, and that term is — - T = ay,.
™

0 583

1 - m m on - .
i S > ansi i de=>"" [ s inna dz. By E 68,
f(z) sinmz dz ﬂ/ {( a smnx)sm mx} x 25 /—n sinma sinnz dz. By Exercise 68, every





