7.3 Trigonometric Substitution

1. Letz = 3secO, where 0 < 0 < Zorm < 0 < 3TTr.Then

dx = 3secd tan b df and X —

V22 — 9= \/9sec?0 — 9 = \/9(sec2f — 1) = v9tan? 0

= 3|tan 0| = 3 tan @ for the relevant values of 6. 3

1

' g1 ___VIQ"Q+C
222 — 9 Y7 | 9sec?0-3tan0 x

3sect tanfdf = & /c039d0 = ésinGJr-C: %

Note that — sec(6 + 7) = sec 6, so the figure is sufficient for the case 7 < 0 < 3F.

2. Letz = 3sin 0, where —5 < 0 < 5. Then dz = 3 cos 0 df and

VI— 22 = \/9—9sin?0 = \/9(1 —sin® 0) = V/9cos? 0 x

= 3|cosf| = 3cos O for the relevant values of 6. (3

\/éixé
.fmSde: f3SSin3 6 -3cosf-3coshdh =3° fsin30 cos?0dh = 35fsin20 cos? 0 sin 0 do
=3° [(1 —cos®0) cos® 0 sinfdf = 3° [(1 —u?)u® (—du)  [u=cos, du = —sin6db]
=3 [(u* —vu?)du=3"(Lu" - 1) + C =3°(L cos® 0 — 1 cos®6) + C

B Y G KA Y G

1
5 35 3 33 +C

=1(9-2?)?—3(9-2?*?+C o -L(a®+6)(9-2")¥?+C
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3. Letz = 3tan 0, where —5 < 0 < 5. Thendz = 3sec? 6 db and
2
V22 +9=1/9tan?0 + 9 = \/9(tan? 0 + 1) = v/9sec2 0 9 x
= 3|sec 6| = 3sec for the relevant values of 6. ]

z8 3% tan® 6 9 3 3 5 )
/—2+9dw:/———35ec9 3sec”0df =3 /tan 0 secOdf = 3 /tan 0 tan 0 sec O db
Va
=3° [(sec® 6 — 1) tanf secfdf = 3° [(u® —1)du  [u = secf, du = sec§ tan 6 db]

(+*+9)** V"33
33 3

_33( 2u® —u) 4+ C = 3%(3 sec 0—sec9)—|—C’ 33[3 +C

=1(@®+9°%?-9v22+9+C or 3(2®—18)Va2+9+C
4, Let z = 4sin6, where —7/2 < 6 < /2. Then dz = 4 cos6 df and

V16 — 22 = /16 — 16sin? 0 = /16 cos2 = 4|cos O] = 4cosh. Whenz = 0,4sinf =0 = 6 =0,

and when z = 2/3,4sin = 2v/3 = sinf = @ = 0 = 3. Thus, substitution gives

2v3 3 /3 43 /3 /3
x 4%sin” 6 9 3/ . 3 3/ 2 .
4cosfdf =4 sin® 0 df = 4 1 —cos” #) sinfdf
/ \/16—362 / 0 0 ( )
£ _ 1/2(]—u)dU——64[ 3u3]1/2

= o[- &) - (- )] = 0a(-5) = %
Or: Letu =16 — 22, 22 = 16 — u, du = —2z dx.

5. Lett =sec,sodt =sec tanfdf,t =2 = 6=7Zandt=2 = 6= Z. Then

Pl o [ cotmear= [ L g [ cosoas
/\/§t3«/t2—1 = /4 s0c3 0 tan g " o¢” tAn 4/,,/4 sec? ¢ y/7r/4 o

f:/f 1(1 + cos26) df =

=3[(5+3F)-G+3 )] =3(s+E-1)=m+ ¥4

6. Letz = secl,sodr =secd tanfdf,x =1 = 60=0,andz=2 = 6= 7. Then

[6 + 3 sin 20]"/3

1
2

/ \/”—d _/"/3 tan 0

/3 /3
sec tanfdf = / tan® 0 df = / (sec® 6 — 1) db
sec § 0 0

= [tan0—0];" = (V- §) ~0=V3-

7. Letz = 5sin#, so dx = 5cos 6 df. Then

1

1 1 , .
L el 5c0s0do= — 6do
PO ] 55570 Beosg 0 25 / e x

V25 — 2 [/
—Lleotgroo LYB -2 — -
25 %z V25—
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8. Letz = 10tan0, so dz = 10sec 0 df. Then

Jx+100
/ m / 1010(5)::% 0 10sec? 0 do x
= 1000 [ tan® 6 sec 0 df = 1000 [(sec® § — 1) sec tan 6 do : 10
= 1000 [ (u* — 1) du [u = secO, du = sec 6 tan 0 df]
=1000(3u® — u) + C = % (u® — 3) + C = X secf (sec® § — 3) + C
B 10300@6 (:ﬁ;;éoo _3> tOo= 120 VI 210300 Lo

3(z® - 200) V% 4+ 100 + C

9. Let z = 4 tan 0, where —5 < 6 < 5. Then dx = 4sec? 0 df and

V22 +16 = V16tan? 0 + 16 = /16(tan? 0 + 1)
=V16sec? 0 = 4 |secl|

= 4 sec @ for the relevant values of 0.

4sec? 0 do B  |VPFTE oz
/«/a:_2+1 / Tsoc O —/sec0d0 = In|[secd + tan | + C, —ln‘ I +7 +C

=In|vz? + 16+ 2| —In|4] + C; = In(V22 + 16 + z) + C, where C = C; — In4.
(Since vz2 + 16 + z > 0, we don’t need the absolute value.)
10. Let ¢ = /2 tan 0, where —% <0< 3. Thendt = V2 sec? 0.do and

R
t+2
V2 +2=12tan?0 + 2 = /2(tan?0 + 1) = v2sec2 0 v t

= V/2sec 8| = /2 sec 0 for the relevant values of 6. 9

t® 4+/2 tan®0 5
——dt = [ = =———V2sec 9d0:4\/§/tan595ec0d9
/\/t2—|—2 / V2 secf
=4v2 [(sec?0 — 1)*secd tan0df = 42 [(u? —1)*du [u = secd, du = sec 0 tan 0 df]
=4v2 [(u* = 2u® + 1) du=4v2(3u® — 2u® +u) + C

442 4 2 42 V22 (t? + 2)? 242
= Y= — - C = . . —1 1
iE u(3u® — 10u” + 15) + C 5 7 3 52 0 5+ 5| +C

P2 F[3(t" + 487 +4) — 20(t° +2) +60] + C = zVE2 +2(3t* —8t° +32) + C

J2

. Let 2z = sin 0, where — 5 < 0 < 5. Thenz = —%sin@, dx = %cosOdO,

and /1 — 422 = /1 — (2z)? = cosb. 1 .
[ V1 —4x%dx= [cos0 (5 cosf)df = 1 [(1+ cos20)dd 7
= ;(0+ 3sin20) 4+ C = ;(0 +sin6 cosd) +C JI =452

= %[Sin_l(2x) +22v/1-42%] 4+ C

585
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12 [l ov/a® T adde = [0 a(sdu) [u=2"+4,du= 2z dx] :%%[3/2] = 1(5v5-38)
13. Let z = 3sech, where 0 < § < Z or m < 6 < 2X. Then
dx = 3sec tan6df and /22 — 9 = 3tanb, so > J—9
/—— 2
3tan9 3sec0 tanOdO— tan ed 4
3 ) sec?f 3

:%fsinzedez%f%(l—cos%)d@:%0—T%sinQQ-kC:éO—%sinOcosO—kC’

1z 1v/22-93 1 yyz z2—9
= g sec (3) 6 - x—l—C—Gsec (3) 972 +C
14. Let u = /5 sin 6, so du = /5 cos 8 df. Then

du 1 1 \/g

= \/E_)cost9d9:—/csc0d9
/u\/5—u2 /\/gsinﬂ-\/f_)COSO NG “
= % Injcscf — cot ] + C [by Exercise 7.2.39] U
5_ 2

1 ﬁ_m fCo= _1 NG \/_——u_2
= \/5 " " =

15. Letx = asinf,dr = acosfdf,z =0 = 6O=0andz=a = 0= 7. Then

fy Ve —z2dx =[] 72 62 sin? G(acose)acoséde'-a4f”/251n 6 cos® 9d0—a4f"/2[ 2sin 6 cosﬁ)]

at /2 ™/2
. ——/ sin® 20 d = ———/ (1 —cos40) df = [0— sméw]
4 J 0
_ a_ T _ T4
i (CRUEURE
16. Letz = $secf, sodr = ;secl tanfdf,z =+v2/3 = 6=Z%,z=2 = 6=2% Then
2/3 l 0 tan 0 dO /3 /3
/ / S i kA —34/ cos49d0=81/ [1(1+ cos20)]* db
V3/3 25022 — 1 \/9562 /4 % )’ sec® 6 tan 6 /4 _—

=8 f"/3 1+ 2c0s26 + cos® 20) df = %fﬂ/f [1+2cos20 + 1(1 + cos46)] db

=48l ://43 (2 +2cos20 + 3 cos46) df = & |3 c9+sm26+—sm4«9]ﬂ/3

Il

Gl(3+F-R) - (2+1+0)] =2 (F +5VE-1)

16

17. Letw = 22 — 7, so du = 2z dx. Then/\/p___ /\/_ 2\/—+C Va2 -74+C.
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18. Let ax = bsec, so (ax)? = b?sec’§ =

(az)? — b = b” sec® § — b% = b (sec” 0 — 1) = b” tan” 6. a Jiar=p
So \/(ax)? — b2 = btanb, dx = ésece tan 6 df, and 0
a
b
' dx L sec tand 1 secd 1 cos 1
/ [(az)? —b ]3/2 N / b3 tan® @ 9 = ab? | tan20 4= ab? | sin?é a9 = ab? | csef cot 0o
1 1 ax T
S S S . S S S
ab? i ab? | f(az)? — b2 * b2\/(ax)? — b2 +C

19. Let x = tan 6, where —3 < 6 < 5. Thendz = sec? 0 dp

and /1 + 22 = sec, so
3
/mdx:/secé? Sec29d0:/86C9 (1 + tan® ) do [
T tan 6 0

tan

= [(csc + sec O tan 0) do
=In|cscl —cot O] 4 sechd + C [by Exercise 7.2.39]

Vita? 1 1+a?2 V12?2 —1
_1n‘—17+1——5 +i1i{—+C:ln‘—L;——\+\/l+x2+C
20. Lett = 5sin@, where —% < 6 < %. Then dt = 5cos 0 df
and /25 — t2 = 5co0s 0, so 5 [
t 5sinf
—_— it = | 0db = in 6 df
/m t /5(:0805COS di 5/sm 5
N J25-1

:~5c080+C’:—5~—2—55—t—+C:—\/25vt2+C

Or: Letu =25 — 2, s0 du = —2t dt.

21. Letm:%sine,sodx:gcosed&m:() = 0=0,andzr =06 = 6 =7 Then

0.6 2 /2 § P2 /2
x 5 ? sin? 9 -, .
0 \/mf / 3 cos0 <5 Cos d9> 9 / sin” 8 d@ .
:%f 1-cos20) 0:%[9;_S1n20]ﬂ/2 7 _
9-—25x
= 5551(53 —0) — 0] = 5557

22. Letx = tan@, where —5 < 6 < Z. Then dx = sec® 6 db, ]
vr?+l=secfandz =0 = 0=0,z=1 = 0=7,50 \/}/
X

fol V2 +1ldx = 07/4 secf sec? 0df = ;)”/4 sec® 0 do

m/4
1 [sec 6 tan 6 + In|sec 6 + tan 6| } . [by Example 7.2.8]

IV2-14+In(1+v2) -0 -In(140)] = 3[V2+ In(l ++2)]
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2. 5+4r —a2® = —(2? —dzx+4) + 9= —(2—2)> +9. Let

z—2=3sin0, -5 <0 < 7,s0dx = 3cosfdb. Then 3 )
—
[Vh+dz —2?ds = [ \/9— (z —2)%dz = [ /9 —9sin® 3 cosHdl -
= [V9cos203cosfdf = [9cos®fdb Jo—(x—2)
— )
=2 [(1 +cos20)df = (0 + Lsin20) + C SvItdxma
:%0—1—%sinZ@—i—C:%0+%(2sin9cos0)+0
_ 9. afz—2 9 -2 544z —a?
= 5 sin < 3 >—|—2 3 3 +C
9 1fr=2 l _ — 12
= 5 sin ( 3 ) 236 2)Vb+4dx —22+C
2. t°—6t+13= (1" —6t+9)+4=(t—3)>+2° =3P+ 2
Lett — 3 = 2tan6, so dt = 2sec? § df. Then =VE-6r+13 3
/ _ d :/ ! 2sec? 6 do 7
\/t _6t+13 /(2tan0)2+22 3
2sec?
= dd = | secHdf = In|secld + tanb| 4+ Cy [by Formula 7.2.1]
2secf
V2 —6t+13 t—3
Aln‘ 5 + 2 +C
:ln‘\/t2~6t+13+t—3’+C where C' = C7 — In2
, B - 9 /3\2 R
Batotl=(P+ot)+i=(2+3)"+(F) La Jer PGy
2 a7
4+ 3 :@tan&sodm—i sec? 0 df and /22 + = + -—sec& =V fxt L
ot x
2
Then
[
T ‘/_ta,nH—— \/§ 5 ‘/~§
/ / — sec” 6df 2
v+ +1 sec9

= (—‘C n9——) secHdf = [ ‘/_tane secfdf — [ 3 secfdb
= Y3 sech — L Insech + tanf| + C

VT aF1- | GV e+ Z (a4 1)+ G
= V@ Fo - |G [V Fer 1+ (a+3)][+ 0
=Va?tr+l-shnF—sn(Va2tz+l+a+3)+C
=vVal+z+1-iln(Va®+z+1+z+3)+C, whereC:leéln%

Il

=
)



2. 3+4z —4d2® = —(42® — 4z + 1) +4=2%— (2 - 1)2

Let2x — 1 = 2sin#,s02dz = 2cos 6 df and v/3 + 4x — 422 =

Then

2 [1(1 + 25in6))?
/(34—43:—4:@2)3/2 da::/ - (2cos 6)3 cos 0 df

_ 1 1+4sin0+4sin20d9
32 cos? 0 32
= o [[sec® 0 + 4 tan 6 secd + 4(sec® 6 — 1)] df
= 55 [(5sec’ 0 +4tanf sec — 4) df = 55 (5tan 6 + 4sec — 40) + C
:i{ _ ol 2

20 Vit 4z 3+ 4z — 422
:_lu_lsin;1<2$-—l>+c

323+ 4z — 422 8 5

7. 22 4+ 2x = (2 +2c+1)—1=(z+ 1) - L Letz+1=1
so dx = secf tanf df and V2 + 2x = tan 6. Then

[ V2?2 +2zdzr = [tan6 (sec tanfdf) = [tan® @ secd df

SECTION 7.3

2cos.
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2x—1

=3+ 4x— 422

! /(sec 6 + 4tan @ secf + 4 tan® 0) df

2 —4-sin‘1<2w?—]>J+C

sect,

] Jor 177
=x*+2x

= [(sec®@ — 1) secfdf = [sec®0df — [secdf

= 1 sec tanf + 1 In [sec f + tan 6| — In|sec§ + tan §| + C

= 3sec tanf — £ In|secd + tanf| + C =

28. 22 —204+2=(2>-2c+1)+1=(z—-1)2+ 1 Letzx—1
so dz = sec? 0 df and Vz2 — 2z + 2 = sec§. Then

2 2
/(36—+1dx:/M1)_+1_ sec? 0do

2 — 2z + 2)2 sect 0

do

_ tan? 0 + 2tan 6 + 2
B sec2 6

Lz +1)Va?+ 2z —

= 1tan®,

=Jx?-2x+2

thnjz+1+Va2+2z|+C

JE+—17

= [(sin® 6 + 2sin6 cos 6 + 2cos® 0) df = [(1 + 2sin 6 cosd + cos” §) df

= [[1+2sin6 cosf + $(1+cos26)| df = [ (2 + 2sinf cosd + 3 cos20) df

=20+ sin”0 + sin20+ C = 20+ sin” 60 + J sinf cos§ + C

z—1

1

3, (z-1 (x—1)>
=gten ( 1 >+x2—2w+2+

20z —2c+1)+2—1

_3. (
st o T

2)

+C= gta,nfl

1
= +C
222 — 22+ 222 -2+ 2

202 — 3z + 1
(w~1)+—-————2($2_2x+2) +C

[continued]
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We can write the answer as

3. (22° — 4 +4) +2—3 3. z -3
2t ~1 C=2=2t — e
ptan - Dt ey O gt e At g ey + O
3 1 z—3
=24 1)+ - =
5 tan (z )+2(x2~2x+2)+0t,where01 1+C

29. Let w = 22, du = 2z dz. Then

— 1 _ — 5 /1 1 i where v = sin 8, du = cos 6 d#6,
JzV1T—2tde = [ViI—w (Qdu) =5 [cosO cos0db and T =7 — cost

=1 [1(1+cos20)df = 10+ £sin20 +C = 10+ 1sinf cosf + C
ssin Tt u+ juvl—w? 4+ C=4sinH(@®) + 327 VI-a? + C

H

30. Letu = sint, du = costdt. Then

sec? 6do

where v = tan 6, du = sec? 6d0,
and /1 4+ u? = sec@

/ cost dt—/l 1 du*/ﬂﬂ 1
0 v/ 14sin?¢t o V1+u? o secd
/4 w/4 . .
— [ secOdo = [1n|sec0+tan9|]o [by (1) in Section 7.2]
In(v2+1) = In(1+0) =In(v2 + 1)

3. (a) Let z = atan , where —% < # < Z. Then vx2 4- a® = asec and

f fasec 0 do
w/952 +a2 asect

=In(z+ V22 +a?) +C where C = Cy — In|al

= [sec@df = In|secd + tanf| + C, =

I[-’rcl

et x = asinht, so that dr = a cosht dt an z? + a® = acosht. en
(b) L inh hat d htdt and v/x? 2 ht. Th

acoshtdt

x
/,/xQ Faz —/ acosht

:t+C:sinh71§+C.

32. (a) Letx = atan®, —5 < 0 < 5. Then

2 2., 2 2 2,
I:/ - 3 Edmz/—agtan—goaseCZGdG: /tan 6)dez sec” 0 1d0
(22 + a2)*/? a3 sec3 0 J secd sec

= [ (sec® —cos0)df = In|sec + tan 8] — sin + C'

1\/x2+a2 z
N Rl B

a a

+ Cy

ln(ac + vz + a2)

S +C= —

(b) Let x = asinh . Then

1—/'a_—2smh2t acoshtdt = [ tanh®tdt = [(1 —sech®t)dt = t — tanht + C
) adcosh®t B a -
—sinh ' - 1 C
a  +a? + x?



SECTION7.3  TRIGONOMETRIC SUBSTITUTION 0O 591

33. The average value of f(z) = v/z? — 1/z on the interval [1, 7] is

1 7\/x2—1dz_1 “ tan@ where x = sec @, dx = sec 6 tan 0 d6,
7T-1/; T o

- sec ftan 0 df
6 secd Vo2 =1 =tanf,and a« = sec™* 7

=3 [, tan®0df = 3 [ (sec®d —1)dO = %[tan® _()]g

i(tana — o) = & (V48 —sec™' 7)

4.9 —4y° =36 = y=13V/22-4 =

area = 2f23 3Vx? —4dz = 3[23 Va2 —4ddx Y (2,3)/

where x = 2sec 6, 3
:3f0a2ta.n92$ec@ tan 6 dO dz = 2sec6 tan 0 db, L \/g

[ =sec_1(%) N, o

=12 [; (sec2 0 —1)sec0df =12 [ (sec® 6 — sech) do

= 12[3(sec tan + In|sec 6 + tan 6]) — In [sec§ + tan 0|] \

:6[sec0 tan0—ln!sec0+tan0|]a
0

= 6[37‘/5 _ln(g + ﬁ)] — 97\/5 _61n<3+\/5>

2 2

35. Area of APOQ = 3(rcos6)(rsinf) = $r°sin6 cos 6. Area of region PQR = ["_ \/r? — 22 dx.

Letz =rcosu = dx = —rsinuduford < u < 7. Then we obtain

[Vr?=22dz = [rsinu(—rsinu)du = —r” [sin® udu = —4r*(u — sinu cosu) + C
=—1rcosH(z/r) + 2z V/r? =22+ C

S0 area of region PQR = % [—r2 cos™Hz/r) + /12 — 22 ]:cose
=3[0— (=r*0+ rcosOrsinf)] = 1r’0 — 1r’sin6 cosd

and thus, (area of sector POR) = (area of APOQ) + (area of region PQR) = 1r%6.

36. Let 7 = v/2sec, where 0 < 8 < Z orm < 0 < 3%, 50 dz = /2 sec§ tan 0 df. Then

/ dx _ / V2sec tan 0 do o
Va2 -2 4sect 0+/2 tanb ]
f
=1 [cos’0df =% [ (1—sin®0) cosfdb };
3 e S Y
= 1[sinf — 3sin® 0] + C [substitute u = sin 6] J
_1 x2—2_(x2—2)3/2 Lo F
4 z 3z? ~02

From the graph, it appears that our answer is reasonable. [Notice that f(z) is large when F' increases rapidly and small

when F' levels out.]
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37. From the graph, it appears that the curve y = 2% /4 — 2 and the

line y = 2 — z intersect at about z = a ~ 0.81 and z = 2, with

2?4 — 12 > 2 — 2 on (a,2). So the area bounded by the curve and the line is
Ax 22 VE—27 - (2-2)]de = [2® VI~ 22 dz — [22 — %mQ]i

To evaluate the integral, we put z = 2sin 0, where —5 < 6 < 7. Then

dz =2cosfdf,z =2 = 6O=sin"'l=Z andz=a = 6=oa=sin""(a/2)~0416.S0
faz 224 — 22 dr ~ f(:/z 4sin® 0 (2 cos 0)(2cos 0 db) = 4[;/2 sin? 20 df = 4f:/2 1(1 — cos 49) do
= 2[0— 1sind6]""* = 2[(Z - 0) — (o — 1(0.996))] ~ 2.81

(e}

Thus, A ~ 2.81 — [(2-2—

[SIE

-2%) — (2a — 3a”)] = 2.10.

38. Let z = btan @, so that dz = bsec? 6 df and v/z2 + b2 = bsec.

L—a b2
E(P):/ Ab — dz = Ab / ! 5 bsec® 0 df -
—a  Ameo(a?® + b)Y dmeo Jg, (bsech) Ipcye
X
A 02 q A 02 A 6o /
= df = 0df = ——— |sinf
47enb /91 sec 4meob Jq, o8 dmeob [sm ]91 9
b
A l: x }L_a A L—a L
dmeob | VaP 102, 4meob\ (L= a)2 + 02 Va® + 07
39. (a) Lett = asinf, dt = acosfdf,t =0 = O=0andt=2x = 6 =sin"'(x/a). Then
T sin” Mz /a)
/ \/aZ—tzdt:/ acos@ (acosbdb)
0 0 a
sin” ! (x/a) a2 sin”(z/a) t (or x)
:az/ cos® 0df = —/ (1 + cos26) df
0 2 Jo 0
sin” ! (z/a) 2 sin” 1 (z/a) \/—‘1-2_71‘E

%2[9+%sin29} :%[0+sin90059]

0

£ (o) -3 B2

a

= La’sin""(z/a) + 32 Va® — 22

0

(b) The integral fow va? — 2 dt represents the area under the curve y = v/a? — ¢? between the vertical lines ¢t = 0 and ¢ = z.
The figure shows that this area consists of a triangular region and a sector of the circle t* + y* = o?. The triangular region

has base = and height v/a® — 2, so its area is 3z v/a? — 2. The sector has area 2a°0 = 1a”sin™ ' (z/a).

40. The curves intersect when 22 + (%xz)Q =8 < 22+ %x‘l =8 o 2*4+422-32=0 o

(2?2 +8)(z? —4) =0 < 1z = +2. The area inside the circle and above the parabola is given by
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Alzf_ZQ(\/m—%mz)dx:Zfozx/md:r—2f02%x2dw Y

=2 [%(8) sin™! (%) +1(2)v8-22-1 [%w?’]ﬂ [by Exercise 39]
zsm—l(%) +2vA-8=8(Z)+4-8=2r 414

Since the area of the disk is 7r(\/§)2 = 8, the area inside the circle and

below the parabola ia Ay = 87 — (27 + %) = 67 — 3.

. Let the equation of the large circle be z2 + y? = R2. Then the equation of

the small circle is 2% + (y — b)? = r?, where b = v/RZ — 2 is the distance

between the centers of the circles. The desired area is
A= [T [(b++vr?—=a?) - VR? —2?]dz
=2 [/ (b+Vr?—a? —VR? —22)dz
=2 [ bdx+2 [ Vr?—a2dz -2 [ VR? —2%dz

The first integral is just 2br = 2r / R? — r2. The second integral represents the area of a quarter-circle of radius 7, so its value

is 772, To evaluate the other integral, note that

[Va2 —a%dx = [a®cos’0df [z =asinb,dz =acosfdf] = (3a%)[(1+ cos20)df
= 2a*(0 + £sin20) + C = 1a®(0 + sin 6 cosh) + C
_a i(z)+a_2(£)ﬂ+c_a_2ar in(Z) + 2 V@ + 0
= - arcsin( 5 (2 , = G arcsin( =) + 35 Va

Thus, the desired area is
A =2rv/R* =77 + 2(4nr®) — [R*arcsin(z/R) + 2 VR? — 22|
=2rvVR? =72 + }nr® — [R?arcsin(r/R) + 7 VR? =12 | =rvR? —r? + 3r? — R® arcsin(r/R)

. Note that the circular cross-sections of the tank are the same everywhere, so the
percentage of the total capacity that is being used is equal to the percentage of any

cross-section that is under water. The underwater area is
2
A=2[" /25—y dy

2
= [25 arcsin(y/5) +y /25 — yz] [substitute y = 5 sin 0]
-5

= 25arcsin 2 4+ 2 /21 + 27 ~ 58.72 ft?

58.72
~ —— =~ 0.74 4.8%.
EE 2 0.748 or 74.8%

so the fraction of the total capacity in use is
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43. We use cylindrical shells and assume that R > 7. 2> =% — (y — R)?> = &z =4./r>2— (y— R)2,

sog(y) =24/r? — (y — R)? and
V= gj: 2y -2/r? — (y — R dy = [7 4n(u+ R)Vr? —u? du [where u = y — R]
:471_‘[.," u\/72——_1t—2du+47erT mdu where u = rsin @, du = r cos 6 df

in the second integral

=4r [»é(rz - UQ)B/ZJT ot iTR Jqu/jz % cos® 0df = —42(0 — 0) + ArRr? fii? cos” 0 do

= 27 Rr? f:ﬁiz(l + cos 20) d6 = 2w Rr? [0 +  sin 20 7:/:/2 = 2m*Rr?

Another method: Use washers instead of shells, so V = 87 R |, (; \/7? — y? dy as in Exercise 6.2.63(a), but evaluate the

integral using y = rsin 6.



