7.4 Integration of Rational Functions by Partial Fractions

2z A B
+

R P ey e S S

ol 1 1A, B _C_
23+ 222 +2  z(@2+22+1) xz+1)2 z z+1 (z+1)2

2 (a) x - x A + B
' 224+z—-2 (z+2)@-1) x+2 x-—-1
) z? _(x2+x+2)——(m+2)_14 z+2

2+x+2 22 4z + 2 B 22+ +2

Notice that 2 + z -+ 2 can’t be factored because its discriminant is b*> — 4ac = —7 < 0.

4 4
3 () " +1 __z +1 :é+£+£ Df+E

x® + 43z (2?2+4) =z 2z oz 2?2 +4
b — L 1 B 1 A B . C D

(22 -9)2 " [(z+3)(z—3))2 (z+3)2@—-3)2 z+3 (z+3)2 z-3 (z-3)2

3
x 13z + 12 13z + 12 A B
b (@) ——— — =g—44+ -T2 g g4 T2 gD
@ s M s M arneay M o T o
2 1 A B C D E F G

(b) 3;-!—2 P + z 5+ ZH- 2I+2

(x4 1)3(22 4+ 4) z+1 (z+1) (x+1) 2 +4  (z2+4)

x* (z' —1)+1 1 1
5. (a) pov s M *1+x4—1 [or use long division] —1+m1—)

1 A B Cx +D
+(:c—1)(a:+1)(:z:2+1) +x71+m+1 z2+1
t'+t°+1  At+B Ct+D  FEt+F

(®)

2 +1)(t2+4)* 241 t2+4 (12 +4)°
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6. (a) xt _ z? _ z® Az +B Cx+ D
) (@3 +z)(z2—x+3) z(22+1)(22-z+3) (2+1)(22—-2+3) 22+1  x2-z+3
1 1 1 A B C D Ex 4+ F
b = = B T
()xﬁ—w3 2323 —-1) 2¥z—-D(z*>+z+1) a:+x2+x3+x—1 2+z+1

7./—w—dmz/wdw:/(1+L>dw:x+6ln)w—6|+0
z—6 z—6 z—6

r? r’—16 16 16 o
8. /7, Iy dr = / (7‘_’7 + m) dr = / (7” -4+ m) dr  [or use long division]

=1r’ —4r+16In|r +4/+C

9

e +w5)—(::)“ ) =z i 5 + :c? 5 Multiply both sides by (x + 5)(z — 2) to getx — 9 = A(x — 2) + B(x + 5)(*), or

equivalently, z — 9 = (A + B)z — 2A + 5B. Equating coefficients of z on each side of the equation givesus 1 = A 4+ B (1)
and equating constants gives us —9 = —2A + 5B (2). Adding two times (1) to (2) givesus —7=7B <& B = —1land
hence, A = 2. [Alternatively, to find the coefficients A and B, we may use substitution as follows: substitute 2 for z in (x) to

get =7 =7B <& B = —1, then substitute —5 for z in (%) to get =14 = —7A4 & A = 2] Thus,

-9 2 -1

1 A B
Ty Ty Ry R H 1=A(t—1)+B(t+4).

t=1 = 1=5B = B=%t=-4 = 1=-54 = A=—1 Thus,

1

1 -1/5 1/5 1 1 1, |t—
et = — 4 = =-1] 4+ it —1 —ln|—|+C
/(t+4)(t_1) /<t+4+t_1>dt slnft+4/+ 2Inft—1|+C or sln| =7+
11 L~ ! _ A + Multiply both sides by (z + 1)(x — 1) toget 1 = A(x — 1) + B(x + 1)
"2 -1 (z+D(xz-1) z+1 z-—1 Py Y gt = '

Substituting 1 for z gives 1 = 2B < B = 1. Substituting —1 forz gives 1 = —24 & A= ~—é—. Thus,

8 37172 172 3
| mye=, <m+x_1>d$=[—%lnlw+1l+%lnlw—1llz

=(-3mm4+3mn2)— (—3In3+3inl) =1(In2+1n3 —1In4) [or:In]

z—1 A

12. 243z +2 - z+1

+ Multiply both sides by (z + 1)(z + 2) to get z — 1 = A(z + 2) + B(z + 1). Substituting

z+2
—2forx gives -3 =—B <& B = 3. Substituting —1 for = gives —2 = A. Thus,

1 1

rz—1 -2 3 1
e = dzr = |21 1 31 2

/0 x2+3x+2dw /0<a:+1+x+2) o [ nle+1f+3njz+ ”0

=(-2In2+3m3) - (—2In1+3In2) =3In3 - 5mn2 [or In %]

az azx a
. _—— = —_— = d = l -
13/m27bwdx /x(z-b)dx /m—b z=aln|z~b+C
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15.

16.

17.

18.
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1 1 1 1
If = - if t
“Eh T aE Ty b—a<x+a x+b>’sma7éb’ hen
dx 1 1 T+a
/(Ha)(x+b) —— (Infe | ~lnfe +) + 0 = 21| EEL 4 0
. dz 1
a="b, hen/(a:+a)2 era—i—C’
3 2
x® — 2z —4 —4 . —4 A B C L . 9 .
W =l+merte;z—(sv—_z—)=;+;2—+x—_—2Multlplymgboth 51des byl’ (x72) gives
—4 = Az(z — 2) + B(z — 2) + Cz?. Substituting 0 for z gives —4 = —2B & B = 2. Substituting 2 for z gives
—4=4C < C = —1. Equating coefficients of 2°, we get 0 = A + C, so A = 1. Thus,
4 3 2 4 4
z° — 22" —4 1 2 1 2
— T e = 1+—-+=5 ———|dz= | —=—Ilnjlz—2
/3 2 —2z2 " /3<+:r+m2 x—2) v [w+n|as| z nle |3
=[4+m4—-3-In2) - (3+In3—-2-0)] = +In2
3
z® —4x — 10 3x—4 3z —4 A B
— = 1 . Writ = . Th
Z 2.6 "t e33ery T 3@ z-3 ziz M

3z —4=A(x+2)+ B(x — 3). Takingz = 3andz = -2, wegets =54 & A=1land-10=-5B & B=2,

SO

1,3 1 1
T 4 — 10 1 2 1 5
- = - = +14+ —+ =|=-z"+z+1 -3|+2 +2
/0 g 5 dx /o (3: 1 pr T 2) dx {233 z+In|z — 3| In(z + 2) .

=(3+1+In2+2W3) —(0+0+In3+2In2)=2+Wm3-m2=2+1nd

dy —Ty—12 A B C ) _
et = —  —— + —— = 4y" - Ty—12=A(y+2)(y —3) + By(y — 3) + Cy(y + 2). Settin
TwiDw=-3) y yr2 y—3 Y (y+2)(y—3) (y—=3)+Cyly+2) g

y = 0gives —12 = —64, s0 A = 2. Setting y = —2 gives 18 = 10B, so B = 2. Setting y = 3 gives 3 = 15C, s0 C = %.

Now

2 4y — Ty —12 /2<2 9/5 1/5) 2
—— —dy = S ) dy = [2Ilnfy| + Znjy + 2|+ Llnjy -3
A)My+®@—3)y \y Tyr2Ty—3)% [yl + §inly + 2]+ 3 nfy =31,

=2In2+2In4++lnl1—-2mn1—2In3—1In2

=22+ 2m2-12-2In3=2n2-2In3=2£3BIn2-In3)=2In$

2?4+ 2 —1 2?2+ 2 —1 A B C
= ==+ —+ — ipl th si 1 — t
3 — s+ )@-1) = + 711 + p— Multiply both sides by z(z + 1)(z — 1) to ge

2 +22— 1= A(x+1)(z — 1) + Bz(x — 1) + Cx(z + 1). Substituting 0 for z gives -1 = -4 < A =1.
Substituting —1 for « gives =2 = 2B < B = —1. Substituting 1 for x gives 2 = 2C < C = 1. Thus,

2 — p—
/ﬂ_ldx:/<l_ ! + ! )dm:ln|x|—ln|x+1|+ln|w~]|+C=lnM

z+1

3 —z z z+1 xz-1

4.
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1. 1 = A L B € A@+S)(e—1)+Bla— 1)+ Cz +5)>

(x+5)2(x—1) z+5 (m+5)2 z—1

Setting x = —5 gives 1 = —6B,s0 B = ~é, Setting z = 1 gives 1 = 36C, so C' = 3—16. Setting z = —2 gives

1=AB)(-3)+B(-3)+C(3%) =—94-3B+9C=-9A+ 1+ =-94+2,5094 = -2 and A = — 2. Now

1 —1/36 1/6 1/36 1 1
= - + d :—_l +5+————— L nje—1 +C.
/(x+5) (x—1) ‘ /{m+5 @457 z-1 x n |z + 5| 6 +5)+ nl|z— 1]

x? — bz + 16 A B C 2
20. = — 16 = A(z — 2)> + Bz — 2)(2z + 1) + C(2z + 1).
et 1)z -2 2:c+1+:r;2+(x—2)2 = z°—-5x+16 (x — 2%+ B(x —2)(2z + 1) + C(2z + 1)

Setting z = 2 gives 10 = 5C, so C' = 2. Setting z = —1 gives 2 = 23 4 s0 A = 3. Equating coefficients of 22, we get

1=A42B,s0 -2 =2Band B = —1. Thus,

"oz —bBr 416 3 1 2 3 2
e L = — == 1] —1 9 - =
/(2$+1)(m—2)2d$ /<2$+1 x~2+(w72)2>dx 2ln|2m+ | —In|z — 2| $_2+C’

3 pa—
21. T By long division, ?—i =z + —izl% Thus,
9«’2+4}m3+0m2+0m+4 S S
x° + 4z
—dr + 4
3
x° +4 —4x + 4 4x 4
dr = ——— |dz = ——\d
/m2+4$ /<x+ x2+4) * /( +4+x2+22) ‘
1 2 x #1 2 2 -1{Z
=32 4 ln’m —|—4‘+4 tan (2>+C—2m 2In(z° +4) + 2tan (2)+C
22.;*é+§+i+—l)—— = 1=A4s(s -1+ B(s —1)* + Cs?(s — 1) + Ds>.

s2(s—1)2 7 s 82 s—1 (s—1)2
Set s = 0, giving B = 1. Then set s = 1to get D = 1. Equate the coefficients of s* to get

0=A+C or A= —C,andfinallysets = 2togetl =2A+1—-4A+4 or A =2 Now

/_is_:/{g+i_ 2 +__1_2 d3:21nls|—é—21n|5_1|—__si tC

s$2(s—1)2 s s s—-1 (s—1) 1
502 4+3c—-2 5z°+3x—-2 A B C . 5
23. = =—4+ =4+ —. tipl 2)t
x3 + 222 z? (z + 2) x+x2+$+2 Multiply by " (w +2) to

get 5z + 3z — 2 = Az(z +2) + Bz + 2) + Cz?. Set z = —2 to get C' = 3, and take

z = 0to get B = —1. Equating the coefficients of z* gives 5 = A+ C = A =2, So

52 + 3z — 2 2 1 3
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24.

25.

26.

27.
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> —z+6 2*-2+6 A Bzx+C . 2 2 9
P e el e —;+m.Multlplybyx(w +3) to get z* —z + 6 = A(z” + 3) + (Bz + C)z.

Substituting 0 for x gives 6 = 34 & A = 2. The coefficients of the 2*-terms must be equal, so 1 = A+ B =

B =1 —2 = —1. The coefficients of the z-terms must be equal, so —1 = C. Thus,

-z +6 2 —x-—-1 2 T 1
f 23 + 3z dm‘/(EJr a:2+3>dx“/<2_x2+3_x2+3)dm

=2ln|z|—%ln(w2+3)——l—tanfl—g—c—+C

V3 V3

= . _ 1 ;
(z-1)(a2+9) =z-1 + 219 Multiply both sides by (z — 1)(z® + 9) to ge

10 = A(x2 +9) + (Bz + C)(x — 1) (). Substituting 1 for z gives 10 = 104 < A = 1. Substituting 0 for z gives
10=94—-C = C =9(1) - 10 = —1. The coefficients of the 2°-terms in (x) must be equal, s0 0 = A+ B =
B = —1. Thus,

/ 10 dx_/1+—x—ldm_/1_w_1 ;
z-0@2+9) " " J\z-1"22+9)" T J\z=1 2+9 z2+9)%

=Injz — 1| — 3In(z® +9) — s tan ' (£) + C

In the second term we used the substitution v = 22 + 9 and in the last term we used Formula 10.

2’ +z+1 x> +1 T 1 1 [1 2

1 1 1
— -1 — J— — -1 — ———
= tan w+2< u)—l—C’ tan~ " x e 1)+C’

x3+m2+2x+1_Ax+B Cx+ D
(z2+1)(22+2)  x2+1 x2 4+ 2

. Multiply both sides by (z* + 1) (z® + 2) to get

2*+2°+20+1=(Az+ B)(2*> +2) + (Cz + D)(z* + 1) &
z® +2° 4 2z + 1 = (Az® + Ba® + 24z + 2B) + (Cz® + Dz* + Cx + D) &
22+ 2>+ 22+ 1= (A+C)2* + (B+ D)z + (2A + C)x + (2B + D). Comparing coefficients gives us the following

system of equations:

A+C=1 (1) B+D=1 (2
24+C =2 (3) 2B+D=1 (@

Subtracting equation (1) from equation (3) gives us A = 1, so C' = 0. Subtracting equation (2) from equation (4) gives us

3 2
o+ +2x+1 T 1 T 2
0, so Thus, I /(a:2-|-1)(:r2+2) dx /<x2+1+x2+2>d$ For/w2+1dm,letu ¢ +1

B : 11, 1 1, 1
sodu—2mdmandthen/$2+1dac—2/uduv 21n|u}+0~21n(a: +1)+C.For/——m2+2dm,use
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Formula 10 with ¢ = /2. So /—1———dac:/——1——§dg;:__tan—1i+c_
. $2+2 x2+

Thus, I = %ln(a:2 +1) + e o)

V2 V2

2?2 —1 A + B Cx+ D
(x—1)%x24+1) z-1 (z-1) 2+ 1

2?—20—1=Alz—-1)(z*+1) + B(z*+1) + (Cz + D)(z — 1)?. Setting = = 1 gives B = —1. Equating the
coefficients of z* gives A = —C'. Equating the constant terms gives —1 = —A — 1+ D, s0 D = A,

and setting x = 2 gives -1 =5A —-5—-24A+ A or A= 1. We have

2
¢ —2x—1 1 1 z—1 1 1 2 1
-~ dr= — - dr =1 -1+ —— =1 1 t .

/ x+4 dm-/ z+1 dx—i—/ 3 dm*l/(2m+2)dx+/‘ 3dx
22+4+22+5 ) 22+2x+5 2 +2z+5  2) 22422+5 (x+1)2+4
o 1 2 2 du where z + 1 = 2u,
;-2—11’1)1' +2$+5|+3/4—(UQ—+]) [ and do = 2du jl

:%1n(m2+2x+5)+gtan“1u+cz%ln(x2+2m+5)+—g—tan‘l(—m—gl)+C

322 +xz+4 3z + 244 _Aa:+B Cx+D

24+ 322+2 (22 + D)(22+2)  x2+1 z2+2

. Multiply both sides by (z* + 1)(z” + 2) to get

32° +z+4=(Az+ B)(z> +2) + (Cx + D)(z* +1) <«

32> + o +4 = (Ax® + Bx? + 24z +2B) + (Cx* + Dz + C2 + D) &

32 +x+4=(A+C)® + (B +D)a?+ (24 4+ C)x + (2B + D). Comparing coefficients gives us the following system

of equations:
A+C=0 (1) B+D=3 (@)
2A+C=1 (3 2B+ D=4 (4
Subtracting equation (1) from equation (3) gives us A = 1, so C' = —1. Subtracting equation (2) from equation (4) gives us

B =1,s0 D = 2. Thus,

(3P +z+4 . [zl —z+2
1*/x4+3x2+2dx_/x2+1dm+/m2+2dx
1 2z 1 1 2x 1
_§/x2+]dm+/x2+1dx—E/x——2+2da:+2/—————x2+(ﬂ)Zdac

1 T
iz +1|+tante—Lt|a?+2 +2-—tan_1(—>+C
2 | ‘ 3 ‘ | 2 V2

=1ln(z*+1) - iIn(z>+2) +tan™' 2 + V2 tan"" (z/v2) + C
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1 1 A Br+C 5
1. = = = —_ .
’ -1 (z-1)(z?+z+1) $—1+x2+w+1 = 1=A(@+et+l)+(Be+O)(z-1)

Take z = 1to get A = % Equating coefficients of 2 and then comparing the constant terms, we get 0 = % +B,1=

Wl
|
a

soB:—%,C:~

1 B 3 —zr—3 1 T +2
/;3——16&6~/w dx +/m2+w+1dw—3ln|x 1] 3 w2+x—l-1dw

-gln|x—1|-1/ 2w+1/2 dx—l/ (3/2)2d:c
3) 22 +z+1 3J (x+1/2)° +3/4

Wi

=

il

2 T+ 3
ijz -1 - it +2z+1 —l<—)tan_1 —Z)+K
3 Inf -3 ( ) -3 /3 \/§/2

tlnjz— 1| - tIn(z* +2+1) — 75 tan” (ﬁ(?xﬂ—l))%—K

32./1;dx:/1mdm_2/1_dw_
o % +4z +13 o 22 +4r+13 0o (+2)2+9

l 18‘d_y__2 1 3du wherey:.rQ+4w+13,dy:(2:c+4)d$,
2 )3 vy 2/3 9u2 +9 z +2=3u,anddz = 3du

33 Letu = z* +42% + 3, so that du = (42® + 82)dz = 4(z® + 2z)dz, 2 =0 = wu=3,andz=1 = u=38.

b+ 2 1/1 1 s 1
_— = e —_= — —_ — _l
Then/O P dz /3 u<4 du) 4[ln|u|}3 4(ln8 n3) =

3 S4+1) -1
u 7 :(1‘4-) _1 1 - A Bz +C
r+1 22—-z+1

Jklr—t
ooloo

- = 2_
z®+1 z3 +1 23+ 1 > = 1=A@*—z+1)+ (Bz+C)(z+1).

Equate the terms of degree 2, 1 and Otoget 0 = A+ B, 0= —-A+4+ B+ C,1 = A+ C. Solve the three equations to get
A=1,B=—-3andC =2

® 3 tr—2 2z — 1 1 dzx
e = - =z -1l P O
/x3+1dm /{1 21 s _Hde Toahlr ity /wz—xﬂdw 2/(:c—%)2+%

=z—itlje+1]+tln@®-—z+1) - 5 tan” 1(%(2x—1))+[(
35.;:é+3m+c+ Dz B = 1= A(z? +4)% + (Bz + C)z(x® +4) + (Dx + E)z. Settingz = 0

z(z?2 +4)2 =z 22+4  (x2+4)?
gives 1 = 164,50 A = %. Now compare coefficients.
1= t(z* +82% +16) + (Bz® 4+ Cz)(2* + 4) + Dz’ + Ex
1=:az"+ 3$2° + 14+ Ba' + C2® + 4Ba2® + 4Cz + D2” + Ex
= (& +B)z" +C2°+ (3 +4B+ D)a® + (4C+ E)z + 1
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SoB++4& =0 = B=-3,0=0,444B+D=0 = D=-%}ad4C+E=0 = E =0.Thus,
_ ﬁ+*1—1696+ 17 dw*—l—ln[|~i = In|2? +4‘—— Bl ¢
o(r2 4 4)2 r  a244 (2244)?2 16 16 2 2)x2+4

1 1 1
=—lInjz| - =In(@2®+4) + ———< +C
G n|z| = n(z? + )+8(w2+4) +

36. Letu = 2° + 52° + 5z, so that du = (5z* + 1522 + 5)dz = 5(z* 4 32 4 1)dz. Then

z* +32° +1 11 1 1,5 3
LT T = 2 Zdu) =21 = =1
/ms e /u<5 u) 5n|u|—}—C’ 5n’:r +52° 4 5z| + C

z? -3z 47 Ax + B Cz+D
37. R ey e oy = 22 -3z+7=(Az+B)(2* -4z +6)+Cz+D =

2?2 =3z +7= A2® + (—4A+ B)2> + (A - 4B+ C)z + (6B+D).So0A=0,-4A+B=1 = B=1,
6A—4B+C=-3 = C=1,6B+ D=7 = D =1.Thus,

z? -3z +7 1 z+1
I= | S————dr= d
/(:cz—4gc+6)2dm /<x2—4x+6+(x2—4x+6)2> v
1 r—2 3
_/(a:—2)2—|—2dw+/(x2—4m+6)2dx+/(:c2—4m+6)2dw

=1+ L+ Is.

1 1 -1 r—2
[1:'/(:B—‘2mdwzﬁtan (W)-}’Cl

1 20 —4 1 1 1 1 1
12_5‘/————($2—4$+6)2da¢_§/$du_§<_a)+C2___—2($2—4$+6)+C2

_ 1 _ 1 2 z—2=+2tan0,
I = 3/ [(:C _ 2)2 + (\/—2—)2]2 dr = 3/ [2(‘5&1120—\‘—1)]2 \/§SEC 6.do |:dx = \/§se620d9]

3\/_/360 04 3\/_/ s20do = 3\/_/ (1 + cos20) do

sect 6

3\/' 3v2 ., yfxz—-2\, 32 ,
= (6+ sm29)+03:—8—tan 1( 7 )+T(%-2s1n0c086‘)+03

32 _1<x—2> 3v2  z—2 V2 VE—dxt 6
= ——tan + . . + Cs x=2

8 V2 8 Vx2—-4x+6 22—-4x+6

[

3V2 fx—2 3(z —2) =
[ 2

3 tan <\/§>+4(m2—4m+6)+cs N
So I=L+DL+1s [C=C1+4Ca+ Cs

1 i (z—=2 -1 3v2.  _ [x—2 3(xz —2)

=R (ﬁ)+2(x2—4x+6)+ g tan <\/§>+4(x2—4x+6)+c

_(4V2 | 32 i fz-2 3(x—2) -2 CTV2, i fz—2 3z -8
_<———8 +——-8 )tan <\/§>+4(x2—4x+6)+c_ 3 tan 7 +4(x2—4:c+6)+c
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38 x3+2x2+3ac—2“ Az + B n Cz+ D N
(@420 +2)2 0 z2+22+2 (22422 +2)2

2 +22° 4+ 32 -2=(Az+B)(2* +22+2)+Cz+D =
23 +22% + 32 -2=Az* + (2A+ B)x? + 2A+2B+C)xz +2B+ D.
SoA=1,2A+B=2 = B=0,2A+2B+C=3 = C=1L1Lad2B+D=-2 = D= -2 Thus,

1_/x3+2w2+3x—2dw_/ x n z—2 e
N (z2 + 22+ 2)2 N 22 +2x+2 (224 2z +2)?
z+1 -1 z+1 -3
S L — 4 S S
/x2+2:c+2 m—i_/acz-i—2w+2 x+/(x2+2a:+2)2 x+/(az2+2w+2)2 o
=L+ I+ Is + 14

_ z+1 _[1/1 u=z+2z+42,| _ 1 2
Il—/——-——w2+2x+2dx—/a(2du> {du:Q(z+1)dw] =5 n|2" +22+2|+C

1 1 —1 z+1 -1
— - e = — 1
I, /(m+1)2+1da: 1tan < 1 >+Cz tan” (z+1) 4+ Ca

z+1 1 /1 1 1
I3 = _— = —_— = = —— = —
: / (2% 4 2z + 2)? de /u2 (2 du) u Cs 2(x? + 2z + 2) + 0

B 1 B 1 2 z+4+1=1tané,
1= [ e = [ e o L1

—3/—1—d0:—3/cos20d9=—g/(1+cos29)d0

sec? 0 ; -
=-3(0+ 3sin20) + Cy = —260 — 2(3 - 2sin6 cosb) + C4 Va2t 41
:_gtand(%l—)_%'\/z2x++2i+2'\/x2+12x+2+c4 : 1
:~gtan_1(x+1)—2(x—2(f_%+2)+04
So I=IL+L+Iz+1, [C = Cy+ Ca+ Cs + C4)
:%ln(xz+2x+2)~tan_1(x+1)—2—(m»;tan_l(w—f-l)—z(x::(—f_;_;_)’_—m—i—c
_—_%ln(x2+2:v+2)—gtan_l(x+1)—%—{—C
39. Letu = /z+ 1. Thenz = v? — 1, dz = 2udu =
e e T e e
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40. Letu = vz + 3,s0u®> = z + 3 and 2udu = dz. Then

/ dz */ 2udu _/ 2u du—/ 2u du. Now
2V +3+2 S 2u+@-3) ) w2+2u—-3 ) (u+3)(u—-1)

2u A + B
(u+3)(u—-1) " u+3 u-1

= 2u=A(u— 1)+ B(u+ 3). Setting u = 1 gives 2 = 4B, s0 B = 1.

Setting u = —3 gives —6 = —4A,s0 A = % Thus,

[ e [ ()

=fmlmfu+3/+shju—1+C=5In(vz+3+3)+iln|Vz+3-1/+C

4. Letu = \/z,sou? = z and dz = 2u du. Thus,

16 4 4 2 4
/ ':E@de:/ ﬁ%du:Q/ ;LTu——Zdu=2/ <1+u24 4>du [by long division]
9 - 3 - 3 - 3 -

4 du
:2+8/3 (u+2)(u—2) )

Multiply o 2)1(u o) =73 + 3 by (u+2)(u—2)toget1 = A(u — 2) + B(u + 2). Equating coefficients we
. 1 ~1/4  1/4 .
_ _ — ' _1 _1 _
get A+ B = 0and —2A + 2B = 1. Solving gives us B = ; and A 7,50 WID@-2) ut2 + Py and (%) is

(VS VB W Unfe 2] = 9| - )
2—1—8/ (u+2 2>du-2+8[-41n1u+2|+41n|u 2}]3*2+[21n|u 2l 21n|u+2|]3

4
J =2+42(InZ-In})=2+2mn32

[ Ju—2
=2+2]1
- [n u+2|],

=2+2mI% or 2+In(§)’ =2+

42. Letu = 7. Thenz = v®, dr = 3udu =

1 2 1
/ T \3/5 / 31u+d5 :/ <3u— + %) du = [$u? ~3u+3ln(1+u)]; =3(n2-3).
0 0

43, Letu = ¥22 + 1. Thenz? = u® — 1, 2zdz = 3u®du =

*dr (u3—1)%u2du_3 4 4
i " =3 (u™ — u)du

=320 -2+ O=2 (2 + 1) - 2(2*+ )Y+ C

44. Letu = \/z. Then z = u?, dr = 2udu =

BT V3w 2udu V3 du 1 1V3 r o
panpel el I sl =2ftan” u]y, 5 =2(5 - §) =
13 ¥4+ 1/v3 uttu /\/-u 241

w[a
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45. If we were to substitute u = \/z, then the square root would disappear but a cube root would remain. On the other hand, the
substitution u = V/z would eliminate the cube root but leave a square root. We can eliminate both roots by means of the
substitution u = V/z. (Note that 6 is the least common multiple of 2 and 3.)

Letu = v/z. Then z = 4, so dz = 6u® du and vz = u®, Vz = u?. Thus,

[t [t oo

= 6/ (u +u+14+ ——) du [by long division]

=6(3u* + 3 tut+lnfu—1)+C=2vVr+3V2+6Vz+6In

%~1|+C

46. Letw = 1+, sothatu? =1+ v,z = (u? — 1)%, and dz = 2(u® — 1) - 2udu = 4u(u® — 1) du. Then

V1i+Vz 4o ' 4
/ /uQ—] (u® —1)du = /u du%/( 2_l>alu.Now

4 A .
1wl + 71 = 4=A(u—1)+ B{u+1). Setting u = 1 gives 4 = 2B, so B = 2. Setting u = —1 gives

4= —2A,s0 A = —2. Thus,

4 2 2
- = s = du — 21n |u —
/(4+u2*1>du /(4 " 1+u_1>du dy —2Inju+1]+2nju -1 +C

—4 1+\/E—-21n(\/ﬁﬁ+1) +21n(\/1+\/5~1) .

47. Letu = €. Thenz = lnw, dx = du =
u

/ e*® dx _/ u? (dufu) udu _ -1 + 2 du
e 4+ 3¢ +2 | wu2+3u+2 (u—i—l)(u+2)7 u+1 uwut+2

T 912
:2ln|u—|—2|~ln|u+1|+C:ln(6;2)+C
e® 4+ 1
48, Letw = sinx. Then du = coszdx =
1 .
/.Zosacda-r _ du :/ du :/ 1 du — In +C=1n sinx
sin“ z 4 sinx u? +u u(u+ 1) U u+1 u 1+sinz

i 1 1
49. Let u = tan, so that du = sec? ¢ dt. Th sec dt= | —du= [ — = du.
et u = tant, so that du = sec” td en/tan2t+3tant+2 u2+3u+2du (u+l)(u+2)du

1 A B
N = = A 2 B 1).
0w(u—|—1)(u+2) u+1+u+2 =1 (u+2)+ Blu+1)

Setting u = —2 gives 1 = —B, so B = —1. Setting u = —1 gives 1 = A.

1 1 1
Thus,/mdu—/<u—+—l u+2>dualn|u+l|—ln[u+2|+C Inltant+l]fln|tant+2l+0
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e(l}

1
0. 1 =e% 50t —e®dr. T _ .
50. Let uw = e”, so that du = e” dx hen/ & (e 1) dz = /( CEE) du. Now

B . .
! A + ut © = 1=A’+1)+ (Bu+C)(u—2). Settingu = 2 gives 1 =54,50 A = £

w—2)w2+1) u—2 w+l

Setting u = 0 gives 1 = £ — 2C, so C' = — 2. Comparing coefficients of u” gives 0 = £ + B, so B = —1. Thus,

' 1 L —iy—2 1 1 1 u 2 1
—  _du= 55 S gu=r [ ——du—= [ = du— = d
/(u—2)(u2+1) v /<u~2+ w1l )T 25 15 et ™

=1ilnu-2[—1 i’ +1]—2tan'u+C

=1llnle” -2/ - 5 In(e* +1) - Ztan~ " e” + C

2z — 1
51. Letu:ln(mz—x-l-Z),dv:dx. Then du = PR fm+2

In(z® — z +2)dz = zln(z® —z +2) — 2332—_96dac—a:ln(:cz—a:—l—Z)— 2_|_~w;4_ dz
N 22 —2x+2 2 — x4+ 2

B - o [ 3e-1) __dz
=zln(e® ~2+2) -2 / x+2d+2/($*%)2+§

dz,v = z, and (by integration by parts)

) 1 ) 7 gdu wherex—%:lgu,
=zl - 2) — 2z — =1 — 2 = | —%— dz = 4L du,
zln(z® -z +2) — 2z 2n(:z: x+ )+2/%(u2+1) z = %L du

(@-$)+f=10+1
=(z—1)In@@® —z+2) -2z + VTtan ' u+C

2 —1
=(z—-YnE?—z+2)—22+VTtan' =—= 4+ C
(z - 3)In( ) 77

[SIE

5. Letu =tan 'z, dv=2dr = du=dz/(1+2°),v=

- 1 - 1 ? . L
Then / ztan ' zdr = 5:32 tan™'z — = / L dz. To evaluate the last integral, use long division or observe that

2/ 1422
©oa2? (A+z%)-1 z?
/1+x2dac—/ 1+x2 /ldx—/ 5 dz =z —tan” Yz + Ci. So
[ztan™'zdr = Jz°tan'z — L(z —tan 'z + C1) = 2(a’tan 'z + tan~ 'z —z) + C.
53. 0.05 From the graph, we see that the integral will be negative, and we guess
of ! 12 that the area is about the same as that of a rectangle with width 2 and
height 0.3, so we estimate the integral to be —(2 - 0.3) = —0.6. Now
1 B 1 A + B
22—2r—-3 (z-3)(z+1) 2-3 z+1
035 1=(A+B)x+A—3B,s0A=—-BandA-3B=1 & A=1
and B = —7, so the integral becomes
2 dx 1 (% dx 1 (% dx 1 2 1 z-3|]°
———— = - = =—|Injz -3 -1 ] ==11
/0 22— 273 4/0 -3 1), zr1 - allEodlmmlell] =7 [n z+1 ]0

= l(ln—;; fln3) = féln3w —0.55

4
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1 1 A B, C

54, = —+=+— = 1=(A+0C)2*+(B-24)2-2B,s0 A+C =B —-2A=0and

23 —2x2  22(zx-2) z 22 x-—2

—2B=1 = B=-31,A=—1and C = 3. So the general antiderivative Ofﬁ——l—z_ﬁ is

do 1 fdo 1 fde L[ do >
3 —222 4 T 2/ z2 4] z—-2
1
TR — ]

J'

o 1 xr— 2 1 f:’/ﬂ .
R s l+29:+0
. . . 1
We plot this function with C' = 0 on the same screen as y = P
dzx dx du
55'/:62—230—/(:0—1)2—1—/u2—1 [putu = — 1}
1 u—1 1 x—2
==1 ti ==1
2nu+1l+0 [by Equation 6] 5 1n '+C
56 2z +1)dx 1 [ (8z+12)dx 2dx
") 4x24122 -7 4 ) 4x2 4122 -7 2z +3)2 ~ 16
du
1 2 —
_Zln’éla: +12.’1?—7}*/u—271—6 [putu—2x+3]
=1ln|42® + 12z — 7| - $In|(u —4)/(u+4)[+C  [by Equation 6]
=214z’ +122 — 7| — 1 In|(2z — 1)/(2z + 7)| + C
57. (a) Ift = tan(%), theng = tan~' t. The figure gives
x 1 x t Ve
cos| = | = andsin{ — ) = .
(5)- i wsn(3) = 7om x
2
- N 2(ZY _
(b) cos:rfcos(2 2) 2 cos (2) 1 1
EPYARE TR ST T
S \vire TIre 1+
©) r_ arctant = x = 2arctant = dx = 2 dt
2 - T1te
58. Let t = tan(z/2). Then, using Exercise 57, dz = 2 dt,sinx = 2 =
. - . > g 3 - 1+t2 H - 1+t2
de 2dt/(1+¢%) 2dt _ dt
3—5sinz ) 3 10t/(1+1¢2)  J 3(142)—10t 3t2 — 10t + 3
B tan(z/2) — 3

1 1 3 . .
2 1 1 o B e
4/L~3 3t—1} dt = 3(Injt —3|—In[3t - 1)+ C 2 n'

3tan(z/2) — 1
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59. Let t = tan(x/2). Then, using the expressions in Exercise 57, we have

/ 1 dm_/ 1 2dt _2/ dt B dt
J 3sinz —4cosz 3( 2 ) 4(1—152) 1+ 3(2t) —4(1 —t2) ) 22 +3t—2

1+ 14 ¢2

_ d 12 1 L 1 |y [|using partial fractions]
) @-DE+2) 52t —1 5t+2 HSig partial fractions

1 |2t—1
1 — 1l = - = - -
5[1n|2t 1] 1n|t+2|]+c Sln‘t+2‘

2tan (z/2) — 1

1
C=zh tan (x/2) + 2

5

o

60. Let t = tan(z/2). Then, by Exercise 57,

/2 dz _/1 2dt/(1+1) _/1 2dt
w3 Ltsinz—cosz  J, s 1+2t/(1+2) - (1-2)/(1+12) ),z 1+12+2t—141¢2

or 1 ! 1 1 V3+1
/]/\/g[t t+1:| [n n(t+ )]1/\/5 n2 n\/§+1 " 2

61. Let ¢t = tan (z/2). Then, by Exercise 57,

% 14 8t(1 — t*)
™/2 sin 2z ™/2 2sinx cosx 12'1+t2'1+t2 2 ! (1+1¢2)2
[t [ isnsene [ TE 2 g [ OEPE
o 2+cosz 0 2+ cosz 0 1—t¢ 1+t o 2(1+¢8)+(1-1¢?)
2+1+t2

! 1—¢2 g =T
=/ 85— dt=
/0 (2 +3)(t2+1)2

— 2 -—
If we now let u = t2, then 1 -t = l—u = A + B + ¢
t2+3)(t2+1)2 (u+3)(u+1)2 uwu+3 u+l (u+1)

=

l—u=Au+1)?+Bu+3)(u+1)+C(u+3). Setu =—1toget2=2C,s0C = 1. Setu = —3 to get 4 = 44, so
A=1.Setu=0togetl =1+3B+ 3,50 B=—1.So

T8t 8t 8t 2 2 4
I= - dt = [4In(t> +3) — 4In(t? + 1) —
/o [t2+3 t2+1+(t2+1)2] [ n(t"+3) — 4+ ) =7y .

1

=(4In4-4In2—-2)— (4ln3-0-4)=8In2—-4In2—-4ln3+2=4In% +2

1 1 A  Bz+C 9
. = = - = . = 0 t tl = A.
62 Ttz o@D :v+ P = 1=A(@*+1)+ (Bzx+ C)z. Setz =0togetl = A. So

1=(1+B)2>+Cx+1 = B+1=0 [B=-1] andC = 0. Thus, the area is

1 (1 z 1 2 2 1 1
/1 x3+xd$:/1 Pl de = [In|z| - In|z* +1|]] = (In2 — 31n5) — (0— 1n2)

=2mn2-1In5 [or 1Ing|
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N | 3z +1
63. By long division, a2 -1+ Erpl Now

3z +1 3x+1 A B

f— = e— _— f— — = p— :1—0 f—
393—9:2_,@(3*9:)_14—3—96 = 3z+1=AB —2)+ Bz.Setz =3toget10 =3B,s0 B 5 Setz = 0to

get1=3A4,s0 A = £. Thus, the area is

a4l ’ 3 3 1 10 2
/1 Ey—— d:v:/1 (—1+;+3Vm)dw:[—w+§ln{m|— 5 In[3— z|]]

=(-24+3m02-0) - (-1+0-3PIn2) = -1+ In2

! 1 2 ! dx
. i I i = e = —_— T 1 he integral
64. (a) We use disks, so the volume is V/ 7r/0 LZ g 2] dx Tr/(; CESICTSIE o evaluate the integral,
1 A B C D

we use partial fractions:

(z 4 1)2(z +2)2 - z+1+(x+1)2 +ac+2+(x+2)2 =

1=A(z+1)(z+2)*+B(z+2)°+C(z +1)*(z +2) + D(z + 1)*>. We set z = —1, giving B = 1, then set
x = —2, giving D = 1. Now equating coefficients of 2> gives A = —C, and then equating constants gives

1=4A+4+2(-A)+1 = A=-2 = (= 2. Sotheexpression becomes

V—ﬂ'/l{ —2 + ! + 2 -+ ! :'dill*ﬂ'l:an
o lz+1l  (z+1)? (z+2) (z+2)°

—r[@emi-3--m2-1-H)] =20 +2) =r(3+h )

z+2 1 1)
z+1 z+1 x+2],

1 1
(b) In this case, we use cylindrical shells, so the volume is V' = 27r/ _Qx_dac~_ = 271'/ —iiiw——— We use
0o 2+ 3z +2 o (z+1)(z+2)
x A B

partial fractions to simplify the integrand:

- = (4 B.
(z+1)(z+2) x+1+x+2 = xz=(A+ B)z+2A+ B. So

A+B=1and2A+B =0 = A= —1and B = 2. So the volume is

-1 2 !
- —or|— 1
27r/0 [x+l+:c+2}dm 277[ Inlz + 1|4 2 In|z + 2| .

=2m(—In2+2In3+In1—2In2) =27(2In3 —3In2) =27ln 3

5. — L +S5 A

Flr 1P 5~ P (Tﬁ%——s‘ = P+S=A[r—1)P—S]+BP=[(r—1)A+B|P—AS =

(r—-1)A+B=1,-A=1 = A=-1,B=r.Now

= [renrmg = [ |7 emmrs) = [ B e ores

r

sot=—InP+ In|(r —1)P — S|+ C. Here r = 0.10 and .S = 900, so

r—1
t=—InP+ 55 1n|-0.9P — 900/ + C = —In P —  In(|—1/]0.9P + 900[) = —In P — % In(0.9P + 900) + C.

When t = 0, P = 10,000, so 0 = —In 10,000 — £ In(9900) + C. Thus, C = In 10,000 + 5 In 9900 [~ 10.2326], so our



SECTION 7.4  INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS I 609

equation becomes

10,000 1 9900
=In1l —InP+ 1Ll — L1n(0. —n 22 2, Y
t=1n10,000 — In P + $1n 9900 — & In(0.9P + 900) = In =+ 3 In 35P 500
W 10,000 | 1 R (. 10,000 N 1, 11,000
- P 9 7 0.1P+100 P 9" P+ 1000

66. If we subtract and add 222, we get
zl+1=2*+222+1—-22° = ($2+1)2 —2z? = (ac2+1)2 — (\/ﬁx)z
=[(=*+1) —V22][(z® + 1) + V22z] = (2 = V22 + 1) (2 + V22 + 1)

So we can decompose 1 __Az+B Czx+D
P .’E4+1 $2+\/§$+1 mz_\/ix—f—l

1= (Az + B)(2* — V22 + 1) + (Cz + D)(2® + 2z + 1). Setting the constant terms equal gives B + D = 1, then
from the coefficients of 2> we get A + C' = 0. Now from the coefficients of z we get A+ C + (B — D)2 =0 <

[(1-D)— D]x/i =0 = D= -;— = B= %, and finally, from the coefficients of 2> we get

V2(C-A)+B+D=0 = C-A=-L%

= = C=- % and A = %—5. So we rewrite the integrand, splitting the

terms into forms which we know how to integrate:

1 Lot N Lyl {2:34—2\/5 B 2:5—2\/5]
r4+1  2242z24+1 22—-V22+1 4V2 |22 +V22+1 22—\2z+1

_\_/'g[ 2042 2-V2 ] 1 1 1
T8 |22+ VRx 1l 22— 2x+1 4 1\% | 1 1\? 1
e e

. . dz V2 22 ++2z+1 V2 1 —1
Now we integrate: /3164_1_14Tln<ﬁj\—/_—2—m—+—1 +T[tan (\/ix+1)+tan (\/ix—l)]—i—C.

67. (a) In Maple, we define f(z), and then use convert (£, parfrac, x) ; to obtain

fz) = 24,110/4879 668/323  9438/80,155 n (22,098z + 48,935) /260,015

5z 4 2 2z +1 3z -7 2+z+5

In Mathematica, we use the command Apart, and in Derive, we use Expand.

(b) /f(m) do = 210 1nj5; 4 9]~ 888 Lipjog 4 1)~ 285 Ly (35 7]

4 de +C

1 22,098(z + 3) + 37,886
260,015 / (:IZ + %)2 + 1T9

— 28110 1 p)55 4 2| — 65

4879 323 % In2z + 1| -

stiss * 3 I3z — 7|

+m[22,098~%ln(m2+x+5)+37,886- %tan”( L (x+§))]+c

/19/4
=282 n|50 + 2| — B2 |2z + 1| - 8%114?5 In|3z — 7| + 2161(3?04195 In(z® + 2 + 5)

15772 i
+ 260,015+/19 tan [\/E (22 + 1)] +C

[continued]
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Using a CAS, we get

4822In(5x +2)  334In(2x+1) 3146In(3x — 7)

4879 323 80,155
11,0491In(z? + 2 4+ 5) = 3988 \/Et V19 924 1)
260,015 260,015 19 (2%

The main difference in this answer is that the absolute value signs and the constant of integration have been omitted. Also,

the fractions have been reduced and the denominators rationalized.

68. (a) In Maple, we define f(x), and then use convert (£, parfrac, x) ; to get

£ ) _ 5828/1815 _ 59,096,/19,965 " 2(2843z + 816)/3993 n (3131: —251)/363
T Ge-27  ta-2 22 11 e+’

In Mathematica, we use the command Apart, and in Derive, we use Expand.

(b) As we saw in Exercise 67, computer algebra systems omit the absolute

value signs in [ (1/y) dy = In|y|. So we use the CAS to integrate the

expression in part (a) and add the necessary absolute value signs and

constant of integration to get

/f(m) dr — — 5828 59,096In|5z —2| = 2843 In(222 + 1)
= 9075(5z — 2) 99,825 7936

503 » 1 1004z + 626
220 5 ) - LT 5D
* 15,972‘/_tan (V22) = 3551 5 7 ¢

(c) From the graph, we see that f goes from negative to positive at x == —0.78, then back to negative at x ~ 0.8, and finally
back to positive at z = 1. Also, limz 0.4 f(z) = co. So we see (by the First Derivative Test) that | f(z) dz has minima
atz ~ —0.78 and z = 1, and a maximum at z ~ 0.80, and that [ f(z) dx is unbounded as x — 0.4. Note also that just to
the right of = = 0.4, f has large values, so [ f(z) dz increases rapidly, but slows down as f drops toward 0.

J f(z) dz decreases from about 0.8 to 1, then increases slowly since f stays small and positive.

69. There are only finitely many values of = where Q(x) = 0 (assuming that () is not the zero polynomial). At all other values of
z, F(z)/Q(z) = G(z)/Q(x), so F(z) = G(z). In other words, the values of F" and G agree at all except perhaps finitely
many values of z. By continuity of F" and G, the polynomials F’ and G must agree at those values of = too.

More explicitly: if @ is a value of z such that Q(a) = 0, then Q(z) # 0 for all z sufficiently close to a. Thus,

F(a) = lim F(xz) [by continuity of F]

r—a

= lim G(x) [whenever Q(z) # 0]

Tr—a

= G(a) [by continuity of G]
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70. Let f(x) = az® + bz + c. We calculate the partial fraction decomposition of p /() 5~ Since f(0) = 1, we must have

(z+1)

_B_+ C n D + E
22 z+1 (z+1)2 (z+1)3

2
c=1.s0 flz) oz +b:c+1:§

2z 1 1)° 2w+ 1) . Now in order for the integral not to

+

contain any logarithms (that is, in order for it to be a rational function), we must have A = C' = 0, so
ax® + bz + 1 = B(z + 1)* + D2*(z + 1) + Ex?. Equating constant terms gives B = 1, then equating coefficients of

gives 3B =b = b= 3. This is the quantity we are looking for, since f’(0) = b.





