7.5 Strategy for Integration

1. Let u = sin z, so that du = cosz dz. Then [cosz(1 +sin’z)dz = [(1 +v®)du=u+ 3u*+C =sinz+ Lsin®z +C.

.. 3 . .9 . 2 . 2
sm- T SI- r smx 1 —cos”x)sinz 1-— u =

2. dx = ———dx = ____( ) dr = (—du) u Cos.z
COoSxT CcCOoST COST U .du = —sinz dx

=[(u—2L)du =3’ —Infu|+ C =1cos’z —In|cosz| + C

3. /wdxz/ SnL o, s dmz/(cosw+cscm)dx:sinx+ln|cscm—cotm|+0
tanx tanx  tanz

4 /tan39d9= /(86629—1) tan9d0:/tan0 sec29d0—/zm0d9

os 6
dv u = tané v = cos 8
u du — ’ ’
/ +/ v |du=sec®6d6 dv= —sin6d6

=1u*+Injv|+ C = Ltan®6 + Infcosf| + C

2 u 1 2(u +3) w=t—3 “1/9 6 61!
. ——dt = == = o= 4= = |21 - =
5 /0 = 3) dt 13 02 du I:du:dt ] /_3 (u+ u2>du {2 n |ul u] .

=(2In1+6)— (2In3+2)=4—2In3 or 4—1In9

6. Letw = 22, Thendu = 2zdzx = / vd =

T 1/ du __1_ 1 . T
V3—zF 2/ /3-uw2 2 V3 2 V3

- d 1 _arctany /4 - .
7. Let u = arctany. Then du = Y = / € dy:/ e du = [e"] M et e/,

1+ y? 1 142 —r/a /4
8. [@ cscx cotzdr Luzz’ dZ:CSZ:CZOtEdE’] = —zcscx — [(—cscz)dr = —xesca + Injescz — cot x| + C
uw = dx = —

3

u=Inr, gy = gy 3 3
9. [P r*inrdr |:du— s | = [gr°Inr]) — [ grtdr = 28 1In3 -0 — [57°]]
- -5

r

_ 243 (243 1\ _ 243 242
=% I3 - (% 25)“ 5 In3— 5
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x—1 x—1 A B
P —Iz-5 @@+l -5 +x+1 = 2z Az + 1) + B(z — 5). Setting z = —1 gives

—2=-6B,s0 B = % Setting x = 5 gives 4 = 6A4,s0 A = % Now

-1 ‘23 1/3 4
S R 4o /e _[2 B 1
/0 22 —4x — 5 . /0 (x—5+x+1>dx [BIn[ac 5|+31n|96+1|]0

=2lnl+4m5—-2In5—3Inl=—%In5

z—1 (x—2)+1 Uu 1
1. ————dx = — - R — —\d =2 —2 du=d
/?ﬁ—4m+5in /(m—m2+1aj /(u%+1+u2+1)7‘ [u=2 =2 du=dz]

i@’ +1)+tan ' u+C = In(z® — 4z +5) + tan™ " (z — 2) + C

x %du u =z, 1 du
12 [ —% gp= [ 2% -2 .
24+ a2+ 1 w2+u+1 |du=2zde 2 (ut+3)"+3
_1/ﬂ_ Do EESCICY e
) 3 (v2+1) du = %2 dv T4 3/ w241
:%tan_lv-FC:%tanfl(%(xz—%%))+C
13. [sin® 6 cos® 0 df = [ cos® Osin® fsinfdf = — [ cos® 6 (1 — cos® §)(—sin §) db

= — [uP(1 - u?)du {“”‘)59’ }

du = —sin 6 d0

= [(u" —v®)du=3u® - 3u®+ C = gcos®O— ¢t cos® 0+ C

Another solution:
sin® 6 cos = [ sin” @ (cos cos = [ sin — sin cos
in® 6 cos® 0 df in® @ (cos? 0)% cos 0 df in® 6 (1 — sin® ) cos 6 df
. 301 .2\2 u = sin, _ 31 _ 9,2 4
= [u*(1—u?)’du I:r’.'zt,:cos@de:l J (1 —2u® +u*) du
=[(u®—20° +u")du=3u* — Jub + 3u® + C = 1sin 0 — Lsin® O+ $sin® 04+ C
14. Letu = 1+ 22, so that du = 2z dx. Then
3 2
x x u—1 1 1/2 ~1/2 172 3,0 1/2
=11+2?)¥? - (1422 +C [or $(2® —2)VI+22+C]

15. Let x = sin 0, where —5 < 6 < Z. Then dz = cos 6 df) and (1- w2)1/2 = cos b,

SO

dx [ cosOdf 2 _ _ x
/(1—1:2)3/2 _/(COS9)3 —/sec 9d«9—tan0+C—\/1—__m2+C
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V2/2 2 w/4 s 2 — sing
16./ T dx:/ sin ecosede |:u sin 6, }
0 0 cos

V19— x2 du = cos 0 df
— [T L1 —cos20)d0 = 1[0 — Lsin20]7t = L[(2 - 3)—(0-0)] =2 — %
~Jo 2 =2 2 o —2l\7 72 ~ 81
. U =2, dv = sin® z dz,
17. [zsin® zdx a . L L
du=dr v=[sin®zde=[35(1—-cos2zx)dr=jz— 5sinzcosx

— 1,2 l.g _ Lol

=35z s sinz cosx f(zm 2smaccosa:)dx

=12° — lasinzcosz — 12° + isin’z + C = 12 — Losinzcosz + Lsin®z + C

Note: [sinzcoszdr = [sds=3s"+C [wheres=sinz, ds = coszdaz].

A slightly different method is to write [ zsin®zdz = [z - (1 — cos2z)dz = § [@wdr — % [ 2 cos2x du. If we evaluate

the second integral by parts, we arrive at the equivalent answer 22 — 2z sin 2z — £ cos 2z + C.

1ol Ll —l2t
1+u2—§tan u+C = ztan” " (e”) + C.

%(262t)dt¥/ +du

2t
. Letu = e, du = 2¢? dt. Then | ———n0 dt — ==
18. Letu = e*', du = 2e*" d en 1+e4td 1+ (ex)?

19. Letu = €”. Thenfe“”em dx = feeme“r dv = fe'du=¢€e"+C= e +C.
20. Since e? is a constant, [ e®>dr = e’z + C.

21, Lett = V', so that t* = x and 2¢ dt = dz. Then [ arctan Vzdz = [arctant (2t dt) = I. Now use parts with

_r

e dt, v = t2. Thus,

w=arctant, dv = 2tdt = du =

t2 1
I =t®arctant — / Tr e dt = t? arctant — / (l — T—T—F) dt = t® arctant — ¢ + arctant + C

= zarctan vV — vz + arctan Vz + C [or (a:+1)arctan\/_—\/5+0}

22, Letu =1+ (In ac)z, so that du = 21% dx. Then

————l—ni~——d1::l/—1—du:l(2\/a>+C———\/1+(ln1’)2+0.
z 2) Vu 2

1+ (Inx)?
2. Letu =1++Vaz. Thenz = (u—1)2,dz = 2(u — 1) du =
8
(14 VE) do= Pt 2w 1) du=2 [P0 ) du = (20 -2 Jul]P = 102 0 L2

24, Letu = In(z® — ),dv=dx < du= mTzci—l, v = z. Then

/ln(a:g—l)dm:xln(wz—1)—/1,2296_21‘11’:3”111(392*1)*/{2+GT132(7;T)

=xln(ﬂc2*1)*/{QJr;—i—T—xil}dm:xln(mg—l)—Qm—lnlm—l\—l—lnierlH-C
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3z° =2 67 + 22 A B
25 2% —2 _ g, 0%rTes o _ _4), Setti
P R 3+(w—4)(x+2) 3+x 4+ —3 = 62 +22= A(z + 2) + B(xz — 4). Setting

x =4 gives 46 = 64,50 A = % Setting x = —2 gives 10 = —6B,s0 B = ——g. Now

27
/xffz:cifsdm:/(g*?-/—i 5132)”1””‘3“231“"”—4! Snfo+2]+C.

3x® —2 [ du u=2"—-2x—-8,| _ 3
26'/m3—2x— dx = / [du~ 352 —2)d] =Infu/+C=n|s® - 20 -8+ C

27. Letu:1+ez,sothatdu:e’”da::(u—1)dw.Then/—1—da:=/l- du =/ ! du = I. Now
1+e® u u—1 u(u — 1)

! :é+ B = 1=A(u—-1)+ Bu.Setu=1togetl =B.Setu =0toget]l = —A,s0 A =—1.
uu—1) w  u-—1

Thus,I:/ <—1 + L) du=—-Inlul+Inju—14+C=—-In(l+€”)+Ine” +C =z —In(l +€%) + C.
Another method: Multiply numerator and denominator by e~ and let w = e~ ® + 1. This gives the answer in the
form —In(e™® + 1) + C.

28. fsin\/a_tdt:fsinu~%udu [u = Vat, u? = at, 2udu = adi] =%fusinudu

= %[-u cosu +sinu] + C'  [integration by parts] = —2+/at cos vat + 2 sin vat + C

:—2\/gcosm+%sin\/a+0

S3w—1 5 7 5
29, - ~ L N dw=[3w- =157l 1
9/0 —dw /0<3 w+2)dw [3w 71n|w+2]]0 5—7In7+7In2

=15+7(In2—1In7) =15+ 7Iln 2
30. 2> — 42 < O on [0,4], so

2
/ ]x2 —4z| dx = ff2(z2 —4z) dx + f02(49c —z?)dx = [§w3 - 21‘2]0
—2

2
+[2$2—%x3}0
=0-(-$-8)+(8-5)-0=16

31. As in Example 5,

i+z Vit 1+z dz rdx .1
dr = ——— dx = e e —_— —V1—-z2+C.
[V /\/1—— == Vite Tt [ ot [ e e VI

Another method: Substitute u = /(1 + z)/(1 — z).

4
*u2+4)du

=u—4-3tan ' (3u) + C =220 - —2tan ' (322 - 1) +C

2z + 3 u2 +4 u? =2z — 1, udu =dz

32/\/2:r :/u~udu [uz\/ﬂ—_l,zz+3=u2+4,] :/(1
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3B.3-2x—al=—(?+2c+1)+4=4—(z+1)° Letz +1=2siné,

where —75 < 0 < 7. Then dx = 2 cos 6 df and 2 .
+
f\/372x—m2dx :f\/4f(x+1)2dx:f\/4f4sin202c059d9 7
=4 [cos®0df =2 [(1+ cos26)db Ja— (12
Y S
— 20 +8in 260 + C = 20+ 2sinfcosf + C =V3-25-x
B Y yea—)
= 2sin 1<_x—;—l>+2_xﬁ2—l. 3 22m T .c
:2sin_1(m+l> TIER Wy oy Sl
2 2
3 ™21 {4cotx | /211 +4cosx/sinz) sinz . /2 sin;r+4cosxdm
" Jaja 4—cotx ~ Jaja | (d—cosa/sinz) sinzx " Jpja 4sinz —cosx
- 4 id u = 4sinx — cosx,
- 3/v3 U u du = (4cosz + sinz) dz
4 3 4 4
=[mful] _=l4-z=In——==n -\/§>
[ [ 3/V2 V2 3/v2 (3
35. Because f(x) = 2® sin « is the product of an even function and an odd function, it is odd.
Therefore, fil 28sinzdr =0 [by (5.5.7)(b)].
36. sindx cos3x = %(Sinx + sin 7z) by Formula 7.2.2(a), so
[ sindz cos3xdz = 5 [(sinz +sin7z) dz = § [~ cosz — 1 cosTz] + C = —§ cosz — {5 cos Tz + C.

3. 7 cos? 0 tan®0d0 = [ sin®0d0 = [T/* 1(1 —cos26)dd =[50 — Lsin20]7/ = (2 1) ~(0-0) =2 1

38. for/4 tan® 0 sec® 6df = [7/* (tan? 0)2 sec 6 - sec tan 6 df = flﬁ(zf —1)%u? du [

u = secf,
¢}

du = scc B tan 6 df
= flﬁ(ué‘ — 2ut 4 u2) du = [u7 — 2o + Lu?])

~(3VE-§VE+3VE) - -3+ 1) = B VE- 5 = (12 4)

39. Let u = sec 6, so that du = sec @ tan 6 db. Then/w—dﬁz/ ! du:/—l—duzl. Now
sec? 0 — secd u? —u u{u — 1)

1
—:é—k—B = 1=A(u—-1)+ Bu.Setu=1togetl = B.Setu =0togetl = —A,s0 4 =—1
ufu—1) v  wu—1 '

Thus, I = /(_71+ﬁ> du=—Infuj+Infu—1]4+C =In|sechd — 1] —Injsecd| + C [or In|l — cos0| + C.

40. 49° —4dy —3=(2y —1)> —2%,soletu =2y —1 = du=2dy. Thus,

/ dy _ / dy 1 / du
Vi —4y -3 VERy-1)2-22 2] Vu?-22
=21ln ‘u +Vu? — 22 ' [by Formula 20 in the table in this section]

-2

:%1n}2y—1+\/4y2—4y~3’+0
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4. Letu =0, dv = tan?60dh = (sec29 - 1) dd = du=dfandv =tanf — 6. So

J6tan®6df = 0(tanf — 6) — [(tan6 — 0) d = Otan6 — 6> — In |sec O] + $6° + C
=0tan6 — 26° — In|sec| + C

1 1
42, Letu:tan_lm,dvzﬁdac = du= dm,v:—;.Then

14+ 22

tan~ !z 1 1 1 1 1 A Bzx+C
I= =—= - ——Jdz=——t = d
/ = dx xtan x /( x(1+x2)> m . an m—l—/(m + 1+w2) m

1 _ A Bx+C
z(l+22) =z 1+4+2?

= 1=A(1+2>)+(Bz+C)z = 1=(A+B)2>+Cx+A,50C=0,A=1,

and A+ B=0 = B = —1.Thus,

I:—ltan_lx—i—/(—l—— a )dx:——]—tan_]a:—f—lnm—lln‘l—i—x?}—l—C
T T 2

z 1422
tan" ! T
= - +In +C
T \/302—}-1'

-1
Or: Letx = tan (9, so that dx = se02 0 df. Then / tanxz z dx = /% Sec2 0do = /QCSCZ 0df = I. Now use parts

withu =6, dv = csc?0df = du=dh,v=—coth. Thus,

I=—6cotf — [(—cotf)df = —fcotf + In|sinf| + C

J2+1
1 x tan~ !z x
=—tan"'z -4 In|—m—|+C=— + In +C X
x 932-!—1‘ z \/xQ—}—l' f

1
43. Letu =1+ ¢, so that du = e” dz. Then [e” I+ e*dz = [u'?du=2u*? + C = 2(1+¢")*? + C.
Or: Letu = /1 +e®,sothatu? = 1+ €® and 2udu = e” dz. Then

fe“\/l+e“‘dm:qu2udu:f2u2du:%u3+0=§(1+e’)3/2+6’.

44. Letu = /T + e*. Thenu? = 1 + €%, 2udu = e” dz = (u*> — 1) dz, and dz = %du, )

: 2u 2u? 2 1 1
/\/l-l—e dm—/u'u2_1du_/u2_1du_/<2+u2—l)du—/(2+u—1_ﬂ+1)du

=2ut+lnju—1-Inju+1+C=2yIT+e+In(vVI+er—1) —-In(vVI+e*+1)+C

45. Lett = 2> Then dt = 32°dx = [ = falc5e_””3 dz =  [te™"dt. Now integrate by parts with v = ¢, dv = e~ dt:

I=—e ' +1fetdt=—1te " —te?+C= ~%e‘z3(x3 +1)+C.
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46 1+sinx_1+sinm 1+sinx_1+2sinx+sin2m_ l—|—2sin:c+sin2x7 1 2sinx sin? x
"1—ginz l—sinz 1+4+sinz 1 —sin?z - cos? T cos?x  cos?xz  cos?z

=sec®x + 2secx tanx + tan® x = sec? z + 2secx tanx +sec’z — 1 = 2sec® x + 2secx tanz — 1
1+sinz 2
Thus, li.dx = [ (2sec” x4 2secx tanxz — 1) dz = 2tanz + 2secx — z + C
—sinz

47. Letu = x — 1, so that du = dx. Then
[a*(z—1)"*de= [(u+ 1) v du= [(u®+3u®+3u+ Dudu= [(u™" +3u>+3u"?+u"*)du

=hnul-3u" —3u? 2w +C=hnjz—1|-3x-1)"-2@@-1)7?-tz-1)"°*+C

1 2 2 2
4 -~ rdr gdu 1 |u—a _ 1 Ja'—a
48. Letu = z°. Thendu = 2z dz = /x4—a4 7/u27(a2)2 = 1o In e +Ci4a2 In o + C.
49 Letu=+vVAz+1 = v’ =4dz+1 = 2udu=4dr = dm:%udu.SO
1 tudu du u—1
——dx = 2 :2/ =2(HNIn|—| +C by Formula 19
/x\/élx—l—l v /i(uQ—l)u u?z —1 (2)nu—|—l * [by Formula 19]
n Vdr+1-—1 ‘C
Vidr+1+1
50. As in Exercise 49, let u = 4z + 1 Then/ / 2udu —B/L
' ' - ' xz\/4x—+_ [$(u? ]2u; (u? —1)*
Now ! = ! _ A + B + ¢ + D =
w? —-1)?2  (u+1)2(w—-12 w+1l (u+1)2 u—-1" (u—1)2
l=Au+1)(u—1)>+Bu—-1)+Clu-1)(u+1)*+Du+1> uv=1 = D=3 u=-1 = B=1.

Equating coefficients of u® gives A + C' = 0, and equating coefficients of 1 gives 1 = A+ B -~ C +D =
1=A+1-C+31 = 1=A-C.SoA=3andC = -3 Therefore,

[t e e

:/{uil +2(u+1)—2—%+2(u—1)*2] du

2 2
= 2futll = ooy m 2= gm0
2 2
=2In(v4z+1+1) — —2Inl\V4z+1-1| - — + C
n{vis ) Vdr+1+4+1 afViz | Viz+1-1

5. Let2z =tanf = z = %tanf,dz = 3sec®0dl, vda? + 1 =secd,so

/ / —sec 0do /sec@
T \/4902 Ltan0 secd tan @

= —1Injcsc O+ cot 8| + C for In|csc® — cot O] + C]
\/4m2 Vdz? 41 1
or ln T — % + C

df = /csc@d@

+C

617
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52. Letu = 22. Thendu = 2zdz =

dx B rdx 1 du _1 l_ u _1 1 2
/m(w4+1)_/w2(a:4+1)_Q/u(u2+1)_2/[u u2+l]du—21n|u| sln(u + 1) +C

4
=1In(z®) — $In(a* + 1) + C = 3 [In(z*) — In(z* + 1)] +C=lln< a )—I—C

4 zt+1
3
Or: Write[:/——z—dx—— and let u = 2.
z4(z* + 1)
53 2 . h( )d _i 2 h( )_3 h( m)d u=z?, dv = sinh(mz) dz,
. T smn(mx)axr = mm cosn{mx m x cosn(m X du = 2z da v=%cosh(mz)

= imz cosh(mz) — 2 (#m sinh(maz) — 1 [ sinh(mz) d:r) [ U=  dV = cosh(mz) dﬁ’]
m m m

dU = dz V= % sinh(maz)

1, 2 2
=z cosh(mz) — ¢ sinh(mz) + —3 cosh(mz) + C

I

84. [(z+sinz)® dz = [ (2° + 2zsinz +sin’ z) dz = $2° + 2(sinz — xcos z) + 4 (z — sinz cosz) + C

%ze‘ + %x+25inx — %sinxcosa: —2xcosz + C

55. Letu = vz, so that z = u? and dz = 2u du. Then/ dw :/ 22udu :/ 2 du =1
z+zVr u? +u?-u u(l+u)

Nowﬁ :—3-%% = 2=A(l+4u)+Bu.Setu=—1toget2=—B,so B=—2.Setu =0toget2 = A.

Thus,f:/<3——-2—>du:21n1u|—21n|1+u|+o:21n\/5—21n(1+\/5)+c.
u l4u

56. Let u = vz, so that z = u2 and do = 2u du. Then

dz 2udu 2 1 1
= = du=2tan " 'u+C =2tan"* Vz +C.
/\/E+m\/5 /u+u2-u /1+“2

57 Letu = ¥z +c. Thenz = — ¢ =

[z ¥z tedr=[(u®—c)u-3u’du=3[(u® —cu®)du=2u" — 2cu* + C=3(z+¢)"/® - 2c(z+c)** + C

58. Lett = /22 — L. Then dt = (z/v2% —1)dx,2* — 1 =t>, 2 = V12 + 1,50

zlnz 1 2 . 2
I= | ——=dzx= [ 1In t2+1dt=—/lnt + 1) dt. Now use parts with v = In(¢“ + 1), dv = dt:
- v 3 [mE+ p (& +1)

t? 1

_1 2 _ 1 2

I=3tln(t* +1) —/mdt_ stin(t* +1) —/ {1— t2+1} dt
=2tln(®+1)—t+tan ' t+C=v2? —1lnz - vVa> =1+ tan 'Va? =1+ C

Another method: First integrate by parts with w = Inz, dv = (z/ Va2 -1 ) dx and then use substitution

(x =secOoru=+22—1).
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59. Let u = sin x, so that du = cos z dx. Then
[ cosx cos®(sinz) dx = [cos® udu = [cos®u cosudu = [(1 — sin® u) cosu du
= [(cosu — sin® u cosu) du = sinu — % sin® u + C = sin(sinz) — 1 sin®(sinz) + C

3 3

60. Let 22 = sec 0, so that 2dxz = sec tan 0 df. Then

/ da [ 3secftanfdf [ 2tanfdf 9
ovie =1 ) Tee6vee8 -1 ) secf tand Nrrea
=2 [cosfdf =2sinf+C f
- 1
7 72
:2-—M+C:—\/4—_"E————1+C
22 x
61. Lety:\/.;sothatdy:2\1/_dx = dr =2Vxdy = 2ydy. Then
x

. _ 2 — oY
/\/;eﬂdw:/yey(Zydy):/2yzeydy {U72y’ dviede’]

du = 4y dy v=eY ]

0.2y v U = 4y, dV = e¥ dy,
=2y°e /4ye dy [dU:Lde vee |

= 2y%e¥ — (4ye¥ — [4e" dy) = 29%e¥ — 4ye¥ + 4e¥ 4+ O

:2(y242y+2)ey+C’:2(90—2\/5—&—2)6\/5—0—0
62. Letu = /x. Thenz = wd, de = 3uldu =

dr [ 3u’du 3 [ 2udu 4 2 3 2/3
/x+\3/§_/u3+u_§/u2+l_5m(u +1)+C=2n(="""+1)+C.

63. Let u = cos® z, so that du = 2 cos x (— sinx) dz. Then

sin 2x _ 2s8inx cosx o 1 _ _1 . 1 2
/md%—/mdl‘—/m(—du)—vtaﬂ u+Cf~tan (COS x)JrC

64. Let w = tanx. Then

7 ltan a)de (P intan o) g (Pl
/W/4 sinx cosx x4 tADT 1 “

[SIE

(lnu)z];/g = %(ln\/g)z = %(lnB)g.

dn . Nrs oy
65'/\/m+\/5“/(\/x+—1+\/5' — )dm—/(\/x+ —x/E)dm

= 2@+ 1)%2 - :c-’*/?} +C

° ? 2 1
66./—1£—+—1—,,du:/ 1+——Qi+—1 du:u+/ SR du=v+2In|u—1|—In|ul+ = + C. Thus,
ud —u? (u— 1u? u—1  u u? U

S ut41 N 11° ' 1
du = u+21n(u—l)——lnu+aJ =(3+2In2-In3+ 1) - (24+2Inl—-m2+3)
2

3 2
w U 2

:1+31n2—111377é:%+1n%
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67. Let z = tand, so that dz =sec’0df,z =3 = 60 =2Z,andz=1 = @ =2 Then

V3 3 /3 /3 2 /3 2
/ Vit dm:/ 36029 sec2€d9:/ secO (tan’ 6 + 1) d9:/ (sec9 tan 6+ sec >d0
1 /4 ™ ™

x2 tan? 6 /4 tan2 6 /4 tan? tan® @
/3 w/3
:/ (sec O + csch cot ) do = [ln|secl9+tan9| fcscé] ,
/4 w/4

= (24 V3]~ &) - (In|v2+1] - v2) = vV2- F +]n(2 + V3) —In(1+ V2)

68. Letu = ¢”. Thenz = Inw, dz = dufu =

dx _ du/u _/ du _ 2/3  1/3 i
1+2%—e* [ 1+2u—1/u [ 2u2+u—1 21 w+tti|™

=12y -1 - iInju+ 1|+ C = 3 In|(2e” ~1)/(e” + 1)| + C

-3

69. Letu = €”. Then z = Inw, dz = du/u =

e’ u? du u 1 .
/1+emdx /1+uu /1+udu /( 1+u)du u—Injl +ul+C=€"-In(l +e")+C

70. Use parts with u = In(z + 1), dv = dz/z*:

/Mdoc:filn(mﬁ—l)—i-/x(ﬂj:*éln(ﬁﬂ-l)-&-/[l*—l—}dﬂv

x2 z+1 z xz+1

:-iln(mﬁ—l)—l—lnbﬁlfln(x—l—l)—{—C:A<1+%)ln(oﬁ+1)+ln|x}+0

71. Let § = arcsin x, so that df = ﬁdm and z = sin §. Then
ﬁﬁ%dm:/(smG—l—G)dG:~c059+%92+0 ! )
= —/1—22+ —zl-(arcsin )2+ C 0
JI-x2
4107 (4% 10° [ ey, 20 BT
72./—20C dw—/<§+2m>dmv/(2 +5)da:~1n2+ln5+c
7, ! A Bt O A ) 1 (Bot C)(w—2) = (A~ B)a? 4+ (C— 2B)a+ (44— 2C),

(x—2)(22+4) z—2 z%2+4

So0=A+B=C-2B,1=4A—2C. Settingz =2gives A=§ = B=-tandC=-3.S0

1 o § T8 i\, L[ de 1 [2wde 1 [ du
(x —2)(x2+4) z—2 z2 +4 " 8) x—2 16) x2+4 4] 22+4

= tInjz — 2| — 75 In(z® +4) — L tan "(2/2) + C




SECTION 7.5 STRATEGY FOR INTEGRATION I
78. Letw = 2 + V2, so that du = ! dx. Then
2V
dx /Qdu / 4 2 3 2
—_— = [ =2y du=—cu "+ O = ——
/\/;(24—\/5)4 ut 3 302+ vz)°
75 Lety = /14 e%,sothat y? = 14 ¢, 2ydy = e da, e® = y*> — 1,and = In(y® — 1). Then
/ﬁdx:/l_n_y___l)@ydy):2/[ln(y+1)+ln(y71)]dy
V1 +ex Y
=2[(y+Dlny+1) —(y+ D)+ y—-ny—1)—(y—1)]+ C [by Example 7.1.2]
=2[yln(y+1)+In(y+1) —y—1+yln(y—1)—In(y—1) -y+1]+C
=2y(ln(y+1)+In(y—1)) +In(y+1) = In(y — 1) —2y] + C
+1 \/—
=2|yln(y? —1) +1n ¥ 72}+C:2{\/1+emlnem T+er|+C
{y (y* =1 - Y (e”) + N AT
\/1+€ +1 \/1-1-6 +1
=2x+v1+e*+21In —4/1+er+C=2(x—-2)/14+e*+2In +C
76. [(2® — bx) sin2zdx = —3(2® — bx) cos 2z + § [(2z — b) cos 2z dw
[u=a® — bz, dv = sin 2z dz, du = (2z — b) dw, v = — 3 cos 2z

= —1(2® - bx) cos2z + 3 [3(2z — b) sin2z — [ sin 2z dz]
{U =2x —b,dV = cos2xdx, dU = 2dx, V = %sian]

= —1(2® — bz) cos 2z + ;(2z — b) sin2z + % cos2z + C
77. Letu = 2°/? so that u? = 2® and du = 32/ dz = Vadx = 2 du. Then

idw: iduzztan"lquC:gtan_l(:v:‘p)—l-C
1423 14+ u? 3 3 .

sec T cos2x secx cos2x 2cosx 2cos 2z
78. —dx = - . de = | ————————— dx
sinx + secx sinx +secx 2cosz 2sinzcosx + 2

2cos2x w = sin 2z + 2,
= [ ——dx = du

sin 2x + 2 du = 2 cos 2z dz
=Inju|+ C =1lnlsin2z + 2|+ C =In(sin2z 4+ 2) + C

79. Letu =z, dv =sin’ xcoswdr = du=dzr,v= %sin3 x. Then

2z cosxdr = l3v51n331:—f—31n xdr = 3xsm a:——f (1 — cos® x) sin x dz

3

_ 1 . 3 1 2 u = cos T,
_gajsm m+§/(l—y)dy I:du:—sina:dac:|

:%msin3x+ yA—y +C— xsm m—i——cosw—gcos z+C

J asin
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sinx cosx sinx cos sinx cosx
80 | ———————dx = dx = d
/ sinz tcosta / (sin® x)2 + (cos2 z)2 v / (sin®z)2 + (1 — sin? z)?2 v
1 1 |- u = sin® x,
= 53— | 5du L
U +(1—u)2 2 Ldu—Qsmm cos z dx
1 1
/4u2—4u+2 “ /(4u2—4u+1)+1 “

o 1 1 1 y=2u-—1,
_/\2u_1)2+1dUA2/y2+ldy [dy=2du }

=stan 'y+C=3tan '2u—1)+C = Ltan™'(2sin’z — 1)+ C

Another solution: sinx cosx d (sinz cosz)/ cos® z tanz sec? x de
z = - — [ 2R o
(sin* z + cos* )/ cost tan? z + 1

_ 1 1 du u = tan®z,
B uz+1\2 du = 2tan z sec® z dz

1tan ' u+C = tan!(tan’2) + C

sin? z + cost z

81. The function y = 2ze® does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral.

[(22* + De*” do = f2gc2e$2 de + [ e dr = fm(2xe“”2) dx + fe'”2 dzx

2
22 22 2 =z, dv=2ze” dzx, 2
= ge” —fe“" dac%—fegC dx [u x V= awe z] =ze® +C

du = dx v=e*



