SECTION7.8 IMPROPER INTEGRALS (I 647

7.8 Improper Integrals

1. (a) Since [ 1°° x*e™ du has an infinite interval of integration, it is an improper integral of Type 1.

(b) Since y = sec z has an infinite discontinuity at z = 7, fow/ *seczdrisa Type II improper integral.

2
(c) Sincey = has an infinite discontinuity at x = 2, / z dz is a Type II improper integral.

x
(x —2)(z—3) 0 2 —bxr+6

0
(d) Since / 15 dz has an infinite interval of integration, it is an improper integral of Type 1.
x

—oo

. 1. . ? .
2. (a) Since y = T defined and continuous on [1, 2], / dz is proper.
- 1

2c—1

(b) Since y = 5 !

1 dz is a Type Il improper integral.
T —

1
has an infinite discontinuity at x = %, /
o 2x—1

. sinx P . L . .
(c) Since / 12 dz has an infinite interval of integration, it is an improper integral of Type I.
x
—OoC

(d) Since y = In(a — 1) has an infinite discontinuity at z = 1, ‘[12 In(x — 1)dz is a Type II improper integral.

3. The area under the graph of y = 1/2® = 27> between x = l and = = # is

Alt) = [{ 273 de = [—ém”]i =2t —(-3)=3-1/(2t°). Sothearea for 1 <z < 10is
A(10) = 0.5 — 0.005 = 0.495, the area for 1 < 2 < 100 is A(100) = 0.5 — 0.00005 = 0.49995, and the area for
1 < 2 <1000 is A(1000) = 0.5 — 0.0000005 = 0.4999995. The total area under the curve for z > 1is

lim A(t) = lim [3—1/(2¢%)] = 3.

t—o0

4. (a)

0 - 10 100

(b) The area under the graph of f fromx = 1toxz =tis
t Py | G@)

10 | 2.06 2.59
=-10(t7%' — 1) =10(1 — t7°%) 100 | 3.69 5.85
10* | 6.02 15.12
10 | 7.49 | 29.81
100 | 9 90
10%° | 9.9 | 990

F(t)= [} flz)de = [{ 2™ do = [~ a1

and the area under the graph of g is

G(t) = flt g(z)dx = flt 790 dy = [ﬁmo'l}i =10(t"" - 1).
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(c) The total area under the graph of f is tlim F(t) = tlim 10(1 — t_o‘l) =10.

The total area under the graph of g does not exist, since tlim G(t) = tlim 10(t% — 1) = 0.

o 1 t 1
5./= | —— dr= i . _ 4N

/1 Get12 T %), B2 T

S 11 1 1

—  —dr=:[ —du [u=3c+Ldu=3ds] = - +C=—-o—" +C,
/(3w+1)2 . 3/u2 U fu= 3241 du=3de] 30" 3Garn T C

1 ’ 1 1 11

— lim || —lm | = | =04+ == —. C t

sol tliné]o[ 3(3x+1)]1 tiTo{ e E AT ST IR onvergen

0 1 . 0 1 . 1 0 . 1 1
6. /wmdaﬁ:tkr—noo \ 2x—5dm:t—l}l;noo[§ln|2x_5”t :tlifgo [§ln5—§ln[2t—5|] = —OQ.

Divergent

-1 —1
7./ L dw= lim L _gw= tim [-2v3=w],"  [u=2 wdu= —dv]

0o V2 —w t——oo [, 2—w t——o0

= lim [-2v3+2V2-1] =co.  Divergent

. [ —® iy = lim Cpm L[] L g (2 +1
’ o (;1;2 +2 T i—oo (m2 t—oo 2 |22 + 2 + 2 2 tmoo \ 12+ 2 + 2 2
=3(0+3)= %. Convergent

t
9. [Ce v dy= Jim [ie ¥ 2dy = Jim [—26_?!/2}4 = lim (=272 4 272) =04 272 = 2¢72.
Convergent

10. f:olc e ?dt = lim f e ?'dt = lim [—%e"Zt];l = lim [-3e®+ 3¢ ?] =oco.  Divergent

T— —00 T——00 T——o00 2

” /'°° rdx _/0 T dx +/°° T dx and
o I+ o1 +a? fy 14 a2

DB Bm(14a))] = lim [0— 11+ )] = Divergent
m1+x2_t_}r_noo[§ n(1+a%)], —t_}f_noo[ —2In(1+¢%)] = —oo. ivergen

2.7 = [% (2-vdv=1+T = [° _(2-v")dv+ [°(2—v") dv, but

L= lim [2v— lv5]0 = lim (—2t+ £t°) = —oo. Since 1 is divergent, I is divergent, and there is no need to
t——o0 5 t t——oo 5
evaluate /. Divergent

13. [ ze™® dz = f_ooo ze™® dx + N ze~®" da.

fi)m ze™® dz = lim (—%) [6—12]0 = lim (—?l) (1 — e‘tz) = ~% 1= a%, and
t

t— —oo t— —o00

f0°° me“"g dz = lim (—%) [e‘”2 ' = lim (k%)<e_t2 — 1) = —% (=1 = %

t—o0 0 t—o0

Therefore, [ ze™® dx = —z+3=0. Convergent



14.

15.

16.

17.

18.

19.

20.

21,

22
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S e tim [ = im [ e 2a w=vE ]
L deslim [ mde= i e 2du) ey 2 v |

Vi
=2 lim [—e‘“} =2 lim (~e“/’? + e’]> =2(0+e7t) =2e7" Convergent
i

t—oo t—o0

[o2 sinf df = Jim [y, sinfdo = Jim [— cos 6] ;ﬂ = lim (—cost + 1). This limit does not exist, so the integral is

divergent. Divergent
oo 0 oo . 1 . 0 . 1 .
I=[% cosmtdt=1I+1I= [ cosmtdt+ [ cosmtdt,butl; = lim |=sinwt| = lim (——sinnt | and
T ™

§— —00 s 8§— — 00

this limit does not exist. Since I; is divergent, [ is divergent, and there is no need to evaluate /5. Divergent

N

o0 t 12z +2 t
/] s+l dx = lim/1 %daz:%t@g [In(x2+2x)}1:ltgrgo [ln(t2+2t)—ln3] = 00.

Divergent

> dz , T 1 . z+1\1"
— —— = limn — ——1|dz= lim |ln
o 2243242 tooofy |z4+1 242 t—oco z2+2/)],

= lim {ln(i—i——l> - ln<l>} =lnl+In2=1In2. Convergent

2

[} t
— . - . — — by integration b;
se %" ds = lim se* ds = lim [—1se > — £e ] v tteer Y
0 t—oo [ t—00 parts with u = s
. 1 —5t 1 —5t 1 1 > PR
= tlin;lo (—gte — 35€ + —2-5) =0—-0+ 3% [by I"Hospital’s Rule]
- L
= 5. Convergent

6 6 6 . .
/ re’’*dr = lim re”®dr = lim [37"6’"/3 — Qer/BJ {by integration by }

t——o0 [, t——oc0 ¢ parts with u = r

= lim (18e? — 9¢* — 3te!/® +9¢!/%) = 9> —0+0  [by I'Hospital’s Rule]

t— —00
= 9¢?, Convergent
t 2
*“Inz . Inz)? itution wi . (Int .
/ — dz = lim ﬁ_l by substitution with = lim (Int) = o0. Divergent
1 x t— 00 2 N u=Inz,du=dz/z t—00 2

T=[% 2 do=1+1=[° 2% do+ [;°a*e™" dz. Now

t et
. 3 —a 3 - 1 u= w4’
I2 = tli)I{.]o . X e v dx = 111'1‘210 o € “ (Z du) [du = 4:123 dil':|
— 1 lim [-e‘“]t4 — 1 Lim (—e*“‘ +1) =3;0+1)=}
41500 0 41— ‘ v

—_—x

Since f(z) = 2®e * is an odd function, I; = — 1, and hence, I = 0. Convergent
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2
3/9

+
.’17 d.’E u:xa
9+ 26 |du=3z%dz

%) 172
SO 2/ =% dr =2 lim
0 9 + x t— 00 0
Convergent
oo x i
24. / 26 dr = lim
o €% 43

~5G-9)-

0 2
T
m:/_m9+w6dm

t

t—oo fg (ez)2+(\/§)2

ersd 1'2 oo .’E2
dr =2 e
+/0 9+ 20 " /0 9+ a0 "
_ [ 3 [u=3 ] _
T 9442 |du=3dv|

= étan‘1 v+C = %tan‘l(g)

dr = lim

[_1_
t—00 \/g

™\ _ m/3
A

5(3dv) 1 dv
9+902 9

3
+C = %tan_l (%) +C,

2 3 t
dr = 2 hm ! = tan~! z
+ x6 oo | 9 3 o

z e
arctan —

V3

Convergent

[since the integrand is even].

1422

P | e 2 7m0z
—2hm§tan <§>_9-2_9.

t—o0

v t
] = ——1~ lim (arctan £__ arctan ~1—)
0 VAR V3 73

%5 [Tt g tm [ =L g tm [ uta u=lnm oy L
" J. z(lnz)3 T . z(lnx)3 S = ! YO au=dese | TN T 202 1
1 1 1 1
=lm |-———+=|=0+===. Convergent
oo t
26. / Mdz: lim Mdm Let u = arctanz, dv = __mi{x___ Then du = __im_’
o Aradr TR, T ey T+ o7 e
v—l/ 2zdx  —1/2 and
T2/ (T+x2)2 14 a2’
/marctanwdm¥_l arctanz 1 dz z = tané,
(14+22)2 7 2 1422 2/ (1+22)2 |doe=sec®0do
NIEE S
¥larctanx +1/5&:(:20d49 p X
2 1422 2 [ (sec?8)?
(4
_ larctanz | 1 2 1
=T +2/cos 0do
larctanz 6  sinf cosf
T3 iaae tat T €
1 arctan x 1
=32 4arctanm+41+m2+0
It follows that
/oo x arctan x de — lim larctanx+1arctanx+ 1 =z ¢
1+$2)2 T Do 2 14 x2 4 41+£C2
. 1 arctan 1 t 1 =« s
:tliglo <-§m—+4arctant+4l+t2> =0+Z'5+0:§. Convergent
L 31 3 1
27. ——dm% lim Sm_sdm: Im [-—| =—= lim (11— =] =o0. Divergent
) t—o+ eot | 4zt |, 4 50+ t4



28.

29.

30.

3.

32

33.

34.

35.
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3 ¢
1 . —1/2 . 172]" .
dz = 1 3— do = lim [-2(3 )] =2 lim (VI=1-VT)=-20-1)=2
[ e i [[@-2) o= i [-206 2], = -2 i (VETE-VE) =201
Convergent
14 14 14
dx . ~1/4 . 4 3/4 4 . 3/4 3/4
~ 1 ) iz = lim |=(z+2 =3 lim 16— (¢ +2)*]
fovmm [ e g2 =gt 18-
=2(8-0)=2. Convergent
S SR S5 g T s oo [1 1] .
. 6P v = lim t 4(z - 6) ¢ = lim [—2(z - 6)77], __2¢LII(I;]+ Cr R T =o00.  Divergent

3ﬁ7/0d—1'+/
_21'4_.—21:4 0

/1 dv /t dx
0o V1—22 t—=1-Jo V1 —22

There is an infinite discontinuity at z = 1. f033(m — 1) Yodx = fol (x — 1)~ Y% da + ff’S("c —1)7® dz. Here

fy@=1"de = lim [i(@~1)"/>de = lim [g(x - 1)4/5] = lim [g(t 1) g] -

1

Thus, [2*(z —1)7"/%de = -5 + 20 = 2.

3
dx
,—'p_4 , but

[B(@-1)"Y5de = lim ftaa(m -

t—1t+ "

/Od—x— lim —Q t
V2m4_c—>o— 3 ] 5

. =1 t . .o—1 m
= lim [sm x]oz lim sin” "t = —

t—1— t—1-

t—1+

Convergent

f(y) = 1/(4y — 1) has an infinite discontinuity aty = 1.

1 1
1 1
dy = lim /
/1/4 dy —1 (/e 4y

1 1
1 .
S0 / dy diverges, and hence, /
. 0

1/4 dy—1

-1 t—(1/4)+

1
4y — 1

1_/3 dz B
" Jo x2—6z+5

1
N

L

A
+

dx !
m~1)($45):h+[2:/0 (

B

M-z ->5)

x

-1 =z

-5

)75 de = lim {%(m»

dy diverges.

EEEEY

Convergent

t

0 t—1—

t t—1+

t—(1/4)F

Divergent

= lim [ ! f—l—} = o0. Divergent

10—

5
vy and

1)4/5}33 = lim [2-16- §(t - 1)¥°] =20,

dy= lim [ﬁln|4y~1|]:: lim  [$In3— $In(4t —1)] = oo,

Setz =5togetl =4B,s0 B=1.Setz =1toget1=—44,50 A= —%. Thus

t s 1 1
4 i )dz = li
<$—1+$—5>I —_

lim [(=ilft—1]4+3m|t=5]) - (—3In|-1]+ In|-5])]
m

I] = lim

t—17 Jo

=00, since lim (—3In[t—1]) = oo.
1—1-

Since I is divergent, I is divergent.

1 1
{—Zln|x— 1]+ Zln|x—5|}

t

0

dx 3 dx
m~1>(m—5>+/1 @=D@—-5)

= 1=A(x-5)+B(z-1).

36. f:/z cscxdr = tEI:l_ f;/z cscxdr = ,;ET— [In|cscz — cot | ]}, )5 = tl_igl_ [ln(csct —cott) —In(1 — 0)}

lim In

t—m

(

1 —cost

sin ¢

> = 00. Divergent
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0 1/ . 1/t B
37./ ew de=tim [ XeV*. Ldz— lim ue" (—du) ["‘W’ ]
_ X

1 3 1—0— 1T 2 t—0~ J_1 du = _dz/$2
— i _ uy—1 use parts T o1 l _ 1/t
- tli%l— [(u 1)6 ]1/L [or Formula 96] - 52%1_ |: 2e <t 1)6 :'
2 -1 2
:—g— lim (s—1)e* [s=1/t] =-=— lim 5 L 2 lim —
e 5— —00 e s——oo0 e~ S e s——00 —e~ 9%
2 2
=——-0=—--. Convergent
e e
1 1/ 1 1 B
38 / +dz= lim lel/z : ——15 dr = lim ue" (—du) u =1/ 2
0o T t—0t J, T x t—=0% J 1y du = —dz/x
R _ wll/t use parts T l_ 1/t
B tEIé]-;- [(u 1)6 ]1 LrFormula 96] B tll,lgl+ [(t 1>6 0]
= lim (s —1)e* [s=1/t] =o0. Divergent
§— 00

integrate by parts
or use Formula 101

3 2
39. 1= foz 22 lnzdz = tEIgl+ sz ZInzdz = tEIgl+ [%(Zﬂnz - 1)} [
¢

s [8 1,3 _ 8 1y 3 _8 8
:tli%l+ [53In2—-1) — 5t°(BInt—1)] =3In2—-3 *—gtlj& [’Blnt—1)] =§n2- & —
. _ 3lnt—1wu . 3/t ‘
— 3 — = — 3y —
Now L= lim [i*(3Int ~1)] = lim ===g—= = lim —277 = lim (~1%) =0.

Thus, L=0and/ = £In2— % Convergent

40. Integrate by parts withu = Inz, dv = dz/i/z = du=dz/z,v=2/z.

Yng . Yng . 1 b de . 1
/0 —\/_;dx_tli%lJr L Edm—thrgl+<[2\/;lnm}t—2/; 75)-{2%1+<~2\/Zlnt—4[\/;]t)

= lim (—2VtInt—4+4vt) =4

t—0t

. . . Int u . 1/t .

since tEI(I)l+ Vilnt = tl_lgl+ v tE»I(l;l+ Er=TEy) = tlirg1+ (-2 \/Z) =0. Convergent

4. y Area:fjooezdx: lim [ele =e— lim el =e
t——o0 t——00
. x=1
y=e

0 i x

42.

t—o0

t
Area = [ e /2 dz = —2 lim [e‘w/Z] = —2tlim e/ 4 2e = 2¢
— —00
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[ele} oo T
43, Area:/ Ldm:2-2 —-l—dw:4lim ——]—dac
oo X249 o x2+9 t—oo Jo 2+ 9
1 z]t 4 t 4 7 27
=4 lim |ztan™' = | == li o0 =2 o=
s {3 an 3}0 3 1o [tan 3 0} 3273
0.3 Bl T t T t
N\ . _ . _ . 1 2
44, 1 ] ) Area—/0 552+9d$7t1inolo : m2+9dm—t¥g§o[§ln(m +9)]0
1 y=——, x>
x*+9
¢ =3 lim [In(¢* +9) ~In9] = o
! L S — Infinite area
=0.1
45, Area = [?sec’zdr = lim ‘sec?zdr = lim [tanz)’
Jo t—(m/2)~ Jo 1 (m)2)— [ Jo
= lim (tant—0)=o00
t—(m/2)~
Infinite area
3
46 Area‘/o;dm~ lim /0—1—dm~ lim [2vz+2]
' oV +2 t——2%Jy Vx+2 t——2t t
= lim (2v2-2v+2)=2v2-0=2V2
t——2
-3 + 1
| )
x=-2 -1
sin? z
47. (a) - 9(z) = —;
t J; 9(z) dx z
It appears that the integral is convergent.
0.447453
0.577101
10 | 0.621306

100 | 0.668479
1000 | 0.672957
10,000 | 0.673407

sin® z

(b) -1 <sinz <1 = 0<sin?z<1 = 0< —

1 .. ° .
< —. Since — dz is convergent
x 1z

* sin? x
22

[Equation 2 with p = 2 > 1], / dx is convergent by the Comparison Theorem.
1
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Since [, f(x) dx is finite and the area under g(x) is less than the area under f(z)

on any interval [1,¢, [ g(z) dz must be finite; that is, the integral is convergent.

10
8. () o(z) = ———
t [y g(z)dz Ve -1
5 3.830327 It appears that the integral is divergent.
10 6.801200
100 | 23.328769
1000 | 69.023361
10,000 | 208.124560
(b)yForz >2, /x> /r—-1 = L < 1 Since /oo L dx is divergent [Equation 2 with p = £ < 1]
o NS W AN i
' /2 \/51_ 7 dx is divergent by the Comparison Theorem.
(¢c) 25 Since [, f(x) dx is infinite and the area under g(x) is greater than the area under
N

f(x) on any interval [2,¢], [ g(z) dz must be infinite; that is, the integral is

divergent.
2+ 20
L )
-0.5
49, Forx > 0 _r < :C ! o dx is convergent by Equation 2 with 2>1,s0 - dx is convergent
. - , = = —dx = ) - X
3 4+1 "z a? 1 x? & v P 1 x4+ g

x

1 o 1 0o
by the Comparison Theorem. /0 3339: 1 dx is a constant, so /0 -xsx? dr = /O P dx + /1 ;U?x:—l— dz is also

convergent.

50. Forz > 1, 27 ¢ - 2 / !
X

. 1 o . .
p > [sincee™ > 0] > put / p dx is divergent by Equation 2 withp = 1 < 1, so
1

/ 2 +; dz is divergent by the Comparison Theorem.
1

z+1 z+1 T 1 *© ) . . 1 . .
51. F L, flz) = —— > = ==, (x)dx d b th ~ dx, which d
orz > 1, f(x) e > Nl SO /2 f(z) dz diverges by comparison wi /2 — da. which diverges

by Equation 2 with p = 1 < 1. Thus, [{° f(z)dz = [ f(z)dx + [;° f(x) dz also diverges.
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arctan x 2
52. For x > 0, arctanx < s < 2,80 reean

5 e <2+ez<e—m-:2e . Now

t—oo 0 t— o0 t—o0

*° —z ¢ —z —x 2 . .
I = / 2¢ " dxr = lim 2e " dz = lim [-‘26 ]g = lim <_g{ + 2) = 2, so [ is convergent, and by comparison,
0

 arctanx , .
————— dx is convergent.
0o 2+e*

sec? z 1

> ——=. Now
zVz x3/2

53. For0 < z < 1,

1 1 1
I:/ 23?4 = lim | 27 %%dz = lim, [—293‘1/2] = lim (—2+
0

t—0t J; t—0

) = o0, so [ is divergent, and by

<

sec2 X

1
comparison, / is divergent.
o zVz

.2
54. For0 < x < 1,

I= / = dz = lim ¢ % dr = lim [2(1:1/2]7r = lim (27r -2 \/1_5) = 21 — 0 = 2m, so [ is convergent, and by
0o vV t—0+ Jy t—0+ t  t—0t

. ™ sin’ z .
comparison, dx is convergent.
o Vz

55 /00 de —/1 do +/°° do —1im/1—————d‘” +lim/t——————dw Now
o VEQt+a) o Va(4az) )i Ve(taz) ot ), Ve(l+z)  tme )y Vz(l4a)
dx 2udu u =7z v = u? du -1 -1
= ' =2 = =2t
/\/5(14-90) /u(1+u2) { dr = 2udu ] /1—|—u2 2tan” u+C tan” vz + C, s0

1

e dx . 1 . —1 i
[} i =t VL o

= lim [2(5) - 2tan” V] + Jim [2tan~'VE-2(5)] =5 ~042(35) - § =~

56 /oo de —/3 de +/°°—d‘”_——lim/3—dx +lim/t————dx Now
"o xxZ 4 2 zVz?—4 3 xy/2E—4 o2t [y xa2—4  t—oo fy xofa? 4

_dz [ 2secf tanfdd © = 2sec 6, where L
cvVz2 —4 | 2secf2tanf |[0<6<m/2orm<O<3w/2|

e dx . - 3 . - - o _ -
| o = tim (s (3]} 4 Jim [§sec™ (30)], = hsee™ (3) ~ 0+ (5) ~ dsec™ () = 5

t—2



656 [ CHAPTER7 TECHNIQUES OF INTEGRATION

1 dz 1

57. If p = l,then/ —

o P t—ot f, T t—0t

i
5

|

1
é‘.‘
3
=,

!
8

Divergent.

dzx

1
Ifp # 1, th =
p#1, en/oxp

1
d . . . .

lim s [note that the integral is not improper if p < 0]

t—ot J; axP

—p+1 71
= lim |2 — lim 1
t—o+t [—p+1], tsor1—p tp—1

Ifp>1,thenp—12>0,s0

Il

— oo as t — 07, and the integral diverges.

tr-1

pr<1,thenp71<0,so—-1———>0ast—>0+and _— =

L dx 1
tp—1 o P 1—p

. e
Jip, (1-#7)] = 1

Thus, the integral converges if and only if p < 1, and in that case its value is 1

58. Letu = Inz. Thendu =dz/z = __d_x_p = / % By Example 4, this converges to
. z(lnx) 1 ouP

1 .
11f10>1

and diverges otherwise.

59. First suppose p = —1. Then

1 1 1
/ 2’ Inzdr = / B2 e~ tim 2 e — lim [%(lnx)ﬂl = —2 lim (Int)*> = —o0, so the
0 0o T t—o0t S, T t—0t t 1—0t

integral diverges. Now suppose p # — 1. Then integration by parts gives

. P+l 2P Pl Pt Co1f b
2’ Inzdr = Inz — dz = Inz—- ———=+C. Ifp< —1,thenp+1<0,so
/ ! prl /p+1 p+1 (priyp P g

1 pt1 p+1 L _ 1
/ 2P Inzde = lim | = Ing — — = ! 5 — ! lim (P {lnt— —— )| =0
0 t—ot | p+1 p+1)2], (p+1) p+1) 10+ p41

Ifp> —1,thenp+1 > 0and

-1 1 . Iné—-1/(p+1)n -1 1 . 1/t
' 2P Inzdr = - ] il _ b —— 1t
Jo a Inw e (p+1)? <P+1>ti?+ t=p ) P r12 \p+1) 20 —(p 1)
-1 -1
= T ——
R PR e T R E

Thus, the integral converges to — 5 if p > —1 and diverges otherwise.

1
(p+1)

60. (a) n = O: / 2"e Pdr=lim [ e “dx= lim [—eﬂ']é =lim [-e " +1]=0+1=1
0

t—o0 0 t—oo t—o00

oo 1
n =1 / e “dxr = lim xe” “ dx. To evaluate /me_“ dzx, we’ll use integration by parts
0

t—o0 0

withu =z, dv=¢"de = du=dx,v=—e".

So / ze Tdr = —ze ¥ — /—ef"c de = —ze * —e " +C =(—x—1)e”" + Cand

i

Jim. ; xe Cdx = Jim [(—z - l)e’z]; = Jlim [(—t—1)e " +1] = Jim [—te™t —e "+ 1]

0—0+1 [uselHospital’s Rule] =1
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o5} ]
n=2: / z"e " dr = tlim z?e™" dz. To evaluate /xze*x dz, we could use integration by parts
0 —>Jo

again or Formula 97. Thus,
t , L
lim [ z?¢ %dz = lim [—2z?e™*] 4+ 2 lim [ ze ®dz
t—o0 0 t—oo 0 t—o00 0
=0+0+2(1) [use’'Hospital’s Rule and the result for n. = 1] = 2

t T

o0
_ . 3 — 97 ;. 3 —gt . 2 —
n = 3: 2"e Fdr = lim z’e " dz = lim [—z°e "] +3 lim e " da
0 t—oo 0 t—oo 0 t—oo 0

=0+0+ 3(2) [use I’Hospital’s Rule and the result forn = 2] =6
(b) Forn = 1, 2, and 3, we have f 0°° x"e” % dx = 1, 2, and 6. The values for the integral are equal to the factorials for n, so
we guess [~ z"e™" dx = nl.

(c) Suppose that [ z*e™" dz = k! for some positive integer k. Then [ zFtte™ do = Llim fot zF e dg.

To evaluate [ z"1e™" dz, we use parts with u = 2", dv = e ™ dz = du= (k+1)z"dz,v = —e".

So [2F e dr = —aF e ™ — [ —(k+ 1)z*e ™ dz = —z"e ™ + (k+1) [ 2¥e ™ dz and

lim [ z""'e™" dz = lim [—:rk“e_z]; + (k+1) lim J)zFe " dx

t—oo t—o0

= lim [-t*F*'e™ + 0]+ (k+ Dkl =0+ 0+ (k+ 1)! = (k + 1),

t—o0

so the formula holds for k£ + 1. By induction, the formula holds for all positive integers. (Since 0! = 1, the formula holds

forn = 0, too.)

61. (a) I = ffoooxdx = f_oooxd:c—l-foooxdw, and fooomdx = tlim fotxdx = tlim {%xz]é = lim [%tQ — 0] = 00,

—00 t—o0
so [ is divergent.

(b) fitxda; = [%xz]it =112 - 12 = 0,50 tlggo fitazdx = 0. Therefore, [%_zdz # tlin(r)lo fi: zdx.

M = 4 3/ © 3 k2 : : 2

62. Letk = —— sothatt = — k ve dv. Let I denote the integral and use parts to integrate /. Let o = v~,
2RT VT 0

kv?.

a5 =ve " dy = da=2vdv,f=—pre

. Lo pe? ! / —kv? ;5 t L 2 —kt? 1. 1 g2
- - v - | - =
I = lim [ ol € L_'_k.o ve dvg 2]{:le (t e )—I—kLhm 2ke

t—oo

_ 4 1 2 2 2v2+RT 8RT
Thus, 7 = —k%/2 . — = — - _ '
ves 262 (km)Y%  [xM/ (2RT)]*? VM ™™

© /1\? ) ¢ da _ 1] ) 1
63. Volume = T — dr = 7 lim ——2:7r11m ——| =7lim ({1—--) =7 <o0.
1 x t—oo [1 T t—o00 €T 1 t—o00 t
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t
60, Work = [ EM™ b pm GM ™ dr = lim GMm {Zﬂ = GMm lim <—1 + 1) GMm - here

R T‘ t—o0 t-»00 R t—oo R R
M = mass of the earth = 5.98 x 10** kg, m = mass of satellite = 10% kg, R = radius of the earth = 6.37 x 10° m, and
G = gravitational constant = 6.67 x 10~** N-m?/kg.

6.67 x 1071 .5.98 x 10%* . 10°

37 % 10F ~6.26 x 10'0 J.

Therefore, Work =

= lim GmM (—1— - 1) = GmM . The initial kinetic energy provides the work,

65. Work = / Fdr = hm GmM
Jr R t R

t—o00 t—o00

s0 2muvg GmM = v \/———ZGM
3Mvy = R 0 = R

66. y z(r)drandz(r) = 3(R—7)* =

R \/ — g2
RT(R_T')2 R.,r,3_2RT2+R2T

y(s) = lim dr = lim ——

t—sT t 1/’]"2 — ,32 t—st ¢ vV 7"'2 - 82

R 3 R 2 R
— lim { rdr g7 A g —de—} = lim (I, — 2RI + R°I3) = L
t

g /72 _ g2 /=) g 2 _ g2

ForIi: Letu = V72 —s2 = u? =r%—s% 1% =u? + 52 2rdr = 2u du, so, omitting limits and constant of

t—s

integration,

2 .2
jlz/wdu:/(u2+5 )du = % 3+s2u:%u(u2+332)
u

=3V =2 (r? — $* +35%) = 2Vr? — 2 (r° + 257)

For I5: Using Formula 44, I, = \/ — 82 + m}r +VrE =2 |

ForI3: Letu=17%2—3%> = du=2rdr Thenls == /E——i 20 = \/r? — 52,
Vu  ?
Thus,

R
L = lim {%vr2—52(r2+25 —2R< vr —s2+ ln]r—i-\/ —s2|>+32\/r2:§§}
t

t—st

Il

2
lim k«ﬁt:m32+%a_zR<§¢ﬁr:§+%wqR+vﬁ7r?¢)+R%ﬁﬁt§ﬂ

t—st

3

" 2 bl
— lim [l\/tz — % (t* +25%) —2R<%\/t2—32+ %—ln|t+\/t2—32 |) +R2\/t2~52J

t—s™
= [3VR? = 2 (R? +25°) — Rs’In|R+ VR2 — s || — [-Rs’In|s]]
2m<R+vﬁT??>
s

1VR?* = 2 (R? + 2s%) — Rs
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67. We would expect a small percentage of bulbs to burn out in the first few hundred hours, most of the bulbs to burn out after

close to 700 hours, and a few overachievers to burn on and on.

(@) vy

0 7(I)0 t
(in hours)

(b) r(t) = F'(t) is the rate at which the fraction F'(t) of burnt-out bulbs increases as ¢ increases. This could be interpreted as

a fractional burnout rate.

(©) 57 r(t)dt = lim F(z) = 1, since all of the bulbs will eventually burn out.
xr—00

(ko [ k] o ok 1 s\ (1
68.I—A te dt—slllgo [k‘2 (k‘t 1)6 ]0 [Formula 96, or parts] —51220 {(kse k26 2 .

Since k < 0 the first two terms approach O (you can verify that the first term does so with ’Hospital’s Rule), so the limit is
equal to 1/k*. Thus, M = —kI = —k(1/k?) = —1/k = —1/(—0.000121) ~ 8264.5 years.

o 1 . ¢ 1 . -1 7t . -1 -1 7 -1
69.[:/a w2+lda::t13&ax2+1dz:tll)n°1°[tan x]a:tglgo(tan t—tan 'a) =% —tan = a.

<0001 = ZI-tan'a<0001 = tan'a>Z-0001 = a>tan(Z —0.001) ~ 1000.

0. f(@) = e and Az = 430 = 1,

J2 f(z) do ~ Ss = s55(£(0) + 4£(0.5) + 2£(1) + -+ - + 2f(3) + 4£(3.5) + f(4)] ~ 1(5.31717808) ~ 0.8862
Nowz >4 = —a-x<-z-4 = e <e ¥ = f4°°e'm2 dx < f4°°e’4’”dx.

[ e dz = lim [~1e4]! = —1(0— e7'%) = 1/(4¢'®) ~ 0.0000000281 < 0.0000001, as desired.

4 —00

() oo —stm —sn
7. (a) F(s) = / ft)e *tdt = / et dt = lim [_e ] = lim (e + %) This converges to % only if s > 0.
0 0

n—o0 S 0
Therefore F'(s) = —i— with domain {s | s > 0}.
(b) F(s)= / f(t)e ™ dt = / e'e™*" dt = lim =) dt = lim [—1—6“1_3)}
0 0 n—oo 0 n— oo 1—5 0
o e(1~s)n B 1
- n1—>n<:o 1—s 1—-s

This converges only if 1 — s <0 = s> 1, in which case F(s) =

! 1 with domain {s | s > 1}.

(©) F(s) = [y° f(t)e ™t dt = Jim Jo te~*" dt. Use integration by parts: letu =t,dv =e *'dt = du=dt,

_st n -
v:—es . Then F(s) = lim {—Ee*“—ie‘“} = lim ( n_ 1 +0+ —1) :8—120nlyifs>0.

n—oo | 8 52 o n—oo \sesm  sZesn 52

Therefore, F'(s) = :35 and the domain of F'is {s | s > 0}.
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72.

3. G

74.

75.

76.

7.
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0< f(t) < Me™ = 0< f(t)e ™ < Me* e * fort > 0. Now use the Comparison Theorem:

/ Me®te *tdt = lim M/ = gt = M - lim {
0

n—oo n—oo

et(“‘s)] =M - lim L [e"(a‘s) — 1]

a—sSs 0

This is convergent only whena — s <0 = s > a. Therefore, by the Comparison Theorem, F'(s) = [° f(t) e dt is
also convergent for s > a.
—st __ ,—st _ _ —st _ .
= [7 f'(t)e°" dt. Integrate by parts with u = ™", dv = f'(t)dt = du= —se™*", v = f(t):

G(s) = lim [f(t)e _St] +s[° f(t)e " dt = nlirr;o f(n)e™" — f(0) + sF(s)

But0 < f(t) < Me** = 0< f(t)e ** < Me* e *" and Jim Met®=*) = 0 for s > a. So by the Squeeze Theorem,

lim f(t)e * =0fors >a = G(s)=0- f(0)+ sF(s)=sF(s)— f(0) fors > a.

t—o0o
Assume without loss of generality that a < b. Then

ffoof(m)dx+fa°°f(x)dm: lim ft z) dx + hm f flz

lim [ f(@)do+ lim [[7f(@)do+ [ f(x) da]

t——oo

Il

Jim [ flx)de + fab f(@)dz + lim Iy f(z)da

H

hm [fz dT+f f(z dm] + .7 fz) dx

]1rn ft z)dz + [ f(z)de = ffoo f(@)de + [, f(z)dx

. . 2 2
We use integration by parts: letu =z, dv =ze™* dz = du=dz,v=—1e"".So

e t oo 00
/ 22 dz = lim —13:6*“2 + 1 / e dz = lim |— t2 + 1 / e dy =
0 t—oo 2 0 2 0 t—oo Qet 2 0

(The limit is 0 by I’Hospital’s Rule.)

oo 2
/ e dx
0

N | =

f0°° e~ du is the area under the curve y= e~ for 0 <z <ooand 0 <y < 1. Solvingy = e~ for x, we get

€ 2

y:e_2 = lhy=-2> = —lny=2*> = 2=+~ Iny. Since z is positive, choose z = /—Iny, and

the area is represented by fol v/ — Iny dy. Therefore, each integral represents the same area, so the integrals are equal.

For the first part of the integral, let z = 2tanf = dx = 2sec® 6 df.

4

1 2sec? X
——dax = df = 0do =1 tan 0|, _x
/\/mdm / Yy 0 /sec n [sec § + tan 0| y tan 0=
2 4
From the figure, tan 6 = E, and sec = :c_—l—é So 2

2 2
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¢

) r 2
I:/ <——1———L>da::lim 1][1}”62+ %
0

2 + 4 x+ 2 t—o0

—Cln|z + 2|}
0

oV HA+t
= lim ln—2——

t—o0

—Cln(t+2) — (lnl—Cln2)]

= lim (Vtz +t)+ln2c}:ln< i+ v+ >+1n20*1
t—oo | 2(t+2)¢ o0 (t+2)¢
t+\/t +4 1o 14t/ + 2
Now L = lim lim o
t—oo (¢4 2)° t—oo (O (t+2)° Chm( +2)

IfC <1, L = ocoand I diverges.

IfC =1, L =2 and I converges to In 2 +1In2°=1n2.

IfC > 1, L = 0 and I diverges to —o0.

e 9 . .
! :/0 (w;:l picyers 1) dz = tli.nolo [$In(z®+1) - %Cln(?)m—i—l)}g = tlir{.lo [ln(t2 +1)Y2 — In(3t 4+ 1)°/3

-t 287) - 5T

(3t +1)c/3 t—oo (3t +1)¢/3
For C' < 0, the integral diverges. For C' > 0, we have

VEFL w LVEFT 1 1
L = lim = lim = = lim
oo (3t + 1)073  tmroe C(BL+ 1)(O7D=1 O tmroo (3t + 1)(C/3)1

ForC/3<1 < (C <3,L=occand]I diverges.
ForC=3L=z%and]l =1Inj
For C' > 3, L = 0 and I diverges to —oo

No, I = [;° f(z) dz must be divergent. Since hm f(z) = 1, there must exist an N such that if z > N, then f(z) > 3.

Thus, I = [1 + I = jo f(z)dx + [ f(z) dz, where I} is an ordinary definite integral that has a finite value, and I is

improper and diverges by comparison with the divergent integral [ ;o % dx.

a

1+ab

a

z
1+ b

oo 1 oo a
As in Exercise 55, we let [ = / dx = I1 + Iz, where Iy = / dx and I = / ﬁ dx. We will
0 0 1

show that /; converges for a > —1 and I converges for b > a + 1, so that I converges whena > —1andb > a + 1.

1
< —_— <
psl = 7o (1+ab) — 2~

I is improper only when a < 0. When 0 < z < 1, we have T —. The integral

1

1 1
/0 m—i—a dx converges for —a < 1 [or @ > —1] by Exercise 57, so by the Comparison Theorem, /o m dx

converges for —1 < a < 0. I is not improper when a > 0, so it has a finite real value in that case. Therefore, I; has a finite

real value (converges) when @ > —1.

I5 is always improper. When z > 1, 1 imb = w—a(11+ ) == ij—a < poras . By (2), / ——— dx converges

forb—a > 1 (orb > a+ 1), so by the Comparison Theorem, / T e g dx converges for b > a + 1.
1

Thus, I converges ifa > —1land b > a + 1.





