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7 Review
CONCEPT CHECK

1. See Formula 7.1.1 or 7.1.2. We try to choose u = f(z) to be a function that becomes simpler when differentiated (or at least

not more complicated) as long as dv = ¢’(x) dx can be readily integrated to give v.

2. See the Strategy for Evaluating [ sin™ x cos™ z d on page 462.

3. If Va2 — z2 occurs, try x = asin 0; if v/a? + 22 occurs, try x = atan 6, and if v/z2 — a2 occurs, try £ = a sec 6. See the
Table of Trigonometric Substitutions on page 467.

4. See Equation 2 and Expressions 7, 9, and 11 in Section 7.4.

5. See the Midpoint Rule, the Trapezoidal Rule, and Simpson’s Rule, as well as their associated error bounds, all in Section 7.7.

We would expect the best estimate to be given by Simpson’s Rule.
6. See Definitions 1(a), (b), and (c) in Section 7.8.
7. See Definitions 3(b), (a), and (c) in Section 7.8.

8. See the Comparison Theorem after Example 8 in Section 7.8.

TRUE-FALSE QuIZ

2
. +4
1. False.  Since the numerator has a higher degree than the denominator, x(;; 3 ) =z + x28f 1=Z + ;—-_—1?_—2- + x—’é—z—

2. True. Infact, A=—-1,B=C=1.

3. False. It can be put in the form A + % + ¢ .
z z—4

. A Bzx+C
4. False. The fi —_— .
alse eormls:c—d—ﬂ_'_4

5. False.  This is an improper integral, since the denominator vanishes at x = 1.

4 T 1 X 4 T
= d. —d d
/OIQ—ldx /0 2 -1 w+/] 2 -1 - an

1og Log t
/ s dr=lim [ —f—do= lim [{mfe®~1|] = lim {Inf¢’ —1] = oo
0o z2—1 t—1- Jo 22 —1 . 0 to1-

So the integral diverges.

6. True by Theorem 7.8.2 withp = /2 > 1.

7. False. See Exercise 61 in Section 7.8.

8. False.  For example, with n = 1 the Trapezoidal Rule is much more accurate y
than the Midpoint Rule for the function in the diagram. ]\/
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(z) de is divergent.

9. (a) True. See the end of Section 7.5.
. . 22 ., 9 sinz
(b) False. Examples include the functions f(z) = e, g(z) = sin(z?), and h(z) = -
10. True.  If f is continuous on [0, co), then fol f(x) d is finite. Since [ f(z) da is finite, so is
[ f(@)dz = [ f(z)dz+ [° f(z)dw.
1. False.  If f(z) = 1/z, then f is continuous and decreasing on [1, co) with hm f(z) =0,but [ f
2 Te. [ /(@) + g(a)]do = lim [} [f(z) +g(o)] dx = im ([} f(@)do+ [ g(x)dr)
. t i t since both limits
= tll>r<I>lo fa f(:C) dz + tllglo ‘[a g(:c) d [in the sum exist ]
= [ flx)dz + [° g(x) d
Since the two integrals are finite, so is their sum.
13. False.  Take f(z) = 1 forall z and g(z) = —1 forall z. Then [ f(x)dx = oo [divergent]
and [ g(x)dz = —oco [divergent], but [*[f(x)+ g(x)]dz =0 [convergent].
14. False. fo x) dz could converge or diverge. For example, if g(z) = 1, then fo x) dz diverges if f(z) = 1 and

converges if f(z) = 0.

EXERCISES
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z+10
=5+10ln{2 =5+ 10In2

— _ ,—0.6y 5
—0.6y u=y, dv=e 4y, | _ [_5, ,-0.6y]> 5,706 _ 25 —3
w | | = gveoons - [ -getmyay = -2
0

du = dy v—~ge

o 1)

0

= et _B(ed )= W I WP 2 2 10,3
cos . /2
md&-[ln(l—i—sme)}o =In2-Inl=1In2
_dt  fw=m] _ fzdw 17190 101 1Y 1/ 8 _2
+1)3  |du=2dt s ouwd 4 [w?|, 4\81 9/ 4\ 81/ 81
/2 . 3 2 7r/2 _ 2 u = cosé,
5 [,/ "sin® 6 cos® 0 df = (1 — cos? ) cos® @ sinf df = fl (1 — u*)u? (—du) [du:_singw}

= Jy @~ utydu=[§u* — tu]) = (- 1) —0=3
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1 1 A B
6. = = = 1=A(y+2)+ B(y—6). Lettingy = —2 = B=—1and
Voay-12 (y-6u+2 y-6 yt2 (v+2)+ Bly~6) Y §
. 1 1/8 1/8
= A:l, ————'—'d = _— d "_11 1 .
lettingy =6 = 5 So/y2—4y—12 y /(y—6+y+2) y nly -6/ —ghly+2/+C
sin(In¢t) .
7. Letw = Int, du = dt/t. Then Tdt: sinudu = —cosu + C = —cos(Int) + C.
8. Letu = /e® — 1, sothatu? = e® — 1, 2udu = €® dz, and e* = u? + 1. Then
1 2udu 1 —1 —-1 Z
/\/_ /uu2+1_ /mdu:2tan u+C =2tan” " Ve* -1+ C.
4 _ __.3/2 2 4 2 4 4
3/2 uw=lInz, dv=z""dz, __[ 5/2 & 3/2 _ 2 _ _2[2 5/2
9./1 z* " Inzdx [du:dm/x v:%x5/2]_5m lnac]l 5/133 dr =£(32In4 —Inl) — 2|2z L
=2(64In2) — (32— 1) =12 In2- 22 [or & In4 - 2]
10. Let u = arctan z, du = dz/(1 + x?). Then
1\/arctan:c /42 /2 2 1 1
d __[3/2} ‘ ol =2 132 2 23
/ T1ta2 / Vaudu o 3|z T3 §" "
11. Let x = sec 6. Then
/ /3 /3 /3
/ / :29 secf tan9d9=/ tan29d9:/ (sec’® — 1) df = [tan 6 — 0]”3 V3 - I.
0 0
! sinz sinz
12 = 5. i () = i ion.
/_ 112 dz = 0 by Theorem 5.5.7(b), since f(x) 1122 is an odd function
13. Let t = v/«. Then t* = ¢ and 3t2 dt = da, so fe‘/_d:c—fe - 3t? dt = 31I. To evaluate T, let u = t°,
dv=¢e'dt = du=2tdt,v=-¢es0l= [t’e'dt=1t%"— [2te'dt. NowletU =t,dV =e'dt =
dU = dt, V = e*. Thus, I = t?¢' —2[te' — [e'dt] = t2et — 2tet + 2¢* + C4, and hence
31 =3 (12 — 2t +2) + C = 3¢ V% (2%/3 — 22/3 4 2) + C.
14 mZ—i—zdalc— a:—2—i—L dr=312” — 2z +6In|z + 2|+ C
’ x+ 2 - xr+2 -
z—1 z—1 A B
15. B ==+— -1= . = —2toget —3=—2B,s0 B= 2. -
5 P i P m+x+2 = x—1=A(z+2)+ Bz. Setz o get —3 2B, so 5-Setx =0
z—1 -1 3
1= -1 e — —2 4 2 = _Z
toget —1 =2A,50 A 2.Thus,/xz_*_%cdm /( - + P )da: ln|ac|+ ln|m+2i+C

—_
»

3
=/(u2+2+£5>du:%—I—Qu—%+C’:%tan30+2tan0—cot0+0

6 2 2 (o2 2 2 4 2
sec’f . [ (tan® 6+ 1)°sec” 6 u= tan6, [ (w41 _fut 4+ 2u+1
' / tan? @ 6 = / tan2 6 do {du; —sec” § d9] - f u? du = u? v
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17. Integrate by parts with u = =, dv = secz tanzxdr = du = dz, v = secz:

14
[ zsecx tanzdr = zsecx — [seczdr = zsecx — Injsecz + tanz| + C.

2 2
- . B
v 83 @ 8 3:é+—+——g— = 2’ +8z—3 = Ax(x+ 3)+ B(z + 3) + Cz?.

18. =
z8 + 3x? z2(z + 3) z  z2 z+3

Taking z = 0, we get —3 = 3B, s0 B = —1. Taking x = —3, we get —18 = 9C, so C' = —2.
Takingx = 1, weget6 =4A+4B+C =4A—-4—-2,504A = 12 and A = 3. Now

z? + 8z — 3 3 1 2 1
/de_/<____ )dw—3ln!w|+5—21n|w+3|+c.

") 9x246x4+5 " ) (9x2+6x+1)+4 ) (Bz+1)2+4 du= 3 dz
Lu—1 1 _
- [lles it (1) 11 flesDes,
u2 +4 3 3 3 u? +4

1 u 1 2 11, 2 1. (1
*9/u2+4du+9/u2+22duf9 2ln(u +4)+9 2tan (2u>+C

= £ In(9z® + 6z +5)+ stan ' [2(3z + 1)] + C

20. [tan® 6 sec® 0dO = [tan’ @ sec®d sec tan6df = [(sec® 0 — 1)* sec’® 0 secd tanfdf LZ i :zz Z’tang(w]

= [(v® = 1)*u’du = [(u® —2u +u®)du

=tu' =20’ + 2 + C=1sec"0— Zsec® O+ 3sec® O+ C

21./\/%:/\/(xg¥z+4)4:/\/(x_d§)2_22

_/2sec€tan0d9 [ z — 2 =2sech, }
2tané dz = 2sec tan 0 do x—2 \/(7_72)2—_?
= [sec0df = In|secd + tanb| + Cy =\x?—dx
[
_ 2
:lnz22+\/124m e >

:1n‘x—2+\/.’1:2—4x|+C,Wh€1‘eC:C1—1n2

22. Let © = /1, so that 22 = ¢ and 2z dz = dt. Then

NG .2z _ 3 x wy = 222, dvy = e% dzx, |
[teYtdi= [z°e* (2zdx) = [2z°€” dx [du1:6w2dm o — o
_ 3, 2 x Uug = 6172, dvg = e® diE,.
= 2z°%¢ [ 6x”e” dx [duz — t2nds v ot ]
. 3 x 2 x T uz = 12z, dvs = e”dx,
= 2z°e" — (6a%e” — [ 12z€ dac) [du3 " lods ve—e® ]
= 2z%e® — 622" + (123:6”” — f 12¢” dz) = 22%¢” — 6z%e” + 1226® — 12" + C

= 2¢"(2® — 32% + 62 — 6) + C =2V (t VI - 3t + 67— 6) + C
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23. Let z = tan 0, so that dz = sec? 6 df. Then

/ dx _/ sec? 0 do _/sec9
Tz +1 N

tan g sec @ tan@da NES]
= [cscfdf =Inlcscd — cot ] + C 6 ’
:ln'@_l‘ c:m'@]uz !
T x
24. Letu =cosz,dv=¢e"dx = du= —sinzdxr,v=c¢

(®)I = [e®coszdzr =e"cosz + [e"sinzdz
To integrate fez sinzxdz,letU =sinz,dV =e*dx = dU = cosxzdx,V = e”. Then
fe sinzdr = e“sinz — fe cosx dx = €” sinx — I. By substitution in (%), I = e” cosz + e“sinx — I =
2] = e“(cosz +sinz) = [= le"(cosz+sinz)+C.

25 3x34x2+6m—4_Am+B Cx+ D
@D+

_ 2 2
o oy 3z — 2 + 60 — 4 = (Az + B)(2® + 2) + (Cz + D) (2* + 1)
Equating the coefficients gives A+ C =3, B+ D =-1,2A+C =6,and2B+ D = —4
A_

=3,0=0,B=-3,and D = 2. Now
/ dz_ _ §ln(acQ-i—l) —3tan 'z +v2tan (L) +C
r2+2 2 V2

=

/33; —x2+6x—4dx_3
@+ D@ +2)

. R PN uw= 1z, dv=sin2zdz,
2. [wsinz coswdz= [ jxsin2zdz {d _ l;dx o —%cos2m:|
= —2zcos2z + [ §cos2xdr = —fwcos2x + gsin2z + C
27, fowm cos® z sin 2z dx = foW/Q cos’ x (2sinz cosx) dx = f07/2 2cos* z sinwdz = [—2 cos® w]g/z =2
28. Letw = ¥/z. Then z = v°, dx = 3udu =
3
/ﬁ+1 —/u+13u2du:3 u—|—2u+2+——2—— du
Jr—1 u—1 U —
=u 4+ 34 6ut6lnju—1|+C=2+3c*°+6¥z+6mn|¥z -1 +C
29. The product of an odd function and an even function is an odd function, so f(z) = z® sec x is an odd function.
By Theorem 5.5.7(b), [, 2°seczdz =0

= —e “dxz. Then

/ de _ [ e ldx = / — =—sin lu+C= ~sin_1(e_
er/1—e 2 V1 - (e==)2 V1T —u?

30. Letu = e 7, du

"4 C.
3.

Let u =/ . Then u? = €® — 1 and 2u du = € dz. Also, € + 8 = u? + 9. Thus

lnlO 3 3 2 3
/ Ver -1, _ Mzg/ du_g/ 1- -9 \au
ez+8 o u?+9 o U2 +9 o u? +9

zz[u_gtan1(%)]2:2[(3—&%—1 -0 =2(3-3-7)=6- El

2
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4 : 4 .
w/ Trsmax 7/ 2 u=2x dv=tanx sec? z dz,
32. 3 dr = z tanx sec” x dx L. 2
o cosd ¢ 0 du=dx v=gztan“zx

2
]"/4_7r_1(1_7r>_7r 1
o 8 2 4) 4 2

33. Letz = 2sinf = (4—w2)3/2:(2cos€)3,dm=2c059d0,so

2 .2
/a%mda::/%QCOSOCwZ/tan20d0=/(sec26—1)d0 *
-

=tan0—0+C =

T /4 /4 /4
:[—tanzm] ——1-/ tan2xdm:E-12—0—l/ (sec’z — 1) dz
2 0 2 Jo 8 0

[N}

ﬁ—sin*(%)—ﬁ-C N/

34. Integrate by parts twice, first with u = (arcsinz)?, dv = d:

T 1
Now letU = arcsinz, dV = ————=dr = dU = ———dz,V = —+/1—-122%2. So
V1—2? - V1—2?

I = z(arcsinz)® — 2[arcsinz (—v/1 — 22 ) + [ dz| = z(arcsinz)® + 21 — 2? arcsinz — 2z + C

1 : d d u=1+ve, 2
x B x du —1/2
35./———dw:/ —/ dx :/——/2u du
vV + 23/2 Vz(l+yT) VZ/1+ VT du = 5= Vu

=4\ /u+C=4/1+/z+C

cosf sinf

1—tan® [ cos® cos@ ;5 [ cos@—sinf = .

cosf  cosf

37. [(cosz +sinz)? cos2zdz = [ (cos® z + 2sinz cosz + sin” z) cos 2z dz = [ (1 + sin 2z) cos 2z dz

= [cos2zxdz + § [sindzdr = § sin2z — § cosdx + C
Or: [(cosz +sinz)? cos2zdz = [(cosz + sinz)?(cos® z — sin® z) dz
= [(cosz + sinz)®(cosz — sinz) dz = ;(cosz + sinz)* + C4
38. Letu = x + 2, so that du = dz and z = u — 2. Then

z? (u—2)2 u® —du+4 1 2 _3
e e e s e e

2

4
= 1_ 2 = S S
In |u| + 4u 2u™*+C=Inlz+2|+ ( )2+C'
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2z
39. We'll integrate[:/(_lit_‘%:c_).z_dmby parts with u = ze>” and dv:u_‘ii—zx)z.Thendu:(er%—I—e%-l)da:
11
andv-—a 1-1-235’30
1 ze* 1 e*(2z+1) ze®® 1 1, 2s (1 x
[=—=. Y O P L Y [ o e —e2( 2 _
2 T+2z /[ 2 itos T Tmrztae® O \a @)t
V2 e 1 z 1/2 11 1 11
Thus, L P P (- - =e[=-2)=1(2-0)=2e--.
o[ wrmre [ Gw)], ) ) e

s =
40. / Vtan6 / 0
™/

-1/2
~1/2 —3/2 sin 6 Y
4 sin 29 /4 2s1n90050 /,,/4 2(sm9) (cos 6) 0= //4 2 (cos@) (cos ) "d0

/3 /3
=/ ;(tanG)_1/2sec29d9= [\/tane] :4=\/\/§—\/T={‘/§—1
/4 ™

oo} 1 t 1 1 1
M. ——  _dzx =1 —  dr=1li 1 32dr = 1 S —
/1 or1)p o), a1 fi‘?ofl a(2e+1) " 2de E&[ normyel

[0

42./ lr-I—C-C-daz—llm l—n—fdm [u:ln:c, dv=do/a’, ]
1

4 tooo [; xt du=dz/z v=-1/(3z%)
Inz]® [t 1 In 11°) u 1 [-1 1
= lim |-—% —dr = - i -
tlglo[ 3x3]1+ L 302 T tEI&< 33+0+[9 3] tlfgo( 9t3+l9t3+9])
dx =lnz, du
43, /m l:dZ:d::jm:| = [ o =h+C= In|lnz| 4 C, so

/oo do_ _ lim /t de_ _ lim [ln [In xl]t = lim [In(In¢) — In(In 2)] = oo, so the integral is divergent.
5 xlnzx tooo f, zlnzr t—ooo 2 t—oo ’

44, Letu = /y — 2. Theny = u? 4+ 2 and dy = 2u du, so

2+ 2)2ud
ydy =/(u + ) d u=2/(u2+2)du=2[%u3+2u]+0

Vy—2 u
6 6
ydy ydy 2 3/2 6
Thus, = lim |2(y—2 4y/y—2
" /2 VY —2 L—»2+ VY e [3(y )T Y ]t

= lim [%4—8—2( 22 —4T=2) =%
t—2+
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4 1 4 " 4
45./ 2 = tim [ 2242 tim [2\/51“—4\/5]
0 \/E t—07t ¢ \/E t—0t i

= lim [(2-2In4—-4-2)— (2V/tInt—4v¢)] = (4In4—8) — (0—-0) =4ln4 -8

t—0t
(*) Letu =Inz d’u—Ldm = du——l—d:v v =24/z. Then
’ Vz xz '
Inz dz
—dz=2yzlnz-2 | ==2Vzlnz-4Vz +C
vz vz
. . 2Int H . 2/t s _
(o) LE%IJF (2\/Z lnt) - tEglJr t—1/2 — tE»ISl+ _%t—s/z - tk%ﬂ_ (_4\/5) =0

46. Note that f(z) = 1/(2 — 3z) has an infinite discontinuity at z = 2. Now

2/3 t ¢
/ dr = lim / ! _gz= lim [—% In|2 — 3x|] =-1 lim [m 12— 3t — ln2] =
0o 2—-3z 1—(2/3)" Jo 2— 3T t—(2/3)" 0 t—(2/3)~

2/3 4 T
Since /0 S dz diverges, so does /0 3 32 dz.

1

1 1 1
z—1 T 1 o /2 —1/2 o [g 3/2 1/2]
o [ et [ ()t [ e e 3]

s 2 243/2 1/2 4
- (8- - (10720 - -0

bode Vodx O de bode
48_ I = —_— = = = I I . N
/_1 z? — 2z /;1 z(z —2) /—1 z(z - 2) +/0 z(z — 2) 1 e Now

1 A B

Wl

z(z—2) =z -2

1
A = —3. Thus,

1,1 1
B jim (2425 do= lim [~3inlel+ Fmle 2]} = lim [0+0)~ (~3int + Fins - 2)]

t—0t fq T €z

=-2In2+ 1 lim Int = —oo.
t—0+

Since I diverges, I is divergent.

49, Let u = 2x + 1. Then

e dx _f"o idu _1 [0 du +l © du
oAt dr+5 o ur 4 2 ) ur+d 2 ), w244

=3 lim_[3tan~ (3u)]] + 3 Jim [3tan~ (3u)]; =3[0~ (-5)] +3[5 - 0] =

LBl

=+ = 1=A(z—2)+Bz. Setz =2togetl =2B,s0 B = 3. Setz =0togetl=—24,

669
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50.

51.

52.

83.
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© tan~lx . Ltan™'z
/ s— dr = lim —— dx. Integrate by parts:
1 x t—oo [q z

tan_la:dx_—tanfler l dx _~tan*1x+ 1_ T d
22 a x 1422 x x x24+1
—tan™ 'z 1 2 —tan"'z 1 22
:T+ln[x|~§ln(x +1)+C= ~ +§lnx2+1+C
Thus,
Mtan-lxdx‘ lim ~tarrl$+—1-1n—-—$2 t—lim —tam*ltJrllnv———~t2 -+2~11n1
1 x? T oo z 272241, oo i 272 +1 4 272

=0+ilnl+Z+1iln2=2+1In2
We first make the substitution ¢ =  + 1, so In(z® + 2z + 2) = In[(z + 1)* + 1] = In(t* 4 1). Then we use parts with
u=1In(t? 4+ 1), dv = dt:

t(2t) dt 2 2 dt 2 /( |
t2 = 241 — =tIn(t® +1) — - =il 1)—2 1———— )di
/m( + 1D dt=tIn(t* + 1) /t2+1 tin(t” +1) 2/t2+1 n(t” +1) S

=t In(t* +1) — 2t + 2arctant + C

= (z+1) In(x? + 2z + 2) — 2z + 2arctan(z + 1) + K, where K = C' ~ 2

[Alternatively, we could have integrated by parts immediately with

u = In(z? + 2x 4 2).] Notice from the graph that f = 0 where I has a

horizontal tangent. Also, F' is always increasing, and f > 0.

Letu =2+ 1. Thenz® = u — land zdzx = § du, so

/—%dm:/(u\;dl) (3 du) :%/(ulmfu'lﬂ)du

= 3(3u? - 2u?) £ C = 4@ + )7 - @+ 1) 4 O

=L?+1)/2 [(z*+1) =3] +C =3Vz>+1(z" —2)+ C —4
From the graph, it seems as though [’ cos® 2 sin® z dz is equal to 0. 02
To evaluate the integral, we write the integral as ¢
2m 0 2ar

1= cos®z (1 — cos® ) sinzdrand letu = cosz =

0

du = —sinz dx. Thus, I = fll u?(1 — u?)(—du) = 0.
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2

¢ and starting with

54. (a) To evaluate [ z°e™2® dz by hand, we would integrate by parts repeatedly, always taking dv = e~

u = °. Each time we would reduce the degree of the z-factor by 1.

(b) To evaluate the integral using tables, we would use Formula 97 (which is (d)

proved using integration by parts) until the exponent of = was reduced to 1,

and then we would use Formula 96.

(c) [P > dx = —Le " (42° 4 102* + 202° + 302” + 30z + 15) + C

55. [V4z? —dx —3dr= [ /(22— 1) —4dz {dzzgzz_l} = [Vu? = 22(1 du)

2
3_—91(1—5 \/u2—22—%ln|u+ \/u2—22|> +C=3uvuZ—4—In|u+Vu®> -4+ C

=%(2x~1)\/4x2—4x—3—ln|2w——1+M|+C

56. [cscotdt 2 —Lcott csc®t + 2 [escdtdt Z —1 cott csct + 3[—3csct cott + 3 Infesct — cott|] + C

= —2cott csc®t — csct cott + £ Injesct — cot t| + C
57. Let u = sin z, so that du = cos z dx. Then
Jeoss Vatsmtade = [ VET@du® b VETE+ Lin(u+ VETE) +C
= %sinzm+2ln(sinm+ 4+sin2a_c) +C

58. Let u = sinx. Then du = cos z dzx, so

\/1—|—2sina:—1’+c

/ cot x dx du a:ﬁgiz VvV142u—1
= "1 B P ——
V1+2sinz +1

= = "Inl——|+C=In
V14 2sinz uy/1+2u \/1+2u+1’ |
1

d[ 1 i/u 1 1 1

59. (a)@[—avaz—u?—sm (z)+0]=pva2—u2+\/a2_u2’\/Puz/az'&'
/a2 — 22
—(a2—u2)—1/2 [L(a2—u2)+1ﬁl]:-~——-———a v

u2 u2

(b) Letu =asinf = du=acosfdf,a®—u’=a’(1—sin’6) = a”cos’ 0.
va? —u? a®cos? 0 1—sin’6 _ 2 _
/———u?——du— md@—/md@—/(CSC 0—1)d0—-C0t9'9+C
Vo a—
:—————a v ~sin71(§-)+c

u
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60. Work backward, and use integration by parts with I = =™~ and dV = (a + bu) /2 du =

dU — —(n—1)du
u’n

and V = % va + bu, to get

du - _ _2va+bu | 2(n—1) [+a+bu
— ___a+bu—/UdV—UV /VdU_ Lz A / RLTpS

¥2\/a+bu+2(n—1)/ a+bu du
b u”va+ bu

bunfl

72\/a+bu+2(n_1) du +2a(n—1)/ du
bur—! un—va + bu b u™ \/a + bu
. L 2a(n — 1) du 2va +bu / du
Rearranging the equation gives = — —(2n -3 e
ging q g b u™ va + bu bun-1 ( ) ur=1 va + bu
du —va+bu  b(2n-—3) du

wattu an-Dw 2an-1) ) wivat b
61. Forn >0, [ 2" dz = Jim [z (n + 1)]3 =00. Forn < 0, [°z"dz = [} 2™ dz + [° 2™ dz. Both integrals are

improper. By (7.8.2), the second integral diverges if —1 < n < 0. By Exercise 7.8.57, the first integral diverges if n < —1.

Thus, [° 2™ dz is divergent for all values of n.

o . 99 with oo ¢
62. [ = / e coszdr = lim e coszdr "= lim ——— (acosz +sinx)
0 t—oo Jq t—oo a2 4+ 1 0
= lim e (acost +sint) — L (a)] = ! lim [e*(acost +sint) —al.
t—00 a2+1 a2+1 a,2—|—1t—>oo

For a > 0, the limit does not exist due to oscillation. For a < 0, tlim [e‘” (acost +sint)] = 0 by the Squeeze Theorem,
—00

1 a
at : at — —
because [ (acost +sint)| < e*(|a| +1),s0 T = a2+1(~a)*‘;12_+—1'
1 b—a 4-2 1
B IO === ~5

(@) Tio = 5 {f(2) +2[£(2.2) + f(2.4) + -+ f(3.8)] + f(4)} ~ 1.925444
(b) Mo = £[f(2.1) + £(2.3) + f(2.5) + -+ + f(3.9)] &~ 1.920915

(c) S10 = g5 [f(2) +4/(2.2) + 2f(24) + - + 2f(3.6) + 4f(3.8) + f(4)] ~ 1.922470

64. f(x) = Vrcosy, Ar=b=a = 4-_1 —

n 10

Eles

(@) Tho = 125 {f(1) + 2[f(1.3) + f(1.6) +--- + f(3.7)] + f(4)} ~ —2.835151
(b) Myo = Z[f(1.15) + f(1.45) + f(L.75) 4 --- + f(3.85)] ~ —2.856809

(©) Sto = 75 [F(1) +4f(1.3) + 2F(1.6) 4 - - + 2£(3.4) + 4f(3.7) + f(4)] ~ —2.849672
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1 ! 1 1 2 111.1: 2 1
. = = T)=—""——5 = z)= = . t
65. f(z) 1 f'(=) (Inz)? f"(z) 2(Inz)? 2(lnz)? + 2(Ing)? Note that each term of

K(b—a)®  2022(4-2)*

f"(x) decreases on [2,4], so we’ll take K = f"(2) ~ 2.022. |Ep| < o~ T 13(10)

= 0.01348 and

2.022(8) 1 2  10°(2.022)(8)
<0. SR > e\ > 367.2.
=0.00674. |Er|<0.00001 < o S15 & 2 D = n>367.2
2 10°(2.022)(8)
= 24

K(b—a)®

< =
|Bul < =55

Take n = 368 for T,,. |Ewm| < 0.00001 <« = n > 259.6. Take n = 260 for M.

6 [ % da ~ Se = (—4_—31)—/9 [F(1) + 47 (1.5) + 2£(2) + 4£(2.5) + 2f(3) + 4£(3.5) + f(4)] ~ 17.739438

67. At = (2 —0)/10=%

60

Distance traveled = [,° vdt ~ Sio

55340 + 4(42) 4 2(45) 4 4(49) + 2(52) + 4(54) + 2(56) + 4(57) + 2(57) + 4(55) + 56]
155 (1544) = 8.57 mi

68. We use Simpson’s Rule with n = 6 and At = 220 = 4:
Increase in bee population = 024 r(t) dt =~
= 3[r(0) + 4r(4) + 2r(8) + 4r(12) + 2r(16) + 4r(20) + r(24))]
— £[0 + 4(300) + 2(3000) + 4(11,000) + 2(4000) + 4(400) + 0]

= £(60,800) ~ 81,067 bees

69. (a) f(z) = sin(sinx). A CAS gives

f® () = sin(sinz)[cos*  + 7cos® z — 3] V\ /\ /\ ]
+ cos(sinz) [6 cos® z sinx 4 sin z]
From the graph, we see that ‘f(‘l) (:c)l < 3.8 forz € [0, 7). t \/ \A

(b) We use Simpson’s Rule with f(z) = sin(sinz) and Az = 5:

Jo f(@)dz = F5[£(0) +4f({5) +2f (3F) + -+~ + 4f (3F) + f(m)] ~ 1.786721

From part (a), we know that ! @ (x)‘ < 3.8 on [0, 7], so we use Theorem 7.7.4 with K = 3.8, and estimate the error

3.8(r — 0)°

Bs| < 23\ — 91
as |Bs| < 550y

~ 0.000646.

(c) If we want the error to be less than 0.00001, we must have |Es| < 3;3” < 0.00001,

so n* 1—80—(%%(5 ~ 646,041.6 = n > 28.35. Since n must be even for Simpson’s Rule, we must have n > 30

to ensure the desired accuracy.
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70. With an z-axis in the normal position, atx = 7we have C =27r =45 = r(7) = i—g.
Using Simpson’s Rule with n = 4 and Az = 7, we have
= [P alr@) do~ Sa = 30+ 4m(£2)" + 27 (82)" + am(£2)" + 0] = T(ZE2) ~ 4051 om”
z® z® 1 1 . . o g8 .
71. P < il for z in [1, 00). /1 s dz is convergent by (7.8.2) withp = 2 > 1. Therefore,/1 ) dz is

convergent by the Comparison Theorem.

72. The line y = 3 intersects the hyperbola y*> — 2* = 1 at two points on its upper branch, namely (—2+v/2, 3) and (2 v/2, 3).

The desired area is

1= [ s [ T ke e )
i 10

-2v2
= [Gx—m\/:c_Z_l—ln(x—i-\/W)} =12v2-2v2-3-In(2v2+3) = 6v2 — In(3+2+2)
Another method: A = 2 |, 13 /¥ — 1 dy and use Formula 39.
73. Forz in [0, 3],0 < cos®z < cosz. Forz in [§,7|, cosz < 0 < cos® z. Thus,
area = foﬂ/z(cosx —cos®z)dx + f:/z(cos2 x — cosz)dx

:[smx——x——sm2x] 2+[%x+%sin2m-sinm]: =[(1-3)-0]+[53-(5-1)]=2

2 /2

(NIE]

1 1 . .
74. The curves y = —1— are defined for x > 0. For x > 0 > . Thus, the required area is

+Vz - 2-Vz 24z
! 1 1 1 1 1 1 " u
_— dz = 2ud - =9 - — d
./0 <2~\/£ 2+\/E> ‘ /0 (2—u 24w ) ude [u= Vel /o ( u—2 U+2> “
! 2 2
—2/0 (—l—u_2—1+u+2>du—2{2ln

75. Using the formula for disks, the volume is

1
“+2‘—2u} —4In3 — 4.
u—2

f"/2 [f (z)]? dx—ﬂ'fo (cos? )2 dx*ﬂ'f"/z[%(lﬂ—cos?m)]zdm

lI

z ﬂ/z(l—i—cos 2z + 2cos2z)dx = 0”/2[ + (14 cos4z) + 2 cos 2z dx

=22z + 3(§sindz) +2(3 sm2a:)]0/2=%[(%£+§-0+0)—O]:%

76. Using the formula for cylindrical shells, the volume is

/2

f’r/2 2rzf(z)dz = 27rf0 zcos’ zdr =2m [/ " x[4(1 + cos2z)] dx = 2(3) 7Tf07r/2(.’£+x0082:v) dx

/2 w2 )2 tts with u = ,
_ 7r( [%w2]0 + [z( sin 230)] ; / 3 sin 2z dw) [1:;, Szwéo;;m d:: ]

= (35 0 dldeos2]]] = £+ 311 = {0 - 4m



CHAPTER7 REVIEW U

77. By the Fundamental Theorem of Calculus,

Jo© f' (@) de = lim [§ f'(2) de = lim [f(t) = £(0)] = lim f(t) — f(0) = 0 — f(0) = —f(0).
78. (a) (tan~' Z)we = lim L t tan ' zdz £ lim 1 [ztan™"z — 3 In(1+ wQ)}t
’ ave_t—»oot—() 0 t— o0 t 2 0
[ _ . _1, In(1+¢%)
= lim [? (t tan™' ¢t — £ In(1 +t2))} = lim [tan - — 5
HT 2t/(1+t2)_1r“_ oo
B = R B
() f(z) > 0and [ f(z) dx is divergent = tlim f; f(z)dx = .
t
d
Save = tlim fatf%_a_c_ dr 2 tlim —f—(lﬁ [by FTC1] = lim f(z), if this limit exists.
(c) Suppose [ f(z) d converges; that is, Ll_i.m f: f(z)dz = L < oo. Then
I 1 ’
fave = tlggo L—_E/a f(a:)dm} :tlirgot—a tllglo_/a f(@)dz=0-L=0.
. I Y A L 1 £\ cost 1\ .. 1l—cost
(d) (sinz),, = tlir&;/o sinz dz = tlirgo (; - cosm]o) = tlﬂ& (——t—— + —t-) = illglo———— =

79 letu=1/z = z=1/u = de=—(1/u?) du.

* Inz % In (1/u) du  “Inu % Inu o
[ rrme= vt (-F) = [ a e = [ rrmde=-
*® Inz *® Inz
Therefore, dr = — dx = 0.
o 1422 o 1422

80. If the distance between P and the point charge is d, then the potential V' at P is

LN
d t - 47T€0d.

d d
Vew=[ Far= [ —9dgr=1im -2 |-L] =Ly
oo 4egr? t—oo 4dmeg T, dmreg t—oo

[e'e]
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