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8.1

[J FURTHER APPLICATIONS OF INTEGRATION

Arc Length

1.

y=2r-5 = L= [° 1+ (dy/de)?dz=[° \/T+(22de=+5[3-(-1)] =45

The arc length can be calculated using the distance formula, since the curve is a line segment, so

= [distance from (—1,—-7) t0 (3,1)] = /B - (D2 +[1 - (-7)]>?=v/80=45

dy

. Using the arc length formula with y = 2 = Yo L e get

N

/,/1+ dx—/ 1+ = de = '1\/‘%~I/ \/___

e ()l (3) s 3

The curve is a one-eighth of a circle with radius /2, so the length of the arc is é (27r V2 ) = V2 I as above.

.y=coszx = dy/dz=—sinz = 1+(dy/dm)2:1+sin2m.SOL:f027Tvl+sin2xdx.

So L = fol \/1 + (1 — 222)2 22" g,

cx=y+y’ = defdy=1+3° = 14+ (de/dy)> =1+ (1 +3y%)? = 9* + 6y + 2.

SoL = [\/9y" + 6y2 + 2dy.

2 2

: b d

%—k%g:1,y:ib\/1—m2/a2:ia\/a2~x2 fassume a > 0]. y:g a? — 22 = a%:
1/2

—a

2 2,2 a 2,2 /2 a [ (b2 = a2)2? + o
T SO (e PSS s RPN By bl N it it s
dx a?(a? — x?) a?(a? — z?) a Jo a? —x?

Ly =1+62%% = dy/dr=92"? = 14 (dy/dx)® =1+ 8lz. So

u =14 81z, 82
f v1+81mdr—f 1/2(81du) [dl;:81dww} :éig[UB/ZL = 23 (8282 1)

=4+ 43, y>0 = y=2+4%? = dy/dz=3(z+4)? =

1+ (dy/dz)* =1+ 9(x +4) = 9z + 37. So

— 55
= |20z + 37dx [d;‘;gzg?’“} = [Pt/ (L du):—-g[u3/2]37:2—27(55\/5__37\/§).

a

Ly=xze = dy/de=we " (—=20)+ e 1=e" (1-22%) = 1+ (dy/dw)? =1+ (1—22)2% 2"

—bx
a? — x2
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5
x 1 dy 5 4, 3 _4
6 "102¢2 ~ dz_6° 10°

—.
L (dfds)? = 14 B~ d oot = Bt d o e = (3t 4 o) 8o
L= 2 e ) do= [F (3t oY) o= (10— o)t = (2 ) - (- )

31 , 7 __ 1261
5 T30 = 240

10. ¢ =

Nao=4y—3) =37y = dojdy=3y"? -y '* =

(24-3)=4(%)= 2.

12. y = In(cosz) = dy/dx = —tanz = 1+ (dy/dz)? =1 +tan®2 = sec’>z. So

L= f0”/3 vsec? zdx = fow/?’secxd:c = [ln]secaz—l—tana:]]g/s =In(2++v3) —In(1+0) = In(2 ++/3).

d

d_y _secx tanzx dy
dx

13. y = In(secz) = = ——— =tanz = 1+<

2
=1+ tan?z = sec? x, SO
dx secx

/4
L = fow/‘] Vsec? x dx = 0”/4 [secz| dz = _f0"/4 secx dr = [ln(secm - tanac)}0
=In(v2+1) —In(1 +0) = In(v2 + 1)

4. y=3+2cosh2z = 3 =sinh2z = 1+ (dy/dz)® =1+ sinh®(2z) = cosh®(2z). So
L= fol \/cosh?(2z) da = fol cosh 2z dx = [% sinh 20;](1) = $sinh2 -0 = £ sinh2.

, 1

— 2 -
Ly (B 2_1+ da?  1-22% 42t +42®  1+22% 2! (1 +2?)?
der ) (1—x2)2 (1 — 22)2 T —x2)2 (1 - x2)2
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2 2\ 2 2
2 1 1
\/l—f—((i—i/) :\/(iiiz) :11_:?2:—14—1—_-; [by division] :~1+1+m+1—_2 [partial fractions].
1/2
SOL:/ —1+—1—+ ! dm:{—x+ln|1+x|—ln|l—m(]1/2:(~l+ln§—lnl)~0:ln3—l.
0 14z 1-x 0 2 2 2 3

dy 1-2z 1 2 —2x 1—xz
= =

6.y =vz 2% +sin (V2] = -Z= 1 =
ymvEmEm e <w> dr ~ 2vVz-22  2vavi—z 2vavI-z z

2 1
— 1
1+ <@> =1+ -z _ %,Thecurvehasendpoints (0, 0) and (1,%),80[/:/ \/;dm: [2\/5](1) =2
0

dx T

1My=e" = y=¢ = 1+(@)2 =1+ S0
1,/ ‘ du u=e",s0 ¢ V1 +u?
= 2z — 2 ¥ . _
L—/O 1+¢ dac—/1 vVit+u " [m:lnu,dm:du/u} —/1 0 wdu
V1+e?
/ <1+ 1/2 1/2>dv

/\/1+32 v " |i v = I+ u2,s0 jI

= /5 Uz_lv v?2=1+4u% vdv=udu /3 v—1 v+1
1+e2 2
—11V W/ 1 _
:[v—i—lln——v 1} :\/1+62+lln———l+e —\/ﬁ—lln\/5 !
2 v+l 5 2 Vit +1 20 V241

:\/1+624\/§+ln(\/1+62—1)—l—ln(\/ifl)

Or: Use Formula 23 for [ (v/1+ u?/u) du, or substitute u = tan 6.

e’ e’ —2e”

el e—1 -1

18. yzln(thi) =In(e®+1)—In(e*—1) = ¢ =

4e** (e*® +1)2 e 41 e"+e® coshz
1+ () *1+(e2‘”—1)2 T (e —1)2 = 1+ (y) e2r — 1 eT —e—= sinhz’

b : b _—b
= Insinhb — Insinha = ln(smhb> = ln(_e_c;_)

a sinh a er —e—@

b
So L = / coshz [1n sinh w}
., sinhz

19.y=1%2> = dy/de=2 = 1+ (dy/dz)’=1+2" So
L= (' VItatde=2[ VIta2de [tysymmery] =2[2vI+22+ tn(e+ VITa?)], [‘;ji"f;‘ﬁ?ﬂ
=2[(§v3+ 310 (14 V)~ 0+ 31 1)] = V3 +In(1 4 V)

.22 =(y—4)° = z=(y-4)%% [forx>0] = dz/dy=32(y-4"* =

1+ (do/dy)® =1+ $(y—4) = 9y — 8. So

L 8\/9——8d Y i () [P 3[2422]"
—/5 iy - y—/13/4 u (3 du) Lu:%dy} ;B[EU ]13/4

- 55.57[103/2_ (%3)3/2} [or (8010 — 13V/13)]
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16 From the figure, the length of the curve is slightly larger than the hypotenuse

of the triangle formed by the points (1, 0), (3,0), and (3, f(3)) = (3, 15),

where y = f(z) = 2(2* — 1)%/2. This length is about /152 + 22 ~ 15, s0

—0.5 = i #3.5 we might estimate the length to be 15.5.
—

-1 3

y=2(a*-10*? = y=@=*-1)"*22) = 1+ ) =1+42%(? —1) =42’ —4d2? +1 = (227 — 1),

so, using the fact that 26> —1>0forl <z < 3,

L= [/ —1)2de= []|22® —1|de= [{(22° —1)de = [22° —2]° = (18 - 3) — (2 ~ 1) = 6 = 153.

3 From the figure, the length of the curve is slightly larger than the hypotenuse
\ of the triangle formed by the points (0.5, (0.5) ~ 1), (1, f(0.5) ~ 1) and
=3
(1, %), where y = f(z) = /6 4 1/(2z). This length is about
L5

0 05 (%)2 + (é)Q ~ 0.6, so we might estimate the length to be 0.65.

7m_3+_]_ - ’fw_z_?i = 1_*_(’)271+-_4_1+x_74~_x_4+1+x_~47 m_2+£iz
YT T Y79 T YT T2 T T T e s T\ 2 T 2

so, using the fact that the parenthetical expression is positive,

1 22 x2>2 1 22 22 23 1 1 B
L= Vs + = dm:/ (—+—>dw:{———} = (- L) - (& 1) =3 =0.64583
/1/,2 ( 2 2 1/2 2 2 6 20 12 (6 2) (48 ) 48

y=wxe ® = dyldv=e¢ " —xze*=e"(1—2) = 1+ (dy/dz)?=1+e"2"(1 —x)? Let

f(z) = /T+ (dy/dz)? = \/T+ e 22(1 —x)2. Then L = [’ f(x) dz. Since n = 10, Az = 370 = 1. Now

L Sio=22[f(0) +4f(3) +2FQ) +4F(2) +2f(2) + 4 (3) + 2f(3) +4F (L) + 2f(4) + 4f(2) + £(5)]
~ 5.115840

The value of the integral produced by a calculator is 5.113568 (to six decimal places).
1 1 ’ 1 1
r=y+Vy = defdy=1+—= = 1+(dx/dy)2—l+(l+ > =2+ —+—.
2y 2y

Let g(y) = +/1 + (dz/dy)?. Then L = jf g(y) dy. Since n = 10, Ay = ———21‘01 = %. Now

L~ Sio = 22%g(1) + 4g(1.1) + 29(1.2) + 4g(1.3) + 2g(1.4)
+ 4g(1.5) + 29(1.6) + 4g(1.7) + 29(1.8) + 4g(1.9) + g(2)] ~ 1.732215,

which is the same value of the integral produced by a calculator to six decimal places.
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25 y=secx = dy/dr=secztanz = L= f"/3 f(z) dz, where f(z) = /1 + sec® z tan® z.

T/3—-0
0~ 30 oV

L~ S = ﬂ—/;(—) [f(O) +4f<%) +2f(§—g) +4f(§,—75> +2f<4”> +4f<g_g>
+ 2f(§—§) +4f<g%) +2f(§—g> +4f(%) +f(%)} ~ 1.560619.

The value of the integral produced by a calculator is 1.569259 (to six decimal places).

Since n = 10, Az =

26.y=zlnz = dy/dz=1+Inz. Let f(z)=+/1+ (dy/dz)?> =/1+ (1+Inz)? .ThenL:fff(:c)dw.

Sincen = 10, Az = 321 = 1. Now

L~ S0 = 2£2[f(1) +4f(1.2) + 2 (1.4) + 4f(1.6) + 2f(1.8) + 4£(2)
+2f(2.2) +4f(2.4) +2f(2.6) +4f(2.8) + f(3)] ~ 3.869618.
The value of the integral produced by a calculator is 3.869617 (to six decimal places).
27. (a) 3

1 ~

(b) Let f(z) =y = z /4 — . The polygon with one side is just

the line segment joining the points (0, f(0)) = (0, 0) and

(4, f(4)) = (4,0), and its length L1 = 4.

The polygon with two sides joins the points (0, 0),

(2, f(2)) = (2,2 ¥/2) and (4,0). Its length

Lo=/2-02+ (22— 0F +1/(4—27 + (0-2 ¥2) = 2VAF 25 ~ 643

Similarly, the inscribed polygon with four sides joins the points (0, 0), (1, V3),(2,2V2), (3,3), and (4,0),

so its length

La= 1+ (BY + 1+ @¥2- ¥BY + 1+ (3-282F + VITI~17.50

— 4z

(c) Using the arc length formula W1th dy x[%(4 x)” 2/3 1)} + /4 = —)2/5,

/ dy 12—4z |°
/ 1+ da:—/ \/1+ —x2/3} dx.

the length of the curve is
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(d) According to a CAS, the length of the curve is L ~ 7.7988. The actual value is larger than any of the approximations in
part (b). This is always true, since any approximating straight line between two points on the curve is shorter than the

length of the curve between the two points.

28. (a) Let f(z) =y =z +sinz with 0 < z < 27, 2m

0 + - 2
(b) The polygon with one side is just the line segment joining the points (0, £(0)) = (0,0) and (2, f(27)) = (27, 27), and

its length is \/(27 — 0)2 + (27 — 0)2 = 227 ~ 8.9.

The polygon with two sides joins the points (0, 0), (7, f(7)) = (, ), and

(2, 2m). Its length is

V=024 (r =02 +/2r —7m)2 + 27 —7)2 =271 + 27
=2V27~89

Note from the diagram that the two approximations are the same because the sides

of the two-sided polygon are in fact on the same line, since f(7) =7 = —é— “(2m).

The four-sided polygon joins the points (0,0), (5,5 + 1), (m,7), (3, 3F — 1), and (27, 27), so its length is

VEF+ G0 /6 + G-+ VB + G-+ /(5 + (5 +1) ~ 94
(c) Using the arc length formula with dy/dx = 1 + cos z, the length of the curve is

= 2" /T+ (1 + cosz)?dz = 027' V2 +2cosz + cos? z dx

(d) The CAS approximates the integral as 9.5076. The actual length is larger than the approximations in part (b).

|

29.y=Inz = dy/de=1/z = 1+ (dy/dz)®=1+1/2>=(z*+1)/2® =

e

=V5-In <1+\/_> VZ+In(1+2)

1+ 1+ 22
T

3.y =2z = dy/dazc:%acl/3 = 1—(—(dy/d:r)2:1-|—1—961:2/3 =
— 4p1/3 gy = 4,-2/3 gg
/ 2/3 _[4/3 7 281 w2 u =3z 7, au = g >
L= f 1+ x dr = f 1+u du dx:%xz/Sdu 8.2 2du:%u2du
2 8 [fu +2u)VTF @ - S ln(u+ VIF@)], " = &[40+ 2) /2 - im(d + /2 )]

=2 % 3-31mn3) =22 - 25 In3~ 1.4277586



M.y =1-2?3 = y=01-2¥%3? >

y
dy - -
@ —g(l _x2/3)1/2(_%x 1/3) - 1/3(1—x2/3)1/2 N
2 0 .
@ :x—2/3(1_12/3):x_2/3—1. Thus .
dzx
L=4[" 2 D dr =4[ 2 Pde =4 lm [222] =6
= fo T —1)de=4f T=A Rl P
32. (a) Y

0| X

(b)y=m2/3 = 1+(dy

z=y? > 1+ (3;) -1+ (3 1/2) =1+%y.S0L=f1/1+2ydy.
1
The second integral equals % . % [(1 + %y)3/2] = 28—7 (%ﬁ — 1) = %.
0
The first integral can be evaluated as follows:

b V/9x273 + 4 o u + 4 u = 922%/3
—2/3 Jp — -1 = )
/ 1+ x /3dx = thrcl)iJr : 3173 dr = tllrél_‘_ YT du [du — g 1/3 dx]

9\/u+4du: 1 [2
18

9
2 3/2| _ 1 o322 32 _ 1313 — 8
3(u+4) ] 27(13 42 =

. 27
© L=

length of the arc of this curve from (—1,1) to (8,4)

e [

9 \3/2 4
<1 + ~ 7Y ) ] [from part (b)]
0

27
_ 13\/21?~8+§8?(10m_1)=13\/ﬁ+80m-16

27
3B.y=22%? = ¢ =322 = 1+ (y')? =1+ 9z. The arc length function with starting point Po(1,2) i

(@) = [7 VIFOtdt = [Z(1+00°2]" = Z[(1+92)/2 =10 VD .

1 1 1
6 =3 4+ = "(2) =22 — —
34. (a) (b) f(x) 3% +4x,x>0 = fllz)==2 41cz.Then
TP\ CURRY (VSR S N ROV SNE S S GCRE SN
L+ (@) *H(’“’ 3 1607 ) T e T e T\ T4z )
1
. as 50 1+[f’(ac)]2=x2+@.Thus
(C) 9 x x 5 1 1.5 11*
s(z)= [ V1+[f'()Pdt= 4 — Jdt= |t — =
! . 4 30 T4,
1, 1 11\ 1, 1 1
=(z2®——) - (z-2)=z2a-— - — forz>1
(3"” 4:c) (3 4) 37 T4 12 O7E

SECTION8.1 ARCLENGTH O

2
dm) =14 (2 _1/3) =1+ %l‘_z/g. So L = fol £ /14 %x—2/3 dx  [an improper integral].
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35.

36.

37.

38.

39.

L] CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION
T 1—2
y=sinlz+/1-22 = = - =
Y v \/1—;172 Vi—a2 1= 22
a2 2 _ 2 _ _
1+(y/)2~1+(1 xl _ -2t 41 22:c+x _2-2 _ 2(1 —x) __2
11—z 1—z 1-22 (A+z)(1-2) 14z
\/ 1+ (y)? = 1/ ﬁ Thus, the arc length function with starting point (0, 1) is given by
/\/1+[f 2dt = /\/—-dt V2[2VT+t], =2V2(Vita—1).
y=150 — 5(z-50> = 3y =-Z(x—-50) = 1+ (y)" =1+ 5i(z—50)? so the distance traveled by
the kite is
80 3/2 u = 5= (x — 50)
— 2 — 2 20 ’
/ /1 202 (x —50)2dx = e V14 u?(20du) I:du:%dm }
2 20[3uvTF@ + dn(u+ vVIF )], = 10[3 /8 + (3 + ,/73)+g,/%—1n(—g+ 2]
__ 15 25 3+ 13
= LT3+ \/—+101n( \/_) 122.8 ft
The prey hits the ground wheny =0 < 180—%96 =0 < 2°=45-180 = = /8100 =90,

since & must be positive. 3 = —%x = 1+ ) =1+ émz’, so the distance traveled by the prey is

90 4
4 u=4
_ 2 — 2 (45 5
L_/O ,/1+—452x dx /0 V1+u?(2 du) Lu:fsdJ

2O yTra® + Sn(utvITw?)]y=L2VIT+in(4+VI7)] =45 V17 + LIn(4 + VI7) ~209.1 m

]

Lety = a — bcosh ez, where a = 211.49, b = 20.96, and ¢ = 0.03291765. Then v/ = —bcsinhcx =

1+ (y)* = 1+ b*cEsinh?(cz). So L = [°2 /1 + b2 sinh?(cx) do ~ 451.137 ~ 451, to the nearest meter.

The sine wave has amplitude 1 and period 14, since it goes through two periods in a distance of 28 in., so its equation is
y= 1sin(f—2x) = sm(% ) The width w of the flat metal sheet needed to make the panel is the arc length of the sine curve

from z = 0 to x = 28. We set up the integral to evaluate w using the arc length formula with % =7 cos(%:c):

L= f028 1+ [% (:os(%ac)]2 dr =2 f014 V1+[% cos(%w)]2 dz. This integral would be very difficult to evaluate exactly,

so we use a CAS, and find that . &~ 29.36 inches.
@y =c+acosh(%) = ¢y =sinh(Z) = 1+ W) =1+ sinh®(Z) = cosh?(Z). So

L= f ,/cosh2 dx =2 jo cosh( ) [asmh(%)]g = 2asinh(%).
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(b) Atz =0,y = ¢+ a, so ¢+ a = 20. The poles are 50 ft apart, so b = 25, and 100
L =51 = 51 =2asinh(b/a) [from part (a)]. From the figure, we see

that y = 51 intersects y = 2z sinh(25/x) at x ~ 72.3843 for z > 0.

y = 2xsinh(25/x)

51
So a = 72.3843 and the wire should be attached at a distance of
y = ¢+ acosh(25/a) = 20 — a + acosh(25/a) ~ 24.36 ft above the
ground. 0

My=[VB-1dt = dy/de=+vx3—1 [byFICI] = 1+ (dy/dx)® =1+ (Va®-1) =z

4
L=[}Vatde = [[a"?da = 2[2°?] =3(32-1)= % =124

42. By symmetry, the length of the curve in each quadrant is the same,

so we’ll find the length in the first quadrant and multiply by 4.

22yt =1 = yzk —1—2%* = y= (1- wzk)l/(Zk)

(in the first quadrant), so we use the arc length formula with

~(1— x2k)1/(2k)—1(_2km2k—1) = _g?l(1 - w2k)1/(2k)—1

The total length is therefore

1 1
Lop = 4/ \/1 + [~a2E-1(1 — 22k) 1/ -1)2 dg = 4/ \/I+ 22(k=1) (1 — g2k)1/k=2 g
0 0

100

Now from the graph, we see that as k increases, the “corners” of these fat circles get closer to the points (£1, +1) and

691

(1, F1), and the “edges” of the fat circles approach the lines joining these four points. It seems plausible that as k — oo, the

total length of the fat circle with n = 2k will approach the length of the perimeter of the square with sides of length 2. This is

supported by taking the limit as & — oo of the equation of the fat circle in the first quadrant: klim (1 — 2 )1/ @k —

for 0 < x < 1. So we guess that klim Loy =4-2=28.

DISCOVERY PROJECT Arc Length Contest

For advice on how to run the contest and a list of student entries, see the article “Arc Length Contest” by Larry Riddle in

The College Mathematics Journal, Volume 29, No. 4, September 1998, pages 314-320.





