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8.2 Area of a Surface of Revolution

Ly=z' = dy/de=42 = ds=\/1+ (dy/dx)?dx =1+ 1625dx
(a) By (7), an integral for the area of the surface obtained by rotating the curve about the x-axis is
S = [2myds = [, 2ma* /T + 1628 da.

(b) By (8), an integral for the area of the surface obtained by rotating the curve about the y-axis is

S = f 2nrds = fol 2nz /1 + 162° dx.

2y=ze ¥ = dy/de=z(—€e")+e T =e"(1—-2) = ds=+/14(dy/dz)?dz = /1+e2*(1—2)%dz

(@) By (M), S = [2myds = f13 2rze” (/14 e (1 — )2 dx.

(b) By (8), S = [2nxds = [ 21w /Tt e %= (1 —z)2dx

_ dy 1 dy
_ d _ - ./ /1
J.y=tan "z = ds 1122 = ds=4/1+ de = a x2

(a) By (7), S = f27ryds—f0 2mtan 'z 1+m—dx

1
(b) By (8), S = [2mzds = [, 2mz |1+ iy dz.

4. ¢ =/y—y? [definedfor0 <y <1] =

de o 1% g ig d“" Ay = y)“_4y+4yd 1 4
dy 2y -2 4y —y?) 4y(1 —y)
dy.

)

(@) By (7). S = [2myds = fO 21y @(_1.__

(b) By (8), S = f27r1‘d5_f0 2m \Jy — y2 VI l—y)

5 y=x = ¢ =3z%So
S = f02 2y /14 (y)?dx = 2’/'l'f02 21+ 92 dx [u=1+92% du = 362 da]
=2 [ Vudu = %3 3/2} — = (145145 — 1)

6. The curve 9z = 3> + 18 is symmetric about the x-axis, so we only use its top half, given by

dy\? 9
y=3vz— 2 pr 2\/.’E_———~ 801+< ) —1+m“_‘2) Thus,

S = /27r 3VE—3,/1+ dm—67r/ Vo213 dx~67r/2 (@+ 1) da

—on 3@+ 1)) = w[<f>3/2—<%>3/2} — (e - ) —4n- % = 49m




SECTION 8.2 AREA OF A SURFACE OF REVOLUTION [ 693

5+ 4x

2 4
' = 1 4 /:l -1/2 = —_— 1 2 — 1 = .
TLy=V1+4z = y =3(01+42)" 1) — > VIF @) i e So

S = J 2my TF W do = 20 [ VIF 00|28 do = 2 [} VT + 5o
=27 [7° \/u (4 du) [dzjfdz 5’} =2 [gu?’/ﬂ Z5 = 5(25%/% - 9%/?) = 1(125 — 27) = %rr
8.y =c+acosh(z/a) = ¢ =sinh(z/a) = 1+ (y¥)? =1+sinh?*(z/a) = cosh®(z/a) =
\/W = cosh(z/a). So
S= /Oa 27y mdm =27 /Oa {c—l—acosh(%)} cosh(%) dx = 27r/0a [ccosh(%) + acoshz(g)} dx

N x a 2x
= 27T/0 liccosh(a) + 3 (1 + COSh(;))] dx [cosh2 = (1 + cosh 29:)]

2 a
= 27 |acsinh z -+ ar + L sinh Q_x = 27r(acsinh 1+ La? + Lg?sinh 2)
a 2 4 a/l, 2 4

9.y =sinmtz = 3y =mcoswx = 1+ (y)? =1+ 7?cos’(rz). So

U = T COS X,
du = —7? sin 7w dx

S = fol 2y /1 4+ (y)? de =27 fol sinma /1 + 72 cos?(wx) da
=27 \/l—i—uz(—izdu):%/ V1+u2du
J T ™ -7

-2 VIEE R VIR pn(a Vi) |
7 Jo mL2 0
= SL(G VI + d1ar 4 VIFT) ) — 0] = 2VIFT 4 D+ VIF )

3 2 2 1 2 2 2
z 1 dy = 1 dy z 1 1 z 1 z 1
10 =2 . -~ - - _ 1 — = i — —_ = _— _ = — —_— =
V=%t % T w2 2 T +(dw> 1737 I <2+2$2) 5 2
a1 3 2 1 5
T 1 T 1 x x x 1
S = 2 — (=4 ——)dz=2 —+—=+=-+—d
/1/2 ﬂ—<6+2x><2+2m2>x W/1/2(1+12+4+4333>x

_ o (263) _ 26
55~ (mm e —3)| =2m(38) = 5
Moa=3"+2)" = de/dy=37+2)(2) =y V> +2 = 1+ (dz/dy)’ =1+4°" +2) = (7 +1)°
2 s
So S = 27Tfl2y(y2 +1)dy =2n[sy" + %yzh =2n(4+2—-;-3) =35

2.0 =142y = 1+ (de/dy)? =1+ (4y)? = 1 + 16>

2
So.5 = 2m [y T+ 16y7 dy = 5 [} (16y” +1)"/*82y dy = 5 [2(16y” + 1)*/2] = % (65 V65 — 17 V7).
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Boy=Vze = z=9° = 1+ (dz/dy)>=1+9" So
S = 27rf12a: V1+ (dz/dy)? dy = 27rf12y3\/Wdy =2z '12 1+ 9y 36y° dy = = [%(1 +9y4)3/2ﬁ
= 7-(145/145 - 10/10)
“y=1-2> = 1+ (dy/dz)®=1+42* =

1
§=2n [faVI+ade =% [, 80 VA ¥ 1do = 5 |3 (4 + 1)3""}0 = 2(5v5-1)
15.2=1/a"—y? = do/dy=3(a"—y")"(-2) = —y/VaP—¢? =
2

dx 2 y2 a __y2 y2 a2
1 —_ = = = =
+< ) +a2_y2 a2_y2+a2_y2 a2_y2

a/2 a a/2 2 a
S:/ 2w \/a? — Y2 ——=—=d =27r/ ady =2raly]® :27ra(——0) = wa’.
0 v \/m v 0 4 [y]o 2

Note that this is 7}: the surface area of a sphere of radius a, and the length of the interval y = 0toy = a/2 is % the length of the

intervaly = —a toy = a.

2 2 2 2
1 1 1
6 y=go—yne = Z—Z%“zx = ”(%) =1+%—§+i=$—+‘+—=(§+%)~3°

=r[(3+2) - (3+1)] = #n

7. y=lnz = dy/de=1/z = 1+ (dy/dz)’=1+1/2> = S= f1327r1nx V14 1/z2%dz.
Let f(z) = Inz \/1+1/22. Since n = 10, Az = 251 = 1. Then
S~ S10 = 27 - 13& [f()+4f(1.2)+2f(1.4) +--- +2f(2.6) +4f(2.8) + f(3)] = 9.023754.

The value of the integral produced by a calculator is 9.024262 (to six decimal places).

By=z+z = dy/dv=1+1z7"? = 1+ (dy/dx)’=2+2""?+1z7" =

S=/1227r(m+ V) ‘l2+% + idm. Let f(z) = (x+\/5)1/2+% +$. Sincen = 10, Az = 221 = L.
Then S ~ Sio = 2m - 220 [£(1) + 4f(1.1) +2£(1.2) + - - - + 2f(1.8) + 4£(1.9) + f(2)] ~ 29.506566.
The value of the integral produced by a calculator is 29.506568 (to six decimal places).
19. y =secx = dy/dx =secxtanz = 1+ (dy/dr)> =1+sec’z tan’z =
S = fow/s 2 secx /1 + sec? z tan? z dz. Let f(z) = secz /1 + sec? & tan? . Since n = 10, Az = ﬂ/:i()_ 0_ ;—0

Then S ~ Sio = 27 - @[f(o) +4f(%) +2f(§—g) +»--+2f<§—g) +4f<g—g) +f(%)] ~ 13.527296.

The value of the integral produced by a calculator is 13.516987 (to six decimal places).
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20, y = e = dy/dx = —2me ™ = 1+ (dy/dx)* =1+ 4a’e RN

S = f0127re V' 1+ 4z2e—22 dg. Let f(x ‘/1+4$26 22% Qince n = 10, Az = _1-_ - ﬁ.

Then S = Sip = 27 - 1/1°[f(0)+4f(1—10)+2f(%)+---+2f(1—80)+4f(1%)+f(1)]%5.537658.

The value of the integral produced by a calculator is 5.537643 (to six decimal places).

Ny=1/z = ds=+/1+4(dy/dz)?dz = +/1+ (—1/2?)?dz =+/1+1/z*dx =

2 2 oA 4 U2
S:/Qﬂ- L /1+i4dx:2ﬂ-/ -x—sﬂdx:%r/ u—;_l(%du) [w = 22, du = 2z dx]
x x 1 x 1 U

/ \/W { @Hn(w\/ﬁ?)r

1

= [ LE A+ VIT) +E —in(1+V2)| = Z[AIn(VIT+4) —4In(v2+1) - VIT +4 V2]

dy z / dy 2 / z?
. = 2 —_— T —e—— = 1 - = 1 —_—
22. y z?2+1 = e = = ds +(dx) dx +x2+1dw

3 22 3 —_— 3 L \2
S:/O 27r\/x2+1\/1+—m—1dx:27r/0 \/2m2+1dx:2\/§7T/0 x2+(ﬁ) dx
3
Qzﬁw[gx,/x2+§+§ln<x+ x2+§)]0:2\/§w[g 9+%+§1n(3+,/9+%)—iln%]

=2VEn[3/R + dm(3+ /) + 4 mvE] = 2VEr[$ B + S In(3v2 + VID)]
=3V197 + Z5In(3v2 + VI9)

B.y=2and0<y<1l = y =322and0< z < 1.
S:f()127'&'fl,‘ 1+(3w2)2dx:27rf03\/1_+—u2%du [(;;::3962’] :%f;mdu

6x dx

2 forusccas] Z[2uvTTa® + in(ut vITu?)], = 2[4 vI0+ (3 + VI0)] = Z[3V10 + In(3 + v10)]

2. y=In(z+1),0<z< L d541/1+ da:—” m+1 dxso
! 1 ? 1
:/Zﬂw 1+——2-dm:/27r(u—1) 1+ —du [u=2+1, du = dz]
0 (z+1) 1 u

2 / P) 2 / P 2 2 / 5
:271'/ u%——u—du—%'/ —1—:—u—du:27r/ \/1+u2du—27r/ %du
1 1 1

— AT a2
22 oruse CAS] 2#[%u\/1—|—u2+%ln(u—l—\/l—{—u?)]?—ZW{\/l—G—uQ (1+ Lt )}

1

=2r[VE+4lm(2+V5) - 3v2 - il(1+v2)] —2r[VE - In(158) - V2 + (1 + V2)|
=27 [% (2+\/_)+1n<1+f>+f gln(1+\/§)}
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oo 2 o o /A
25 5 = 27r/ yy/1+ dy de = 271'/ 1”1 + L de = 27r/ vartl dx. Rather than trying to
1 dz LT x4 1 x3

evaluate this integral, note that v/z* +1 > va* = z? for > 0. Thus, if the area is finite,

/ 4 o .2 e}
=27 / z dw > 27 / a:_a T =27 / i dx. But we know that this integral diverges, so the area .S is
1 T 1

infinite.
26. S = [[72my \/1+ (dy/dz)?>dz =27 [["e "\ /1+ (—e*)2dz [y=ec "y =—c"]
Evaluate I = fe‘“”\/l_:(_——e’T)?dm by using the substitution u = —e™*, du = e~ * dx:
I=[Vit@duZ luvT+ @+ n(u+vVItu?) +C=2L(—e)WIte 2 +in(—e*+vVIte2)+C.

Returning to the surface area integral, we have
S =2 lim [ye I+ (=e ) de = 2r lim [J(—e*) VIt e = + jln(-e ™ +VITe )],
=27 lim {[3(—e™)VI+e ™+ 3In(—e" +VI+e™ )]~ [F(-D)VI+T+3In(-1+VI+T)]}
=2r{[3(O)VI+ 30+ V)] = [-3V2+ 3 In(-1+v2)]}
=2r{[0] + 3[vV2-In(v2 - 1)]} = 7[v2 - In(v2 - 1)]

27. Since a > 0, the curve 3ay® = x(a — x)? only has points with z > 0.

[Bay> >0 = z(a—2)>>0 = z>0]

The curve is symmetric about the x-axis (since the equation is unchanged 0 D\/x
a

when vy is replaced by —y). y = 0 when = 0 or a, so the curve’s loop

extends fromz = 0toz = a.

d dy dy (a—2)[-2z+a—z]
—_ 2 = — — 2 —_— = . — —1 — 2 —
o (3ay?) = [z(a—2)*] = 6ay ok 2a—z)(-1)+ (a—x)* = - 6ay =
dy 2 (a—2)*(a—32)* (a—2)*(a—3x) __3a the last fraction | _ (a — 3x)2
der ) 360272 - 36a2 x(a —x)? is 1/y* T 12azx
dy a? — 6az +9z%  12ax  a® —6ax 4+ 92®  a® 4 6azx + 92 (a 4+ 3x)?
b+ (da:) T 12ax 12az - 12ax 12ax 12ax orz 70
V(o —x) a+3z /a(a—x)(a-l-?)m)
a) S = 2myds = 2w dx =27 —t
®) /‘o v / V3a v12ax 0 6a
a 2
= ;—a (a® + 2ax — 3a°) dx = ;—a[azx-l-axz —wg]; 37;(11 +ad® -d®) = ?j; a® = %.

Note that we have rotated the top half of the loop about the x-axis. This generates the full surface.

(b) We must rotate the full loop about the y-axis, so we get double the area obtained by rotating the top half of the loop:

@ ¢ a + 3z 4 1/2 2 @ 1/2 3/2
S =227 rds = 4r T dx = a+3x)dr = — ar '* + 3z dx
/a:=0 0 V12ax 2+/3a ( ) V3a ( )
_2m 12 02 Bose ¢ 213 2 5/2+§a5/2 _ 213 2,62 273 o?
V3a |3 5 o 3\/_ 5 3 3 5 3 15
567 v/3a’

45
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2

28. In general, if the parabola y = az”, —c < x < ¢, is rotated about the y-axis, the surface area it generates is

2ac
= 2az, T 1/2
27r/ z+/1+ (2ax)? da:—27r/ \/1+u2—du [dz:Z?zwdx] :_4a2/0 (l+u2) / 2u du

T 3/272ac 3/2
4a2[ (1+u) }o _6a2[(1+4a2 2) _1}

Here 2¢ = 10 ftand ac® = 2 ft, soc = 5and a = 22—5 Thus, the surface area is

S=F[(1+4- 5 -25)"" — 1] = Z= (14 48)*/° 1] = 9T (444 — 1) = 52 (41 VAT - 125) ~ 90.01 f6”
2 2 2
z” y(dy/dz) = dy _ bz
29. (a) + b2 =1 = b2 =-= = 7 a2y
- @ 2 . b2 B b2 +a4y2 B b2 +a4b2(1 —21}'2/0,2) B atb? + ba? — o2h2e2
dr ) aty?  adty? T ath? (1 - x2/a?) T a%h? — a2bh22?

at + b2z — a?e®  a* — (a® —b?)a?
a’ — a?x? T a2(a? — z2)

The ellipsoid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the z-axis.
Thus,

@ dy\* / b Vat — (@ —)a? | 4nb /
S=2 [ 2ry 1+ (=2) dz=14 Va2 = 22 da Vat — (a2 =022 d
/0 Y (d:c) ‘ " 0o @ “ ‘ ava? — x? 0 )z* dz
a.\/az—b2

4mb [oVa?-b? du 30 47h u at . i/
_ =70 42 22 v —wEs X2 (2 a2 g (_
a7 ), at —u T [u=va z] a%/ﬂ[? at —u2 + 5 sin QQ)L
4 a?bsin™* a2 — b7
Vv —) Vo m—)
= arb ava® —b vat —a?(a? ~b2)+a—sin_l—a—b =27 [0 +
a?va? — b? 2 2 a FE—)
22 2
z= Yy z(dz/dy) _ y de __a%y
(b) s ti3 = 1 = ——a2 =z = &y =
1+ dIL' B 1+ a4y2 _ b4$2 +a4y2 _ b4a2(1 o yQ/b2) +a4y2 _ a2b4 _ a2b2y2 +a4y2
dy big2 hig2 bia2(1 — y2/b2) a2bi — a2b2y?

B b4 o b2y2 +(12y2 B b4 _ (b2 _ a2>y2
- b4 — b2y2 - b2(b2 _ yz)

The oblate spheroid’s surface area is twice the area generated by rotating the first-quadrant portion of the ellipse about the

y-axis. Thus,

dx b2_a2
s=2/ 2 x,/1+ y 4/ o E VY
/7r y=ar b /b2 =

by/62—a?
_ 47ra/ (0 = ) dy = 47ra b _ 2 _du [u= v =a?y]
0

b2 _ a2
by/b2 —a?

0

30 d4ma Ny R ¥
_b\/bz—a2[ “+ sin (bZ)}

2 1 Vb2 —a?
ab” sin

55 4 2 _ 42
- dma WV pm e+ Laint Y| Cona? ¢ :
b2 V2 — a2 2 2 b b= a?

Notice that this result can be obtained from the answer in part (a) by interchanging a and b.
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30. The upper half of the torus is generated by rotating the curve (z — R)? + y* = 2, y > 0, about the y-axis.

dy dy\* (x—R)?® y*+(x—R)? r?
Yz~ 1 (&) - - - T
Y ot =1 <dw> H U y? r2 — (z — R)? e
dy far — rm " u+R_
2 [F47 oma 4 |1 de =4 ——dz =4 —2-R
§=2Ja, - (dx) e R—r /T2 (ac - R)2 e= VT —u2 [v==-r]
. T wudu " du since the first integrand is odd
= dmr r / —u2 +AnRr /_T Jr2 — u2 =dnr-0+ 87TR7‘/0 /r2 — 2 [ and the second is even }

= 8nRr [sin_l(u/r)]g = 8rRr(%) = 4n’Rr
31. The analogue of f(z) in the derivation of (4) is now ¢ — f(x}), so

§=lim > 2nle— f(a))] VT F@IE Az = [2 2nle — f()] VT T @P da.
n—o0 =1
Ry=c2 = y =1z = 14 ()% =1+ 1/4z,s50by Exercise 31, 5 = [ 271'(4 . \/a?) VI+1/(dz) da.
Using a CAS, we get S = 2mIn(v/17 +4) + Z (3117 + 1) ~ 80.6095.

33. For the upper semicircle, f(x) = /72 — 2, f'(z) = —x/\/r% — 2. The surface area generated is

r 2 T
Sl=/ 27r(r—\/r2—w2) 1+ id dw::47r/ (1»_ 1»2_732);@3
r2 — g2 o T2 _ 12

T

T ,,,2
2471'/0 (ﬁ—’f')d%‘

T r
For the lower semicircle, = - — z2 and =, SO Sy = 4r — +r | dz.
) = VAT ad f(0) = 08— tr [ (=
Thus, the total area is S = S1 + S2 = 87 ’ L dx = 87 [r2 sin~! (f)]r = 8&rr? (E> = 47*r?
’ o o \Vr2—uz? - r/lo 2/
34. Take the sphere 2° + y* 4 2® = 1d® and let the intersecting planes be y
y =candy = c+ h, where —3d < ¢ < 1d — h. The sphere intersects the Y= T +h //\\
zy-plane in the circle ° + y* = 1d”. From this equation, we get T \ / x
z de +y=0,s0 dz _ — Y The desired surface area is y=c¢
dy dy x

S=2r [zds = 27rfcc+hw\/1 + (dz/dy)? dy = 27rfcc+hx\/1 +y¥/z?dy = QﬂfCC“Lh Ve +yrdy

=2r [t 1ddy = nd [“T" dy = ndh

35. In the derivation of (4), we computed a typical contribution to the surface area to be 27 yﬁ:—g—?ﬁ | P11 B,
the area of a frustum of a cone. When f(z) is not necessarily positive, the approximations y; = f(z:) ~ f(z;) and
Yi—1 = f(zi—1) = f(z;) must be replaced by y: = [f(z:)| ~ | f(27)] and yi—1 = |f(zi-1)| = | f(27)]. Thus,

2 g’—‘l—;—_—y—’ |Pi—y Pi| = 27 | f(27)] /1 + [f'(z})]? Az. Continuing with the rest of the derivation as before,

we obtain § = [ 27 | f(z)| /I + [f'(2)]? da.



DISCOVERY PROJECT ROTATINGONASLANT 0 699
36. Since g(x) = f(zx) + ¢, we have ¢'(z) = f'(x). Thus,

Sq = [) 2ng(z) T+ [¢ @) dz = [, 2n[f(z) + c] /T + [[ (@) do
= [P 2nf(z) T+ [f (@) da + 2mc [ /1 + [J'(z)]2dz = Sy + 2mcL

DISCOVERY PROJECT Rotating on a Slant

tangent to C
at (x;, fix,))

In the figure, the segment a lying above the interval [z, — Az, z;] along the tangent to C has length

Azseca = Az /1 + tan® a = /1 + [f'(z;)]> Az. The segment from (z;, f(z;)) drawn perpendicular to the line
y = ma + b has length

fl@i) —ma —b _ f(zi) —mai —b _ flz) —ma —b

9les) = [flw) = mas = beos f = =07 NiERrr: Wi

Au

AlSO, COS(ﬂ — Oé) = m

xcosﬂ cosa + sin 8 sina

Au= Az seca cos(f —a) = A = Az(cos S + sin 8 tan @)

cosa
B 1 m roon] L+ mf ()
WA%{\/T+m2+\/1+m2f(xz)}?_m Ax

Thus,

L& X flm)—mazi—b 1+ mf(z)
Area(R) = 1 i) Au = 1 . A
a( ) HLH;O l; g(x ) v 71.1—>moo ,L; V1 + m2 V1 + m2 z

1 /q[f(x) —ma - B[l + mf (@) de

T 1tm?
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2. From Problem 1 withm =1, f(z) =z +sinz, mz+b=xz —2,p=0,and g = 2,

Area— 112 [0 m+sinx—(az~2)] [1+1(1+C08x)]d:v:% OQW(Sin$+2)(2+COSm)dm
= %f (2sinz + sinz cosz +4 + 2cosx) de = %[—2cosw+ %sinzgr-l-éla:—&-Qsin:rL?r
= 1[(=2+0+87+0)— (~2+0+0+0)] = (87) =4r

on  =n N '*521+mf'(gc-)
3.V = lim z)2Au = 1 flzs) — mz; ) Ay
nﬂm;”{g( )] nLn;o;w — o

= W f;[f(x) —ma — b]*[1 +mf (z)] dx

2w
T . 2
4.V:——/ r+sinz —xz+2)(1+1+cosz)dx
o), | ’( )
27 27'r

= — smx+2 (cosz +2)de = ——= / sin? z+4sinxg +4)(cosx + 2) dx

575 | e+ 2 eosa+ 2y do = ST in +4) (cos +2)
:—\/_/ sin® z cosz + 4sinz cosz + 4cosz + 2 sin’ x+8s1nm+8)d
:2—\/—5[%SIH x + 2sin? a:+4smw+x——s1n2m—8cosx+8m] [since 2sin® & = 1 — cos 2z]
o _9\/5 2
—2\/5[(27r—8+167r)—(—8)]_ 57

5. 5= [ 2ng(e) VIF @ do - —ma b 1+ (@) do

T ), e

6. From Problem 5 with f(z) = V,p=0,qg = 4, m = 2,and b =0,

: In(v/17 + 4
1, 1+< 1 )dm%sl[n(\/_+ )+37\/1—77%

s [ () o () e [ g

= 8.554





