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L] CHAPTER8 FURTHER APPLICATIONS OF INTEGRATION

Review
CONCEPT CHECK

10.

. (a) The length of a curve is defined to be the limit of the lengths of the inscribed polygons, as described near Figure 3 in

Section 8.1.

(b) See Equation 8.1.2.

(c) See Equation 8.1.4.

. (@) S = f 2 f(x)/1 2dx

(b)yIfz = g(y),c <y <d, then S = f(d 27y /1 + (¢ (y)]2 dy.
(©) 8= [} 2z VT +[[@)Pde or S=[2mgly)v/T+ g (W) dy

. Let ¢(x) be the cross-sectional length of the wall (measured parallel to the surface of the fluid) at depth z. Then the hydrostatic

force against the wall is given by F' = j: dzc(x) dx, where a and b are the lower and upper limits for x at points of the wall

and 9 is the weight density of the fluid.

. (a) The center of mass is the point at which the plate balances horizontally.

(b) See Equations 8.3.8.

. If a plane region % that lies entirely on one side of a line ¢ in its plane is rotated about ¢, then the volume of the resulting solid

is the product of the area of %% and the distance traveled by the centroid of %R.

. See Figure 3 in Section 8.4, and the discussion which precedes it.

. (a) See the definition in the first paragraph of the subsection Cardiac Output in Section 8.4.

(b) See the discussion in the second paragraph of the subsection Cardiac Output in Section 8.4.

. A probability density function f is a function on the domain of a continuous random variable X such that [f f(x)dx

measures the probability that X lies between « and b. Such a function f has nonnegative values and satisfies the relation

[}, f(x) de =1, where D is the domain of the corresponding random variable X. If D = R, or if we define f(z) = 0 for real

numbers x ¢ D, then jfooo f(x)dx = 1. (Of course, to work with f in this way, we must assume that the integrals of f exist.)

. (a) f 130 f(z) dx represents the probability that the weight of a randomly chosen female college student is less than

130 pounds.
(b) u = ffooo zf(x)de = fooo xf(x)dx
(c) The median of f is the number m such that [°° f(x) dz = 3.

See the discussion near Equation 3 in Section 8.5.
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EXERCISES

1.1/:%(::724—4)3/2 = dy/dm:%(x2+4)1/2(2a:) =

2
1+ (dy/dz)* =1+ [%m(:ﬁ + 4)1/2] =1+32°@®+4) =32 +2> +1= (327 + 1)2.

Thus, L = f03 4/ (%x2 + 1)2d:c = fos (-;-:c2 + 1) der = [éwS + :c}z = %

: dy dy\?
2. y =2In(sinjz) = = ‘Sin<%x)-cos(%a:)-2—cot(%) = 1+<£> =1+ cot?(3x) = csc®(3).
Thus,
Jos*(3a) d lesc(ba) | do = (Gaydo= |7 cscu@dy [*7
/ cse? (3 a:—/ cse(zz)|de = //3CSC 5T x—/7r/6 cscu (2du) du = 1 da
7r/2 ™ s s us
:2[ln|cscu—cotu|]7r/6:2[ln‘csc5—cotﬂ—lnlcsc3—cotg‘]
=2[ln[1-0] ~ |2 - V3| | = —2In(2 - V) ~ 263
_.T4 1 _ 1 4 1 _2 dy_l 3 -3

14 (dy/dz)? =14 (32® —273)? =14+ Fa® — L4270 = La® + L 400 = (32% 4 279)°
Thus, L = [? (32° +27%) de = [La* - 1272]] = (1- %) -
) S = [} 2nz(ia® +27%) doe = 2n [} (1a* +27%) do = 2n[La® — L
=2r[(F-2) - (% -V =2r(3 -3 -5 +1) =2n(5) = I~
4 (@y=2 => 1+@H)V°=14+4" =
S=[lomeITaRde = [P T fidu [u=1+4s7] =g[u3/2}f — (52 1)
b y=22 = 1+ ) =144z So

S=2r[ja®VI+tda?de =2 [ iu? VIt w2 idu [u=22] =72 [Pu?VI+uZdu
:%[éu(1+2u2)v1+u2—%ln|u+\/1+u2|]0 [w = tan 6 or use Formula 22]
[3(9)V5 — 3In(2+ V5) — 0] = F[18 V5 ~ n(2 + V5)]

5.y = = dy/dx = —2ze” SHN 1+ (dy/dx)? = 1 + 4z°e ~2? Let f(z) = /1 + 4z2e~2¢*, Then

INE]
N

/ @ _3-0)/6 '30)/6 [£(0) +4£(0.5) + 2£(1) + 4 (15) + 2£(2) + 4f(2.5) + £(3)] ~ 3.292287

6. S = f03 2ry ds = fg’ ome=*"\/1 + 4z%e—222 dz. Let g(z) = 2me™" *\/1+ 422¢-2%, Then

S = /3 g(z)dx ~ S = 3—0)/6 [g(0) + 44(0.5) 4+ 2g(1) + 49(1.5) + 2¢(2) + 49(2.5) + g(3)] ~ 6.648327.
0
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=[TVVE-1dt = dy/dz=VVi-1 = 1+(dy/dx)2=1+(\/5_1) —Vz.

Thus, L = [\° VVade = [\° /4 do = £ [a 5/4] =432 1) = 124,
1

16
8. S = f]1627r:cds-27r1169c m1/4da:—27rf16 5/4dx=27r»%[x9/4]1 26(512 1) = 48

= 2a=2—zandw=2(1b+a)=3+2a=3+2—-z=5—=z.

. . 1
9. Asin Example 1 of Section 8.3, 3 i - =3

Thus, F = f02 pgz(5 — x) dx = pg[2x® — %m?’]Q =pg(10—8) =225 [pg=0] ~ 2% 62.5~4581b.

0. F = [ 6(4—y)2(2/5) dy = 45 [ (4y*/? — y¥/?) dy g
aa[ 3y - 37 — (8- ) i3~ |

= 525213331 [~ 62.5 Ib/ft’] l

x2
Y=
4
HoA= [ (Vi—4a)do=[3a%? —a?] =0 —4=4 y
2 =
7= % o (Va-ta)do=3 [ (/7 — 1a®) da g L
4 @y =(%1)
=33 ] =% - =58 = 0 T
=404 (vF) - o) ] =3 (e 4ot e = 33t - ) - H6- ) = 3(3) -1
Thus, the centroid is (T, 7) = %

12. From the symmetry of the region, T = 5. A= f3"/4 sinz dx = [ cosa:] v (—%) =2

1o, 1 [3/a y
y=— 5 sin a:dx:—/ 7 (I —cos2zx)dx

il A Sy 1 )

!

1 X 1 . 3mw/4
:n[l—ESIHQZL‘]W/‘I

1 0
= D)= (5 )

Thus, the centroid is (Z,7) = (g s (5 + 1)) ~ (1.57,0.45).

3 -2 = 3. Therefore, using Equations 8.3.8,

T=1Px(2z)de = 3[:1:3]3 =2andy =+ 31(%x)2dx = & [=°]

2 o = 2. Thus, the centroid is (Z,7) = (2, 2).
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. Suppose first that the large rectangle were complete, so that its mass would be 6 - 3 = 18. Its centroid would be ( 1, %) The

mass removed from this object to create the one being studied is 3. The centroid of the cut-out piece is (%, g) Therefore, for

the actual lamina, whose mass is 15,7 = 1z (1) — %(g) = %, andy = %, since the lamina is symmetric about the line

y = 2. Thus, the centroid is (Z, 7) = (35, ).

. The centroid of this circle, (1, 0), travels a distance 27r(1) when the lamina is rotated about the y-axis. The area of the circle

is 7(1)2. So by the Theorem of Pappus, V = A(27%) = m(1)?27(1) = 272

. The semicircular region has an area of %7{'7‘2, and sweeps out a sphere of radius  when rotated about the x-axis.

T = 0 because of symmetry about the line z = 0. And by the Theorem of Pappus, V' = A(27y) =

mr® = Inr?(27y) = Y= z=r. Thus, the centroid is (Z,7) = (0, 5=7).

ol

.z =100 = P =2000— 0.1(100) — 0.01(100)% = 1890

Consumer surplus = Oloo{p(m) — Pldz = 0100 (2000 — 0.1z — 0.01z* — 1890) dx

= [110z - 0.0522 — %24%] )% = 11,000 — 500 — 120% ~ §7166.67

CJPe(t) dt ~ S12 = B=2[1(0) + 4(1.9) + 2(3.3) + 4(5.1) + 2(7.6) + 4(7.1) + 2(5.8)
+ 4(4.7) +2(3.3) + 4(2.1) 4+ 2(1.1) + 4(0.5) + 1(0)]
= 2(127.8) = 85.2mg - s/L

Therefore, F' ~ A/85.2 = 6/85.2 ~ 0.0704 L/s or 4.225 L /min.

26 sin(l—’{)x) ifo<z<10

0
. f(x) =
/@) {O if x<Oorz > 10

(a) f(z) > 0 for all real numbers  and
2 fe)de = [}° Ssin(&z)de = & - L[~ cos(&z)], = 4(~cosm+cos0) = L(1+1) =1
Therefore, f is a probability density function.
(b) P(X <4) = [*_ f(x)dz = [} &sin(&z)de = L[~ cos(%x)}g = 3 (—cos 2 + cos0)
] %(—0.309017 +1) = 0.3455

©p=[7 af(z)dz = fow sexsin(fz) dz

= [ 55 Ru(sinu) (L) du  [u= Fz du= 5 dx]
=3 [Tusinudu 2 2 [sinu —wucosuly = 20 —7w(-1)] =5
0
This answer is expected because the graph of f is symmetric about the L J

line x = 5.
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®’0 — (x — 268)>
20. P(250 < X < 280) = e
(250 < X < 280) /250 15v2n Xp( 2152

between 250 and 280 days is about 67.3%.

) dz =~ 0.673. Thus, the percentage of pregnancies that last

0 ift<0

21. (a) The probability density function is f(t) =
p y y f(t) {-};e—t/s 130

3
PO<X<3)=[*let/3dt= [—f“ﬂo = %% 1103127

(b) P(X >10) = [% Le7/dt = lim [»e—t/gr = lim (—e™®/® +e71%/8) =0+ %/ ~ 0.2865

10 8 Tr— 00 10 T — 00

x
(c) We need to find m such that P(X > m) =1 = [*lePdt=1 = Jim [—e‘t/s]m =1 =
lim (—e™%/& 4 e~ ™/8) = i = e™®=1 = -—m/8=Int = m=-8ni=_8In2= 5.55minutes.

r—00





